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CHAPTER 


Introduction 


Birkhoff and von Neumann showed 1936 in their celebrated paper [15] with the title 
“The Logic of Quantum Mechanics” that the logical structure of a quantum system, 
its propositional calculus, can be modelled by the lattice of orthogonal projections on 
a real, complex or quaternionic Hilbert space. Quantum mechanics on a real Hilbert 
space was soon discarded because Stueckelberg argued in [79, 80] that this approach 
is equivalent to the classical approach on a complex Hilbert space. Several researchers 
showed however interest in a quaternionic formulation of quantum mechanics, which 
seemed different from the standard formulation. Their efforts were summarised by 
Adler in the monograph [1]. However, developing the mathematical foundations of 
such formulation of quantum mechanics, a sound spectral theory for quaternionic linear 
operators, turned out to be much more difficult than expected. It caused mathematicians 
severe difficulties and it was only about ten years ago, seventy years after the first 
suggestion of quaternionic quantum mechanics, that the fundamental concepts of such 
theory were understood [36]. 

The difficulties arise from the algebraic structure of the quaternions H. This number 
system extends the complex numbers, but since its multiplication is not commutative, 
it does not form a field, but a skew-field. Even the notion of eigenvalues of an operator 
is therefore ambiguous. If T is a quaternionic right linear operator, that is T (va +u) = 
T(v)a+ T(u) for all vectors v, u and all scalars a € H, then we can consider either 
left or right eigenvalues, which satisfy 


Tv = sv resp. Tv = vs 


for some vector v Æ 0. 
Since the operator T is via the linearity condition related with the right multiplica- 
tion on the vector space, the notion of right eigenvalues seems to be the natural one. 
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The set of right-eigenvalues og(T) of T is however accompanied by several strange 
phenomena. If v is a right eigenvector of T associated with s, that is Tv = vs, and 
a € H \ {0} is an arbitrary quaternionic scalar, then 


T(va) = (Tv)a = vsa = (va)a“'sa. (1.1) 


If s and a do not commute, then a~'sa # s and so va is not an eigenvector associated 
with s, but an eigenvector associated with the eigenvalue a~'sa. The set of eigenvectors 
associated with a single eigenvalue does therefore in general not form a quaternionic 
right linear eigenspace of the operator T. The set of right eigenvalues op(Z7’) on the 
other hand satisfies a certain symmetry. Whenever s is an eigenvalue of T, any quater- 
nion in the equivalence class 


[s] = {asa : a € H\ {0}} (1.2) 


is also an eigenvalue of T. Since the operator v +> Tv — va of the right-eigenvalue 
equation is because of (1.1) not right linear it is moreover not suitable for generalising 
the concept of right eigenvalues to a meaningful notion of spectrum for quaternionic 
right linear operators. If A is a complex linear operator on a complex Banach space 
Vc, then the resolvent set p(A) of A is the set of all complex numbers À such that the 
operator AZ — A has a bounded inverse, that is 


p(A)={rAEC: (AZ— A)" € B(Vc)}, 


where B(Vc) denotes the set of bounded linear operator on Vc, and its spectrum is the 


set 
o(A) =C\ p(A). 


For any À € p(A), the operator R\(A) := (AZ — A)! is called the resolvent of A 
at \ and it plays a fundamental role in complex operator theory. Obviously it is the 
inverse of the operator of the classical eigenvalue equation. If Vc has finite dimension, 
then the invertibility of an operator is equivalent to its injectivity, and so the resolvent 
of A exists in this case at every A with ker(AZ — A) = {0}, that is at every À that 
is not an eigenvalue of A. The spectrum of an operator on a finite dimensional space 
consequently coincides with the set of its eigenvalues. Generalising the set of right 
eigenvalues of a quaternionic linear operator in a similar way using the operator of the 
right eigenvalue equation is not possible because this operator is not quaternionic right 
linear. 

Despite the technical difficulties that come along with the notion of right eigenval- 
ues, this type of eigenvalues proved to be useful both in applications and the mathe- 
matical theory. They have an interpretation within quaternionic quantum mechanics [1, 
41] and they allow to prove the spectral theorem for matrices with quaternionic entries 
[40]. 

The set of left eigenvalues oz (T) of a quaternionic right linear operator T does not 
cause these technical difficulties since the operator of the left eigenvalue equation is 
quaternionic right linear. Left eigenvalues did however not seem to have any meaning- 
ful application neither in the mathematical theory nor in applications. 

This paradoxical situation left mathematicians helpless and the confusion was even 
increased by a second problem, namely that it was not clear on which function theory 
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one could build a proper theory of quaternionic linear operators. Complex linear oper- 
ator theory is based on the theory of holomorphic functions. The fact that the resolvent 
A ++ R)(A) of an operator A is holomorphic is for instance fundamental in this theory. 
The most successful notion of generalized holomorphicity for functions defined on the 
quaternions was Fueter regularity, introduced by Fueter in the 1930s in [42, 43]. It al- 
lowed to reproduce most of the important results of the theory of holomorphic functions 
(an overview on the theory can be for instance found in [56]) and hence mathematicians 
tried to build a theory of operators by introducing functional calculi for functions of this 
kind [60, 64]. (The different approaches are also explained and compared in the survey 
paper [23].) These results were however unsatisfactory: the set of Fueter regular func- 
tions does not contain power series expansions in the pure quaternionic variable. Such 
functions can therefore only be expanded into power series containing the real coordi- 
nates of a quaternion. Hence, the operator f(T) is defined as a function of the R-linear 
components of the operator 7’ and not as a function of the operator itself. Moreover, 
the integral kernels of these functional calculi were expressed in terms of power series 
and closed forms for these series, which could serve for defining a notion of quater- 
nionic resolvent and in turn a notion of quaternionic spectrum, were only found under 
additional assumptions such as commutativity of the components of the operator. De- 
spite its success in function theory, Fueter regularity did therefore not seem to be the 
notion of generalized holomorphicity on which a proper theory of quaternionic linear 
operators could be based. 

Due to the problems described above, little progress was made until the introduction 
of the S-spectrum and the S-functional calculus for slice hyperholomorphic functions 
about ten years ago, almost seventy years after quaternionic quantum mechanics was 
suggested for the first time [36]. Any quaternion x € H is of the form x = zo + z = 
ĉo + 323_, Eee with & € R, where e? = —1 and eve, = —e,e for L, K € {1, 2,3} with 


lÆ xk. If we set zı = |2| = VE? + € + & and definei, := x/|x|, then 


£ = To + 1,21. 


The quaternion i, satisfies i2 = —1 and is therefore called an imaginary unit. Further- 
more, a set U is called axially symmetric if x) + ix, € U for any imaginary unit i 
whenever x € U. 

A function f : U C H — H that is defined on an axially symmetric open set U is 
now called (left) slice hyperholomorphic if it is of the form 


f(x) = a(xo, x1) + izb (£0, z1) (1.3) 


with quaternion-valued functions a and ( such that a is even and £ is odd in the sec- 
ond variable, that is a(£o, —x1) = a(x, 21) and B(x, —x£1) = —G(xo, 21), and such 
that a and 8 satisfy the Cauchy-Riemann-equations. (Note that any quaternion can be 
represented using the two imaginary units i,, and —i, as 


£ = To + ipx, = £o + (—iz)(— z1). 


For x € R, we have x; = 0 so that we can even choose i, to be any arbitrary imaginary 
unit. The even-odd-condition for œ and ( guarantees that the choice of i, is irrelevant 
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in (1.3) since 


f (xo + (~iz)(—21)) = a (z0, —x1) + (ix) B (£0, —x1) 
= A(X, £1) + izb (£0, £1) = f (£o + ie®1). 


In particular a(xo, —x1) and (£o, —z1) are defined whenever a(xo, £1) and G(x, £1) 
are defined.) Similarly, a function f is called right slice hyperholomorphic, if it is of 
the form 
f(x) F a(xo, x1) an p(z, L1)iy 
with a and ( as before. Since the equivalence classes of right eigenvalues in (1.2) are 
of the form 
[s] = { so + isı : i € S}, 

where S = { i € H : i? = —1} denotes the set of all imaginary units, these functions do 
obviously respect the symmetry of the set of right eigenvalues. Even more important, 
power series in a quaternionic variable of the form P £”an With a, € H are left 
slice hyperholomorphic. Furthermore, slice hyperholomorphic functions satisfy a gen- 
eralized Cauchy formula. The left slice hyperholomorphic Cauchy kernel 97 '(s, 2) is 
given by 


+00 
S7 (s, £) = Soa gO) — (x? — Ison + |s| TEG — a) (1.4) 
n=0 


with § = so — s = Sy —1,5,. The series expansion holds for |x| < |s| and the closed 
form is defined for any x ¢ [|s]. Any left slice hyperholomorphic function f satisfies 
now i 


= ST (s, £) dsi f(s), z eu, (1.5) 
2T Ja(Unc:) 


F(x) 
where U is a suitable open set contained in the domain D(f) of f, where iis an arbitrary 
imaginary unit and C; = {xo + iz, : £o, 71 E€ R} and where ds; := ds(—i). 

The series expansion and the closed form of SF (s, x) both contain only the pure 
quaternionic variable x and not only its real coordinates as it is the case power series 
expansions of Fueter regular functions. One can therefore hope to formally replace the 
variable x by the operator T' and indeed, if T is a bounded quaternionic right linear 
operator on a two-sided quaternionic Banach space V, then 


+00 
Sirs) = (T? — IsoT + |s PT) (T-T), ITI <|s|_ 2.6) 


n=0 


where Z denotes the identity operator on V. Observe that also here only the pure op- 
erator T' appears and none of its R-linear components. This identity can furthermore 
be shown without any additional assumptions on the operator such as that its compo- 
nents commute. The identity (1.6) and its correspondence to (1.4) then motivate the 
following definitions. For s € H, we define the operator 


Q.(T) := T? — 2soT + |s|°T 
and we define the S-resolvent set of T as 


ps(T) = {s € 


I 


: Q(T) € B(V)}, 
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where B(V) denotes the set of bounded right linear operators on V, and the S-spectrum 
of T as 


o5(T’) =H \ ps(Z). 


The S-spectrum of T has properties that are analogue to those of the classical spectrum 
of a complex linear operator. Furthermore, it generalizes the set p(T) of right eigen- 
values of T' in the same way as the spectrum of a complex linear operator generalizes its 
set of eigenvalues. Indeed, the operator Q,(7’) is actually the operator of a generalized 
eigenvalue equation. It is however not associated with the single eigenvalue s but with 
the entire equivalence class [s] and its kernel is exactly the quaternionic eigenspace as- 
sociated with [s]. Since the S-spectrum generalizes the set of right eigenvalues, it is 
suitable for applications in quaternionic quantum mechanics. 

For s € ps(T), we furthermore define in accordance with (1.4) the left S-resolvent 
operator of T at s as 


S7 (s, T) = Q(T) "(SE - T). (1.7) 


This yields a B(V )-valued slice hyperholomorphic function in the variable s so that 
we can furthermore define for any function f that is left slice hyperholomorphic on a 
suitable set U with os(T) C U the operator 


1 


bat, Bo =] . 
Figs ae Sz (s,T) ds; f(s). (1.8) 


f(T) 
The result is the S-functional calculus, the generalisation of the Riesz-Dunford-func- 
tional calculus for holomorphic functions to the quaternionic setting, which has exactly 
the same properties as its classical prototype. A similar procedure starting from the 
right slice hyperholomorphic Cauchy kernel Sp (s, x) leads to the definition of the 
right S-resolvent operator Sp (s, T) and the S-functional calculus for right slice hy- 
perholomorphic functions. 

After the fundamental principles of the theory of quaternionic linear operators were 
understood, its development gathered speed and the literature exploded. The techniques 
described above were gathered in the monograph [36] and the techniques therein al- 
lowed the development of a theory of strongly continuous quaternionic groups and 
semigroups [9, 32] and the extension of the H°°-functional calculus to quaternionic 
linear sectorial operators in [8]. The continuous functional calculus for normal oper- 
ators on quaternionic Hilbert spaces was developed in [49] and two highlights of the 
theory were the proofs of the spectral theorems for unitary and for unbounded normal 
operators on quaternionic Hilbert spaces based on the S-spectrum in [5, 6]. Slice hy- 
perholomorphic functions were investigated by several authors and the results of these 
efforts were presented in the monographs [35, 48]. 

The theory is furthermore not limited to quaternionic linear operators. Using a Clif- 
ford algebra approach, the S-functional calculus was in [29, 34] also defined for n- 
tuples of noncommuting operators. Slice hyperholomorphicity can even be defined for 
functions on real alternative algebras [52] and this allowed to develop a theory of semi- 
groups over real alternative *-algebras in [53]. Based on the Fueter mapping theorem 
in integral form, it was possible to develop a functional calculus of a quaternionic linear 
operator with commuting components that applies to functions that are Fueter regular 
and, similarly, a functional calculus for n-tuples of commuting operators that applies 
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to monogenic Clifford-valued functions. Both of them are based on the S-spectrum 
and the notion of slice hyperholomorphicity [20, 30, 33]. A similar functional calculus 
based on the W-transform was defined in [25]. Finally, the S-resolvents play a crucial 
role in slice hyperholomorphic Schur analysis, which was developed in [7, 10, 11] and 
the monograph [12]. 

This thesis aims at further expanding the understanding of quaternionic linear oper- 
ators. It extends several known techniques of complex operator theory to this setting 
and discusses their possible applications in the field of fractional evolution equations 
and some of their consequences for quaternionic operator quantum mechanics. After 
recalling the essential foundational results in quaternionic operator theory in Chapter 2, 
it is divided into three parts: the first part generalizes several holomorphic functional 
calculi from the complex to the quaternionic setting, the second part develops a con- 
cise theory of spectral integration in the quaternionic setting and studies quaternionic 
spectral operators and the final third part discusses the aforementioned applications of 
quaternionic operator theory in the fields of fractional evolution and quaternionic quan- 
tum mechanics. 


I) Chapters 3 to 8 form the first part of this thesis. In this part, we define several slice 
hyperholomorphic functional calculi, which are the counterparts of holomorphic 
functional calculi in the complex setting, and we investigate their properties. Such 
functional calculus is always based on an integral representation for a certain class 
of slice hyperholomorphic functions. If such integral representation holds for a 
certain class of functions that is slice hyperholomorphic on the S-spectrum of a 
quaternionic linear operator T, then we can define functions of T by formally 
replacing the scalar variable in the respective integral kernel by the operator (pro- 
vided that this is possible). A typical example is the S-functional calculus, where 
the variable x in (1.5) is replaced by the operator T in order to obtain (1.8). De- 
pending on the properties of the operator T, one can however use other integral 
representations than the slice hyperholomorphic Cauchy formula in order to en- 
large the class of admissible functions. Precisely, we present the following results: 


e Chapter 3 contains some preparatory results published in [21]. Precisely, we 
show that the S-resolvents of a closed operator are slice hyperholomorphic. 
For bounded operators this follows by a simple computation and hence it has 
been assumed to hold true also for the S-resolvents of an unbounded operator. 
In this case, the proof is however quite involved and actually requires the 
introduction of a new series expansion of the pseudo-resolvent of T. We close 
this gap in the theory and furthermore study the behavior of the S-resolvents 
close to the S-spectrum of T. 


e In Chapter 4 we develop the S-functional calculus for closed and possibly 
unbounded quaternionic linear operators. The S-functional calculus for un- 
bounded closed operators has already been introduced in [24], where the un- 
bounded operator and the function were transformed suitably so that the S- 
functional calculus for bounded operators could be applied. This strategy is 
standard in the complex case, but in the quaternionic case it has the disad- 
vantage that it requires that ps(T) OR 4 Ø, which is not always true. The 
nabla operator on L?(R,H), one of the most important quaternionic linear 
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operators, does for instance not satisfy this condition. 

We therefore define the S-functional calculus for closed operators in Chap- 
ter 4 directly via a slice hyperholomorphic Cauchy integral. If T is a closed 
operator with nonempty S-resolvent set and f is a function that is left slice 
hyperholomorphic on a suitable set U with os(T) C U that contains a neigh- 
bourhood of co, then we can write 


_ £. -1 
f(x) = f(oo) + a a Sz (s, x) ds; f(s), yC U. 


Formally replacing x by T yields 


1 


F(T) = fot a f ney ETAL), os) CU 


This functional calculus is well-defined and its properties agree with those of 
the Riesz-Dunford-functional calculus for closed complex linear operators. 
We investigate these properties in detail. In particular we discuss the prod- 
uct rule and show that this functional calculus is compatible with intrinsic 
polynomials of T' although these polynomials do not belong to the class of 
admissible functions because they are not slice hyperholomorphic at infin- 
ity. Furthermore, we discuss the relation between the S-functional calculus 
for left and the S-functional calculus for right slice hyperholomorphic func- 
tions, we prove the spectral mapping theorem and we show that the functional 
calculus is capable of generating Riesz-projectors onto invariant subspaces. 
These results were published in [45]. 

In Section 4.6, we finally present the Taylor series expansion of the S-func- 
tional calculus, a result published in [22]. If T is bounded and N is a bounded 
operator that commutes with T such that ||N|| < £ for some € > 0, then 
os(T +N) C C.(as(T)) = {s € H: dist(s,a5(T)) < £} and for any f that 
is left slice hyperholomorphic on C.(as(T')) the operator f(T + N) can be 
expressed as the formal Taylor series of f at T, namely as 


f(T+N)= yd (Os"f)(T), 


where Os f denotes the slice derivative of f. 


If the operator T' is the generator of a strongly continuous group of quater- 
nionic linear operators, then one can define a slice hyperholomorphic func- 
tional calculus via the quaternionic Laplace-Stieltjes-transform. This so- 
called Phillips functional calculus applies to a larger class of functions than 
the S-functional calculus because it does not require slice hyperholomorphic- 
ity at infinity. For the quaternionic setting, it was developed in [3] and these 
results are presented in Chapter 5. 

If T is the infinitesimal generator of a strongly continuous group (U/7(t))ter 
with growth bound w > 0, that is 


I 


os(T) C {s €H: —w < Re(s) < w} (1.9) 
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and 
JUr® l] < Me Ml (1.10) 


for some constant M > 0, then we consider the subset S(T) of all quaternion- 
valued measures on R given by 


[) : [erido < +o}, (1.11) 
R 


where € > 0 might depend on the measure u. The quaternionic Laplace- 
Stieltjes-transform 


jen 


S(T) = fa € M(R, 


f(x) := f ae e™, —(w+e)< Re(z)<w+e 


is then a right slice hyperholomorphic function and we can define 


FT) = f du(t)Utr(-t) 


This procedure is meaningful and the integral converges due to (1.9), (1.10), 
and (1.11). We discuss the quaternionic Laplace-Stieltjes-transform and show 
that this functional calculus is well-defined. We discuss its algebraic prop- 
erties and show its compatibility with the S-functional calculus defined in 
Chapter 4. Finally, we conclude with showing how to invert the operator 
f(T) for intrinsic f using an inverting sequence of polynomials. 


e Chapter 6 introduces the famous H°°-functional calculus invented by McIn- 
tosh in [67, 69] for sectorial quaternionic operators. This functional calculus 
has already been considered in [8] under the assumption that T’ is injective 
and densely defined. We introduce it in its full generality following the strat- 
egy of [59]. Any quaternion can be written as s = |s|es*"8(5) with a unique 
angle arg(s) € [0,7]. A quaternionic right linear operator is called sectorial 
if its S-spectrum is contained in the closure of a symmetric sector around the 
negative real axis of the form 


“wy = {s € H: arg(s) € [0,w)} 


with w € (0,7) and for any y € (w,7) there exists a constant C > 0 such 
that c c 
Isr ET] < ial and || Sp'(s,T)|| < rl 
s s 
for all s € H\ £y. If f is left slice hyperholomorphic on a sector X, for some 
p € (w, T) and has polynomial limit 0 at 0 and infinity, then we can choose 
y’ E€ (w, p) and define f(T) by a Cauchy integral of the form (1.8) as 
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f(T) S7*(s,T) dsj f(s). (1.12) 


If f is left slice hyperholomorphic on X, and has finite polynomial limits at 
0 and infinity, then it is of the form 


f(z) = f(z) ta+(1+2)b (1.13) 
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with a,b € Hand f admissible for (1.12). Since —1 € p(T), the operator 
—S;,'(s,T) = (T + T)! exists, and we can define for such functions 


f(T) := f(T) + Ta + (T+T) tb, (1.14) 


where f (T) is intended in the sense of (1.12). We denote the class of func- 
tions of the form (1.13) by Ez (£) and the class of intrinsic functions of the 
form (1.13) by E(X). 

Finally, the class of admissible functions can be extended even further, which 
yields the H°°-functional calculus. A regulariser for a left slice meromorphic 
function f on X, is a function e € €(%,) such that ef € E(X) and such 
that e(7’) is injective. If such a regulariser exists for f, then we define 


F(T) = e(T)“(ef) (7), 


where e(T) and (ef)(T) are intended in the sense of (1.14). This operator is 
not necessarily bounded, because e(7’)~' can be unbounded. 


We define this functional calculus precisely and discuss its properties. Since 
the H°°-functional calculus was already introduced in [8], we focus in partic- 
ular on the composition rule and the spectral mapping theorem. These results 
were not shown in [8] and several technical difficulties have to be overcome 
when generalising them from the complex to the quaternionic setting. 


Fractional powers of operators are an important topic in operator theory, that 
has been studied extensively since they were introduced in the 1960s in the 
papers [14, 63, 65, 89]. There exist several approaches for defining fractional 
powers of complex linear operators and we generalise three of them to the 
quaternionic setting in Chapter 7. These results are essential for the possi- 
ble application of quaternionic techniques in the field of fractional diffusion 
discussed in Chapter 11. 


We first follow [39] and define fractional powers of sectorial operators with 
bounded inverse directly by the slice hyperholomorphic Cauchy integral 


1 
(a 
2T Jp 


SP dsi SR (s, T) 

where T is a path that goes from —ovoe" to ooe™ in the set C; \ (HU B.(0)) 
for sufficiently small € > 0, sufficiently large 0 € (0,7) and arbitrary i € S 
and avoids the negative real axis. We then discuss the properties of these 
fractional powers, in particular we prove several integral representations and 
the semigroup property. The presented results are part of [21]. 

In the second approach, we follow [59] and define fractional powers of posi- 
tive exponent via the H°°-functional calculus. We present results from [19], 
in which we discuss the properties of the fractional powers obtained via this 
approach. 

The third approach that we consider follows the ideas of [63], where frac- 
tional powers of an operator were introduced indirectly. We first define for 
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a € (0, 1) the operator-valued function 
Falp, T) := 


sin(ar 


+00 
) | t“ (p° — 2pt* cos(am) + ey 
0 


Sp'(—-t,T) dt 
m R ( ’ ) ’ 
which corresponds to an integral representation of oe (p,T) of the form 
(1.12), in which we let y’ tend to 7. Then we show that there actually exists 
a unique closed operator Ba such that Fa(p, T) = SR (s, Ba) and we define 
T° := Ba. These results were again published in [21]. 


e Chapter 8 finally reveals a deep relation between complex and quaternionic 
operator theory and uses this relation in order to define the S-functional cal- 
culus for intrinsic slice hyperholomorphic functions on one-sided Banach 
spaces. Quaternionic operator theory is usually formulated on two-sided 
quaternionic Banach spaces. One does not only assume the existence of a 
multiplication of vectors with scalars from the right, but also the existence of 
a multiplication of vectors with scalars from the left. This seemed a require- 
ment because both expressions for the left (or the right) S-resolvent, its closed 
form (1.7) and its series expansion in (1.6), contain the multiplication with 
non-real scalars. Such multiplication is supposed to act as (aT’)v = a(Tv) 
and (Ta)v = T (av) and is hence only meaningful if a multiplication of vec- 
tors with quaternionic scalars from the left is defined. 

A right linear operator is via the linearity condition however only related 
with the right multiplication. Moreover, in important situations, such as on 
quaternionic Hilbert spaces, a multiplication with scalars from the left is not 
defined a priori. The spectral properties of a right linear operator should be 
independent from any left multiplication on the considered space. 

If V is a two-sided quaternionic Banach space, then we can choose i € S 
and consider V as a complex Banach space over the complex field C; by 
restricting the multiplication with quaternionic scalars from the right to Cj. 
We shall denote this C;-complex Banach space by V;. A closed quaternionic 
right linear operator 7’ on V is then also a C;-complex linear operator on 
V;. We show that the S-spectrum os(T) of T as a quaternionic right linear 
operator and the classical (complex) spectrum o¢,(7’) of T as an operator on 
V; satisfy the fundamental relation 


o¢,(T) = os(T) N Ci 


and that the resolvent R, (T) of T as an operator on V;, which is the inverse 
of the operator (zZy, — T)v = vz — Tv, is given by 


Rif = Q(T) vz — TQ. (TY sv. 
Conversely, we have 
Q(T) = R. (T) R(T). 


Intrinsic slice hyperholomorphic functions play a special role in quaternionic 
operator theory because important results such as the product rule, the spec- 
tral mapping theorem or the composition rule only hold for these functions. 
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Using the symmetry f(z) = f(x) that characterises this class of functions, 
we show that the formula of the S-functional calculus (1.8) can for any in- 
trinsic slice hyperholomorphic function be rewritten as 


1 


1 
= — R,(T)v dz — (1.15) 
2T Ja(UnC:) 


f(T) aq" 
Hence, f(T) coincides with the operator fi(T) that we obtain if we interpret T 
as a C;-linear operator on V; and apply the classical Riesz-Dunford-functional 
calculus to the holomorphic function fi := f|c,. Since the formula (1.15) does 
not contain any multiplication of vectors with nonreal scalars from the left, 
the operator f(T) does furthermore not depend on the left multiplication on 
the space V. 

In analogy with this observation, we define the S-functional calculus of a 
closed right linear operator 7’ on a quaternionic right Banach space Vg by 
choosing i € S, considering T as a Cj-linear operator on V; and applying the 
classical Riesz-Dunford-functional calculus to fi. The fact that we restrict 
ourselves to intrinsic functions guarantees that this procedure actually yields 
a quaternionic theory: the operator f(T) is again quaternionic right linear 
and the choice of the imaginary unit i € S is irrelevant. The function calculus 
we obtain has exactly the same properties as the S-functional calculus for 
operators on two-sided Banach spaces. 

We conclude this chapter by addressing a possible concern of the reader, 
namely that this functional calculus only applies to the class of intrinsic func- 
tions. We show that this is not a problem, but actually a natural condition. 
The basic intuition of a functional calculus is that f(T) should be defined by 
letting f act on the spectral values of T. In particular, if Tv = vs, then one 
should have f(T)v = vf(s). The fundamental symmetry (1.1) of the set 
of right eigenvalues of a quaternionic right linear operator however implies 
that any functional calculus that respects this condition is based on a class 
of intrinsic slice functions. Hence, the set of intrinsic slice hyperholomor- 
phic functions is actually the natural domain of the slice hyperholomorphic 
functional calculus. 


II) The second part of this thesis develops a theory of spectral integration and the the- 
ory of spectral operators in the quaternionic setting. Several authors, for instance 
[5, 51, 87], used spectral integrals over the quaternions, but they usually consider 
spectral measures defined on a complex halfplane 


Ce = {zo + ix, : £o E€ R, zı > 0}. 


Since on a quaternionic Hilbert space a multiplication with scalars from the left is 
a priori not defined and the multiplication with scalars from the right is not linear, 
they then define a multiplication of vectors with scalars in C; (or all of H) from 
the left. On one hand this has the disadvantage that is suggests a dependence of 
spectral integrals on the imaginary i, which does actually not exist. On the other 
hand, and this is more problematic, a normal operator on a quaternionic Hilbert 
space fully determines its spectral measure, but it determines the multiplication 
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with scalars from the left only partially. In order to define spectral integrals, one 
therefore has to extend this partially determined left multiplication randomly. Fi- 
nally, this procedure cannot be applied in the Banach space setting, in which we 
want to develop the theory of spectral operators, because it relies on the spectral 
theorem for self-adjoint operators. 


For these reasons we develop in Chapter 9 a new theory of quaternionic spectral 
integration, in which we specify ideas of [87]. We consider spectral measures 
E defined on the o-algebra Bs(H) of axially symmetric Borel sets on H, which 
consists of Borel sets A C H that satisfy [s] C A for any s € A in accordance with 
the fundamental symmetry of the set of right eigenvalues resp. the S-spectrum of 
a quaternionic right linear operator. If f(x) = f (ao, x1) is a real-valued Bs(H)- 
measurable function (that is, if it is measurable with respect to the classical Borel 
sets and constant on each of the equivalence classes [2]), then we can define the 
integral of f with respect to E as usual. We choose a sequence (fn )nen of simple 
functions 


I 
SS 


Nn 
fala) =) OmpXdne(®), One E R, Ane € Bs( 
l=1 


that converges uniformly of f and set 


Nn 


[ f(s) dE(s) := lim g fn(s) dE(s) := jue 2 one) 


Since a multiplication of vectors with scalars from the left is not a priori not 
defined on a quaternionic Hilbert space H, a multiplication of operators on H 
with nonreal scalars in note defined either. The above procedure is therefore only 
meaningful for real-valued functions. Other functions would require non-real co- 
efficients a, in the approximating sequence. 


We therefore introduce the concept of a spectral system (E, J) consisting of a 
spectral measure / and an imaginary operator J. The spectral measure F is de- 
fined on the set Bs(H) of axially symmetric Borel sets on H and its values are 
uniformly bounded projections on a quaternionic right Banach space Vr. The op- 
erator J satisfies — J? = E(H \ R) and it is essentially a multiplication with the 
sphere of imaginary units S from the right on the subspace that is £ (H \ R)Vp that 
is associated via Æ with the set of quaternions with non-vanishing imaginary part. 


Any measurable intrinsic slice function f is of the form f(x) = a(xo,21) + 
i,,3(2o, x1) with real-valued Bs(H)-measurable components a and 8. For such 
functions we therefore define 


f FO dE) = falsos) dB(s) + F f 8lo,51) AEG). 


Spectral integration with respect to a spectral system has several advantages. First 
of all, a normal operator determines its spectral system completely and the proof 
of the spectral theorem for normal operators in [20] easily translates into the lan- 
guage of spectral system. This important result can hence be formulated without 
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randomly introducing any undetermined structure. Moreover, spectral integration 
with respect to a spectral system is consistent with the approaches using a left mul- 
tiplication, but unlike them it has a clear interpretation in terms of the right linear 
structure of the space: while the spectral measure associates subspaces of Vg to 
equivalence classes of spectral values, the operator J determines how the different 
values in this equivalent class need to be multiplied onto the vectors in this sub- 
spaces. Finally, similar to the results in Chapter 8, we find that the quaternionic 
theory and the complex theory are consistent. If we restrict the multiplication with 
scalars to a complex plane C; and consider Vg as Hilbert space Vp; over Cj, then 
any spectral system (E, J) determines a unique C;-linear spectral measure F; on 
Vpr; and integrating an intrinsic function f with respect to (E, J) is equivalent to 
integrating fi := f|c, with respect to Ej. 


In Chapter 10 we use these tools to develop a theory of bounded quaternionic 
spectral operators. A spectral operator on a quaternionic right Banach space Vp is 
a bounded right linear operator T that has a spectral decomposition, that is, there 
exists a spectral system (E, J) that commutes with T such that 


(i) os(Ta) C cl(A) for any A € Bs(H), where Ta := Tran g(a) and cl(A) 
denotes the closure of the set A, and 


(ii) T — soZ + sı J has a bounded inverse on ran ÆE(H \ R) for any sọ € R and 
any sı > 0. 


We show that this spectral decomposition is unique and we show how to construct 
it from the operator. Then we show that, similar to the complex case, any spectral 
operator has a canonical decomposition 


T=8+N 


into its scalar part S and its radical part N with 
F sdEj(s) and N=T-S, 
H 


where N is quasi-nilpotent. 


We conclude by discussing the behavior of T under the intrinsic S-functional 
calculus. For any function f that is intrinsic slice hyperholomorphic on og(T), the 
operator f(T) can be expressed as a power series in N that formally corresponds 
to the Taylor series expansion of f at S, namely 


+00 
1 
f(T) = SONS f OPPO AE). 
n0 n: JH 
The operator f(T) is again a spectral operator and its spectral decomposition can 


be constructed from the one of T. 


HI) The third and final part of this thesis considers possible applications of quater- 
nionic operator theory in the field of fractional evolution and discusses some of its 
consequences for the quaternionic formulation of quantum mechanics. 


13 


Chapter 1. Introduction 


In order to explain the idea of fractional evolution equations, we recall the clas- 
sical heat equation. This equation is derived from two principles, Fourier’s law 
of thermal conductivity, an experimental law that states that the heat flow is pro- 
portional to the negative gradient of the temperature, and the law of conversation 
of energy. If u(x,t) is the temperature and q(x, t) is the heat flow at the point 
x = (1, 22,73)’ € R? and at time t, then 


q(x, t) = —KVu(x, t) (Fourier’s law) (1.16) 


Bus t) + div q(x, t) =0 (Conservation of Energy), (1.17) 
where V denotes the gradient of a function depending on x, div denotes the di- 
vergence of a vector field depending on x and «x > 0 is the thermal conductivity. 
For mathematical treatment one usually sets x = 1 and we shall do the same in 
this thesis. Combining (1.16) and (1.17) yields the heat equation 


—u(t, x) — Au(t,x) =0. (1.18) 


This equation has however the unphysical property that heat propagates with infi- 
nite speed and therefore mathematicians tried to find alternative models. One of 
there approaches was the definition of the fractional heat equation, in which the 
negative Laplacian in (1.18) is replaced by its fractional power so that 


? ux, t) + (—A)u(x, t) = 0, (1.19) 


usually with the parameter œ € (0,1). This model takes long distance effects 
into account and has been studied extensively by several mathematicians. The 
same approach also applies to more general elliptic differential operators and an 
introduction to the theory can be found in [18, 85]. 


There exist several approaches for defining the fractional Laplacian. If a function 
u belongs to the Schwarz class of rapidly decreasing functions, then one can sim- 
ply define (—A)°w via the Fourier transform so that the following identity holds 


(=A) F (6) = EPRE). 


One can also define the fractional Laplacian via the heat semigroup. Starting from 


the formula 
AS = 1 i : (je = 1) dt 
Ta) Jo 8 | 


which holds for a € (0,1) and À > 0, one defines 


(-A)I) = po a (T - £00) dt 


where e% f (x) is the solution of the heat equation (1.18) with initial datum f. For 
a € (0,1), this yields the singular integral operator 


feos) , 


pr [x — y| +e 


2. 


where the integral is intended in the sense of the principal value and c(n, œ) is a 
constant depending on the dimension of the space and the parameter a. Finally, 
one can also define (—A)° using an abstract holomorphic functional calculus. All 
these approaches are equivalent. 


Our idea was to go a different way. Instead of directly replacing —A by its frac- 
tional power in (1.18), we wanted to consider the gradient as a quaternionic linear 
operator and replace it in (1.16) by its fractional power using the theory develop 
in Chapter 7. This would yield the equation 


o 

Ot 
This equation should have several advantages over (1.19). In particular, this pro- 
cedure would allow a physical interpretation as a modification of the law for the 
flow, but it would preserve the law of conservation of energy. Since this equa- 
tion is in divergence form, it moreover allows an immediate definition of weak 
solutions of this fractional evolution equation. 


u(t, x) — div (V°u(x, t)) = 0. (1.20) 


In Chapter 11 we therefore develop the spectral theory of the gradient, taking ad- 
vantage also of the techniques developed in Chapter 8. We find that the nabla 
operator, the quaternionification the gradient, does not belong to the class of sec- 
torial operators because os(T) = R so that the theory developed in Chapter 7 is 
not directly applicable. Using a modification of Balakrishnan’s formula for frac- 
tional powers of an operator that takes only positive spectral values into account, 
we hoped to define V“ at least on a subspace. Surprisingly this provided a way to 
deduce the original heat equation on the entire space so that we can propose a new 
method for deriving fractional evolution equations similar to the one in (1.20). In 
particular this method should be applicable for operators of form 


ð ð 
T= aa + a(x) 52 + as) a 


which correspond to Fourier laws with non-constant coefficients that could be 
used to model non-homogeneous materials. 


€3, 


Chapter 12 finally returns to the field that provided the original motivation for 
the development of quaternionic operator theory, namely quaternionic quantum 
mechanics. As pointed out in [1], researchers in this field found inconsistencies 
between this formulation and the classical complex version of quantum mechan- 
ics and therefore concluded that these two theories were not equivalent. In our 
last chapter, which contains results from [46], we conjecture that this idea is due 
to a logical mistake that was made in quaternionic quantum mechanics from its 
very beginning and that any quaternionic quantum system is actually equivalent 
to a complex quantum system. Precisely, motivated by certain techniques that are 
useful for treating normal operators on a quaternionic Hilbert space, we conjec- 
ture that for any quantum system on a quaternionic Hilbert space H there exists 
a unitary and anti-selfadjoint operator J that commutes with any observable and 
any time translation operator U(t). If we choose i € S, then the space 


Hj; ={v € H: lv = vi}, 
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turns out to be a complex Hilbert space over the complex field C; with the scalar 
product that it inherits from H such that H = Hj}, © Hj,j for any j € S with 
j L i. Any quaternionic right linear operator T on H that commutes with J is 
then the quaternionic linear extension of an operator Tc, on Hj; that is obtained 
by componentwise application, that is 


T(v) = Te; (vı) + Te; (v2)j 


for any v = vı + voj in H = Hj; © Hj,j. The operator T and the operator To, 
have analogous properties: T is bounded, normal, (anti-)selfadjoint, unitary if and 
only if Tc, is bounded, normal, (anti-)selfadjoint, unitary. Since J commutes with 
any observable and any time translation operator, we find that the quaternionic 
quantum system on H is actually nothing else then the quaternionification of a 
complex quantum system on Hj: 


After making this conjecture, we show that it holds true for relativistic elementary 
systems (RES for short) in the sense of [70]. In this paper, the authors showed 
that any real RES admits a complex structure that turns it into a complex RES. We 
show that their arguments can also be applied in order to show that any quater- 
nionic RES can be reduced to a complex RES on a space of the form Hj; More- 
over, we find that the operator J is the unitary part of the polar decomposition of 
the anti-selfadjoint Hamiltonian H. Precisely, we find H = J| H|, where H is the 
infinitesimal generator of the group of time translations so that U(t) = exp(tH) 
for allt € R. 


In a final section we show how the inconsistencies between complex and quater- 
nionic quantum mechanics were caused by the random choice of a left multiplica- 
tion on the quaternionic Hilbert space H. The existence of such left multiplication 
was not implied by the logical structure of quantum mechanics developed in [15] 
and the arguments that seemed to determine and physically justify it were not 
correct. 


CHAPTER 


Preliminaries 


The skew-field of quaternions consists of the real vector space 


3 
Hi := {r= 6+ 5 teite e}, 


£=1 


which is endowed with an associative product with unity 1 such that e? = —1 and 
ee, = —e,e¢ for lk E {1,2,3} with £ # «K. The real part of a quaternion x = 
Eo + ae Ereg is defined as Re(x) := £o, its imaginary part as x := ss Ereg and its 
conjugate as  := Re(x) —a. The modulus of z is given by |x|? = Tx = 2% = Y} é? 
and the inverse of any non-zero quaternions x is hence x~! = Z|2|~?. 

We denote the sphere of all normalised purely imaginary quaternions by 


S := {x € H : Rew) = 0, |z| = 1}. 


If i € S then i? = —1 and i is therefore called an imaginary unit. The subspace 


Ci := {xp + iz, : £o, z1 € R} 


is then an isomorphic copy of the field of complex numbers. We furthermore introduce 
the notation 


CF :={ £0 + ix, : zo € R, x, > 0} 


CF :={x0 + iz, : zo € R, zı < 0} 


c7 :={2x9 +121: LOE R, zı > 0} 


for the open upper half plane, the open lower half plane, and the closed upper halfplane 
in Ci. 
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If i,j € S with i L j and we set k = ij = —ji, then 1, i, j and k form an orthonormal 
basis of H as a real vector space and 1 and j form a basis of H as a left or right vector 
space over the complex plane C;, that is 


H=C,+Cj and H=C,+jC;. (2.1) 


Any quaternion x belongs to such a complex plane C;: if we set 
PES ifx #0 
i= 

any i € S, if x = 0, 


then we have 
£ = To + iz£1 (2.2) 


with zọ = Re(x) and zı = |z|. (Sometimes, when it is more convenient, we also set 
i,, = 0 for x € R.) The set 


[z] := {xo + iz, : i € S}, 


is a 2-sphere, that reduces to a single point if x is real. Quaternions that belong to the 
same sphere can be transformed into each other by multiplication with a third quater- 
nion as the following well-known result shows [17]. 


Lemma 2.1. Let x € H. A quaternion y € H belongs to |x] if and only if there exists 
h € H \ {0} such that x = h~tyh. 


Analogue to the complex case, any quaternion x € H \ {0} can moreover be written 
as x = |x|e"! with a unique angle 0 € [0,7]. We define arg(x) := 0. Observe that 
arg(x) does not depend on the choice of i, if x is real as x = |x|e for any i € S if 
x > 0 and x = |zx]e"" for any i € Sif x < 0. 

These facts are well-known and they can be found in any standard textbook that 
considers quaternions, for instance in [73]. 


2.1 Slice Hyperholomorphic Functions 


Complex operator theory is based on the theory of holomorphic functions. The func- 
tion theory that underlies the theory of quaternionic linear operators is the theory of 
slice hyperholomorphic functions. Since this non-standard material is essential for de- 
veloping our results, we recall the main properties of this class of functions. The corre- 
sponding proofs can be found in [36]. Note however that—for the reasons explained in 
Remark 2.16—the definition of slice hyperholomorphicity in [36] is different from the 
one we use and it is less restrictive unless the functions are defined on slice domains. 
The proofs of the presented results hold however also with the definition that we use in 
this thesis or they can be readapted by obvious modifications. 


Definition 2.2. A set U c His called 


(i) axially symmetric if [x] C U for any x € U, and 


(ii) a slice domain if U is open, U AR 4 0 and UNC; is a domain in C; for any i € S. 
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In order to avoid confusion, we shall in this thesis denote the closure of a set U by 
cl(U) and its conjugation by U = {%: x € U}. 


I 


Definition 2.3. Let U C H be axially symmetric. A function f : U — His called left 


slice function, if it is of the form 


f(x) = a(xo, £1) + iz (Xo, £1) Vr = to + İz € U, (2.3) 


where a and £ are functions that take values in H and satisfy the compatibility condi- 
tions 
a(zo, £1) = a(zo, —z1) and B(x, £1) = —b(£0, —21). (2.4) 


A function f : U — H is called right slice function, if it is of the form 


f(@) = a(zo, £1) + BG mje  VoHjaotizpeU, (2.5) 


with functions a and £ that satisfy (2.4). Finally, a left or right slice function f = a+i8 
is called intrinsic if œ and £ take values in R. 

We denote the set of all left slice functions on U by SF, (U), the set of all right slice 
functions on U by SF p(U) and the set of all intrinsic slice functions on U by SF(U). 


Remark 2.4. Any quaternion x can be represented using two different imaginary units, 
namely x = % + 1,2, = £o + (—i,)(—2,). If x € R, then we can even choose any 
imaginary unit in this representation. The compatibility conditions (2.4) assure that 
the choice of this imaginary unit is irrelevant. In particular it implies 3(x9, £1) = 0 if 
xı = 0, that is if x € R. 


Definition 2.5. Let U C H be an axially symmetric open set. A left slice function 
f =a+iß : U — His called left slice hyperholomorphic if a and 8 satisfy the 
Cauchy-Riemann-differential equations 


o 
T = Dy, Vam) uo 
m = — Bq, O: 


Similarly, a right slice function f = a + Gi: U — H is called right slice hyperholo- 
morphic if a and £ satisfy (2.6). 

For an arbitrary axially symmetric set U, we denote the set of all functions that 
are left slice hyperholomorphic on an open axially symmetric set U” with U C U’ by 
SH_,(U). Similarly, we denote the set of all functions that are right resp. intrinsic slice 
hyperholomorphic on an open axially symmetric set U” with U C U’ by SHR(U) resp. 
SH(U). 


Any intrinsic slice function is both a left and a right slice function because i and 8 
commute. The converse is however not true: the constant function f = c € H \ Ris 
obviously a left and a right slice function, but not intrinsic. Intrinsic slice functions can 
be characterized in several ways. 


Corollary 2.6. If f € SF,(U) or f € SFR(U), then the following statements are 
equivalent. 
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(i) The function f is an intrinsic slice function. 


(ii) We have f(T) = f(x) for any x € U. 
(iii) We have f(U N Ci) C Gi for alli € S. 


The importance of this subclass is due to the fact that the pointwise multiplication 
and the composition with intrinsic slice functions preserve the slice structure. This is 
not true for arbitrary slice functions. Moreover, if the functions are even slice hyper- 
holomorphic, then slice hyperholomorphicity is preserved, too. 


Corollary 2.7. Let U C H be axially symmetric. 


(i) If f € SF(U) and g E€ SF_(U), then fg E€ SFL(U). If f € SFR(U) and 
g E SF(U), then fg E€ SFr(U). 


(ii) If f € SH(U) and g € SHL(U), then fg € SHL(U). If f € SHR(U) and 
g E€ SH(U), then fg E€ SHR(U). 


(iii) If g € SF(U) and f E€ SFr(g(U)), then fog E€ SF_(U). If g € SF(U) and 
f € SFrlg(U)), then fog € SFRU). 


(iv) Ifg E€ SH(U) and f € SHz(g(U)), then fog € SHL(U). Ifg E€ SH(U) and 
f € SHr(g(U)), then f o g E€ SHR(U). 


The values of a slice function are uniquely determined by its values on a single 
arbitrary complex plane Cj. 


Theorem 2.8. Let U be an axially symmetric slice domain, let f € SHz(U) or let 
f € SHR(U) and set Z := {x € U : f(x) = 0}. If there exists i € S such that 
Zi := Z N Ci has an accumulation point in Ui := U N C;, then f = 0. 


Theorem 2.9 (Representation Formula). Let U C H be axially symmetric and i € S. 
For any £ = £o + ix, € U set zi := £o + iz1. If f E SF (VU), then 


f(x) = Za — i,i) f(a) + za +i) fŒ) forall x €U. (2.7) 
If f E€ SHR(U), then 
f(x) = f(a) — i.) + f(z) + i.) forallx € U. (2.8) 


As a consequence, any quaternion-valued function that is defined on a suitable sub- 
set of a complex plane possesses a unique slice extension. 


Corollary 2.10. Leti € S and let f : O — H, where O is a set in Ci that is symmetric 
with respect to the real axis. We define the axially symmetric hull of O as 


z€O 


(i) There exists a unique function fe E€ SF ,({O]) such that fr|onc, = f. Similarly, 
there exists a unique function fr E€ SF p(|O]) such that frlonc, = f. 


20 


2.1. Slice Hyperholomorphic Functions 


(ii) If f satisfies 3 ( 2 f(x) +12 f(2)) = 0, then fr is left slice hyperholomorphic. 


xo 


(iii) If f satisfies + (ZL) | ef (a)i) = 0, then fr is right slice hyperholomor- 


phic. 


Remark 2.11. If O C C7 and f : O + CG is such that f(O N R) C R, then there 
exists a unique intrinsic slice extension f € SF([O]) of f to [O]. Indeed, we can use 
the relation (ii) in Corollary 2.6 to extend f to O U O by setting f(z) = f(z). The set 
O U O is symmetric with respect to the real axis and hence Corollary 2.10 implies the 
existence of a left slice extension fzr of f. If we write f(z) = a(zo, 21) + i8(Zo, 21) 


with a( zo, 21), 8(20, 21) € R for z € O, this slice extension is, because of (2.7), given 
by 


fua) =5 (Flas) + Fad) Hit (Fe) - Fe) 


=a(£0, £1) + inf (£0, £1) 


As qa and ( take real values, fr is intrinsic. Any intrinsic slice function is therefore 
already entirely determined by its values on one complex halfplane (ore 


Let us now turn our attention to the generalisation of results from classical function 
theory to the slice hyperholomorphic setting. Important examples of slice hyperholo- 
morphic functions are power series with quaternionic coefficients. Any series of the 
form 57°, "a, with a, € H is left slice hyperholomorphic and any series of the 
form $ oan” is right slice hyperholomorphic on its domain of convergence. A 
power series is intrinsic if and only if its coefficients are real. Conversely, any slice 
hyperholomorphic function can be expanded into a power series at any real point in its 
domain. 


Definition 2.12. Let U C H be an axially symmetric open set. For any f E€ SH,(U), 
the function 


Os f(x) = lim (s-s) "(f (s) — f(z), 


Cjasr a 


where lime, s+ f(s) denotes the limit of f(s) as s tends to x in C;,, is called the slice 
derivative of f. Similarly, if f € SH»(U), then the function 


Osf(a) = lim, (F(s) — f(@))(s— 2)" 


is called the slice derivative of f. 


Remark 2.13. The slice derivative of a left or right slice hyperholomorphic function is 
again left resp. right slice hyperholomorphic. Moreover, it coincides with the partial 
derivative Z f(x) of f with respect to the real part xo of x. It is therefore also at points 
x € R well defined and independent of the choice of i,. 


Theorem 2.14. If f is left slice hyperholomorphic on the ball B,(a) of radius r > 0 
centered at a € R, then 


+00 


fla) = Daa)" (@s"f) (a) forz € Bla). 


n=0 
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If f is right slice hyperholomorphic on B,.(a), then 


fl) = 2 = (0s"f)(@(e— a)" forz € B,(a). 


If we restrict a slice hyperholomorphic function to one slice C;, then we obtain a 
vector-valued function that is holomorphic in the usual sense. 


Lemma 2.15. Let U C H be an axially symmetric open set. If f E€ SHz,(U), then for 
any i € S the restriction fi := f\unc, is left holomorphic, that is 


2 Oxo Ox 


If f € SHR(U), then for any i € S the restriction fi := f|unc, is right holomorphic, 
that is 


: ( : fi(x) + i 2 fe) ) = 0, Va = zo + iz, E UNC. (2.9) 
1 


1 o 
(= fi(x) 4 Da, fæi) = 0, Yr = zo + İz; EUN Gi. (2.10) 
Conversely, if f € SF, (U) satisfies (2.9) for one (and hence for any) imaginary unit 
i € S, then f is left slice hyperholomorphic. Similarly, if f E€ SF p(U) satisfies (2.10) 
for one (and hence for any) imaginary unit i € S, then f is right slice hyperholomor- 
phic. 


Remark 2.16. Slice hyperholomorphic functions were originally defined as functions 
that satisfied (2.9) resp. (2.10) on every complex plane C;. One can show that, as a 
consequence of the identity principle, any function in this class that is defined on an 
axially symmetric slice domain satisfies the representation formula and is hence a slice 
function. On axially symmetric slice domains, this definition is therefore equivalent to 
the one given in Definition 2.3. On other sets, in particular on open sets that do not 
intersect the real axis, there exist functions that are not slice functions but satisfy (2.9) 
or (2.10). Definition 2.3 is therefore more restrictive than the original one. 

However, the properties of slice hyperholomorphic functions that are essential in 
operator theory, such as the Cauchy formulas, depend on the slice structure of the func- 
tion. For this reason, Definition 2.3 is more appropriate for applications to operator 
theory. Otherwise we are for instance in the S-functional calculus restricted to consid- 
ering functions that are defined on axially symmetric slice domains which prevents the 
definition of Riesz-projectors via this calculus. (Another explanation why quaternionic 
operator theory must be built on slice functions will be given in Section 8.3.) 


As pointed out above, the product of two slice hyperholomorphic functions is not 
slice hyperholomorphic unless the factor on the appropriate side is intrinsic. However, 
there exists a regularised product that preserves slice hyperholomorphicity. 


Definition 2.17. For f = a+ i6,g = y +i € SHz(U), we define their left slice 
hyperholomorphic product as 
fig = (ay — Bd) +i(ad + By). 


For f = a+ pi, g = y + ĝi € SHR(U), we define their right slice hyperholomorphic 
product as 
f *r g = (ay — b8) + (ad + By)i. 
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Remark 2.18. The slice hyperholomorphic product is associative and distributive, but 
in general not commutative. If however f is intrinsic, then f »z g coincides with the 
pointwise product fg and 


farg=fo= gif. (2.11) 
Similarly, if g is intrinsic, then f *p g coincides with the pointwise product fg and 
ferg=f9= 9*rf. (2.12) 


Example 2.19. If f(x) = 377% 2"an and g(x) = X} 2 x"b, are two left slice hyper- 


n= n= 
holomorphic power series, then their slice hyperholomorphic product equals the usual 
product of formal power series with coefficients in a non-commutative ring 


+00 +00 +00 n 
(5 r'a) *L (5 zon) = (f xg g)(£) = >a X arbar (2.13) 
n=0 n=0 n=0 k=0 


Similarly, we have for right slice hyperholomorphic power series that 


+00 +00 +00 n 
(5 oa) *R (s: sar) — bD (> z xz”. (2.14) 
n=0 


n=0 n=0 k=0 


Definition 2.20. We define for f = a + if € SH,(U) its slice hyperholomorphic 
conjugate as f° = &+iĝ and its symmetrisation as f° = fx, f° = f°*,_f. Similarly, we 


define for f = a+ i E€ SHR(U) its slice hyperholomorphic conjugate as f° = a+ (i 
and its symmetrisation as f° = f xr f° = f° *p f. 


The symmetrisation of a left slice hyperholomorphic function f = a + i is explic- 
itly given by E 
f? = |a|? — |8|? + i2Re (a8). 
Hence, it is an intrinsic function. It is f(x) = 0 if and only if f(z) = 0 for some 
& € |x]. Furthermore, one has 


F(x) > a(x, £1) + isp (xo, £1) = a(zo, £1) + p (£o, £1)(—iz) a f(z) (2.15) 
and an easy computation shows that 
f *r g(x) = f(a)g (F()'af(a)) if f(x) 40 (2.16) 
and for f(x) Æ 0 it is 
F(a) =f (x) f° F(@)"2f(2)) 
=f(a)f (F@)2f@) = f@)F F@)F@). 
Similar computations hold true in the right slice hyperholomorphic case. Finally, if f 
is intrinsic, then f°(x) = f(x) and f(x) = | f(x)|?. 
Corollary 2.21. The following statements hold true. 
(i) For f € SH,(U) with f + 0, its slice hyperholomorphic inverse f~*“, which 
satisfies f~*" x, f = f x, f-*" = 1, is given by 
fot = (fS! *Z, Ft = (FAE 
and it is defined on U \ |Z;|, where Z; = {s E U : f(s) = 0}. 


(2.17) 
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(ii) For f E€ SHR(U) with f + 0, its slice hyperholomorphic inverse f~*®, which 
satisfies f~*? xp f = f xr f-*® = 1, is given by 


fR = fe *R (FS = esi me 
and it is defined on U \ |Z], where Z; = {s E€ U : f(s) = 0}. 
(iii) If f € SH(U) with f £0, then f-*" = f-*® = fot. 


We will need in Chapter 6 that | f~*+| is in a certain sense comparable to 1/| f|. Since 
f5 is intrinsic, we have | f*(x)| = |f*(Z)| for any Z € [z]. Since f(x)xf(x)~* € [x] by 
Lemma 2.1, we find for f(x) 4 0 because of (2.17) that 


If (2) =|F (F@)ef(x)*)| 
=|f (F@)ef@)) F@| = |F Y@2h@))| If @I. 
Therefore we have because of (2.15) that 


Jf“ (@)| =| @)"| 1F°(@)| 
1 


ah 1 
“TFe@afe@ Fel! ©! = Few 
and so i 
El = FO with Z = f(x)z f(x) € [a]. (2.18) 


An analogous estimate holds for the slice hyperholomorphic inverse of a right slice 
hyperholomorphic function. 

Finally, slice hyperholomorphic functions satisfy an adapted version of Cauchy’s 
integral theorem and an integral formula of Cauchy-type with a modified kernel. 


Definition 2.22. We define the left slice hyperholomorphic Cauchy kernel as 
SF (s, £) = (£? —2sor + |s|) (5 — x) forg ¢ [s] 

and the right slice hyperholomorphic Cauchy kernel as 
Sp (s, x£) = (5 — x)(x? — 2sox + |s|)! for x ¢ [s]. 


Corollary 2.23. The left slice hyperholomorphic Cauchy-kernel S7 (s, x) is left slice 
hyperholomorphic in the variable x and right slice hyperholomorphic in the variable s 
on its domain of definition. Moreover, we have Sj\(s,x) = —S7 (x, 8). 


Remark 2.24. If x and s belong to the same complex plane, they commute and the slice 
hyperholomorphic Cauchy-kernels reduce to the classical one, i.e. 


Gan) = S3 (6.4) = SpR (s, £). 


The classical Cauchy kernel is the inverse of the function x +> s — x. Similarly, the 
slice hyperholomorphic Cauchy kernels are the slice hyperholomorphic inverses of this 
function. 
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Corollary 2.25. Let s € H and consider the function x +> s — x. Then 


S7 (62)\=(6—a) ™ and S(s, x)= (s — x)“. 


In analogy with the above relation, we introduce the following definition. Explicit 
formulas for these functions will be given in Section 4.6. 


Definition 2.26. Let s € H and let n € Z be an arbitrary integer. We define 
SF(s, x) := (s — x)” and Sls, x) :=(s—ax)*P". 


We are now able to formulate the analogues of the Cauchy integral theorem and of 
Cauchy’s integral formula for slice hyperholomorphic functions. 


Theorem 2.27 (Cauchy’s integral theorem). Let U C H be an axially symmetric open 
set, let i € S and let D; be a bounded open subset of U N C; with cl(D;) C UNC; 
such that its boundary consists of a finite number of continuously differentiable Jordan 
curves. For any f E€ SHp(U) and g € SH,(U), it is 


(s) dsi g(s) = 0, 
ƏD; 


where ds; = —i ds. 


Definition 2.28. An axially symmetric open set U C H is called a slice Cauchy domain 
if U N Ci is a Cauchy domain for any i € S, that is 


(i) U N Ci is open 


(ii) U N Ci has a finite number of components (i.e. maximal connected subsets), the 
closures of any two of which are disjoint 


(iii) the boundary of U N Ci consists of a finite positive number of closed piecewise 
continuously differentiable Jordan curves. 


Remark 2.29. A slice Cauchy domain is either bounded or has exactly one unbounded 
component. If it is unbounded, then the unbounded component contains a neighbor- 
hood of infinity. 


Theorem 2.30 (Cauchy’s integral formula). Let U C H be a slice Cauchy domain, let 
i € S and set ds; = —ids. If f is left slice hyperholomorphic on an open set that 
contains cl(U), then 


o1 
On 


f(x) | SF '(s,z)dsi f(s)  forallz €U. 
a(UnC:) 


If f is right slice hyperholomorphic on an open set that contains cl(U), then 


o 1 
(OT 


f(x) i, f(s) ds, SR (s,£) forall €U. 

a(UNC;) 
Remark 2.31. The results presented in this section can be extended to functions with 
values in a two-sided quaternionic Banach space. Problems concerning vector-valued 
functions can be reduced to scalar problems by applying elements of the dual space, 
analogue to what is done in the complex setting [7]. 
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2.2 Quaternionic Banach and Hilbert Spaces 


The natural extension of the Riesz-Dunford-functional calculus for complex linear op- 
erators to quaternionic linear operators is the S-functional calculus. It is based on the 
theory of slice hyperholomorphic functions and follows the idea of the classical case: 
to formally replace the scalar variable x in the Cauchy formula by an operator. Unless 
stated differently, the proofs of the results in this section can again be found in [36]. 

Let us start with a precise definition of the various structures of quaternionic vector, 
Banach and Hilbert spaces. 


Definition 2.32. A quaternionic right vector space is an additive group (V, +) endowed 
with a quaternionic scalar multiplication from the right such that for all u,v € V and 
alla,b € H 


(u+ v)a = ua + va, u(a+b)=ua+ub, v(ab)= (va)b, vl=v. (2.19) 


A quaternionic left vector space is an additive group (V, +) endowed with a quater- 
nionic scalar multiplication from the left such that for all u, v € V and all a,b € E 


a(ju+v)=au+av, (a+b)v=av+bv, (ab)v=a(bv), 1v=v. (2.20) 


Finally, a two sided quaternionic vector space is an additive group (V, +) endowed with 
a quaternionic scalar multiplication from the right and a quaternionic scalar multiplica- 
tion from the left that satisfy (2.19) resp. (2.20) such that in addition av = va for all 
v EV andalla € R. 


Remark 2.33. Starting from a real vector space Vp, we can easily construct a two-sided 
quaternionic vector space by setting 


3 
Ve Q H -f voam eva), 


£=0 


where we denote eọ = 1 for neatness. Together with the componentwise addition 
Vr © H forms an additive group. It is a two-sided quaternionic vector space, if we 
endow it with the right and left scalar multiplications 


3 3 
av = ` (apv,,) ® (erer) and va= ae (Vk) ® (ekee) 
£,4=0 £,4=0 


fora = DE aree € H and v = Soy Vk Q ek € Ve ® H. Usually one omits the 
symbol and simply writes v = )~_, Veer. 

It was shown in [71] that any two-sided quaternionic vector-space v is essentially of 
this form. Indeed, we can set 


Vr = {v € V : av = va Va € H} (2.21) 


and find that V is isomorphic to Ve @ H. If we set Re(v) := Se vey, then 
Re(v) € Vg and v = ae Re(€v Jez. 
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Remark 2.34. A quaternionic right or left vector space also carries the structure of a 
real vector space: if we simply restrict the quaternionic scalar multiplication to R, then 
we obtain a real vector space. Similarly, if we choose some i € S and identify C; with 
the field of complex numbers, then V also carries the structure of a complex vector 
space over C;. Again we obtain this structure by restricting the quaternionic scalar 
multiplication to Cj. 

If we consider a two-sided quaternionic vector space, then the left and the right 
scalar multiplication coincide for real numbers so that we can restrict them to R in 
order to obtain again a real vector space. This is however not true for the multiplication 
with scalars in one complex plane C;. In general zv Æ vz forz € Cj andv € V. 
Hence, we can only restrict either the left or the right multiplication to C; in order to 
consider V as a complex vector space over Cj, but not both simultaneously. 


Definition 2.35. A norm on a right, left or two-sided quaternionic vector space V is 
a norm in the sense of real vector spaces (cf. Remark 2.34) that is compatible with 
the quaternionic right, left resp. two-sided scalar multiplication. Precisely, this means 


that||val| = ||v|| |a] (or lav] = |al||v]] resp. |lav]] = |al|[v]] = [væl for all a € E 
and all v € V. A quaternionic right, left or two-sided Banach space is a quaternionic 
right, left or two-sided vector space that is endowed with a norm || - || and complete 


with respect to the topology induced by this norm. 


Remark 2.36. Throughout this thesis, we let Vg denote a right-sided and V denote a 
two-sided quaternionic Banach space. 


Remark 2.37. Similar to Remark 2.34, we obtain a real Banach space if we restrict the 
left or right scalar multiplication on a quaternionic Banach space to R and we obtain a 
complex Banach space over C; if we restrict the left or right scalar multiplication to C; 
for some i € S. 


Definition 2.38. A quaternionic right Hilbert space H is a quaternionic right vector 
space equipped with a scalar product (-,-) : HXH — H so that for all vectors u, v, w € 
H and all scalars a € E 


(i) (u, u) > 0 


(ii) (u, va + w) = (u, vja + (u, w) 
(iii) (u, v) = (v, u) 
and so that H is complete with respect to the norm ||v|| = y (v, v}. 


Remark 2.39. In order to be consistent with our notation, we shall also assume the 
scalar product of a complex Hilbert space to be sesquilinear in the first and linear in the 
second variable. 


Remark 2.40. Also a quaternionic Hilbert space carries natural real and complex Hilbert 
space structures. If we restrict the right scalar multiplication on H to R and define 
(u, vr := Re(u, v}, then (H, (-, -)e) is a real Hilbert space. 

If we choose i,j € S with i L j, then we can write any quaternion x as £ = 2 + 29j 
with 21, 22 € Ci; according to (2.1). The number zı € Ci is independent of j and hence 
we can define the Cj-part of x as {x}; := 21. If we restrict the right scalar multiplication 
on H to C; and set (u,v); := {(u, v} };, then (H, (., .);) is a complex Hilbert space over 
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Ci. Forj € S with j L i and any v in H, the vectors v and vj are orthogonal in this 
structure. 


Remark 2.41. The fundamental concepts of complex Hilbert spaces such as orthogo- 
nality, orthonormal bases, the Riesz representation theorem etc. can be defined as in 
the complex case. 


Notation 2.42. Since we are working with different number systems and vector space 
structures, we introduce for a set of vectors B := (b¿)ec4 the quaternionic right-linear 
span of B 


span, B := X beats :a CHIC Asinio) 


lEI 
and the Ci-linear span of B 


spanç,B := l X biz :22€C,1CA ine . 


lel 


Definition 2.43. A mapping T : Vr — Wp between two quaternionic right Banach 
spaces Vp and Wp is called right linear if T(ua+v) = T(u)a+T(v) for all u, v € Vp 
and alla € H. It is bounded if ||T|| := supy,)—, |T (v)|| is finite and closed if the 
graph of T' is closed in Vg x Wp. 

We denote the set of all bounded right linear operators T : Vp —> Vpr by B(Vp) and 
the set of all closed operators T : dom(T) C Vr — Vpr by K(Vp). 


Remark 2.44. We consider right linear operators by convention. One can also consider 
left linear operators, which leads to an equivalent theory. 


Remark 2.45. The set B(Vp) of all bounded right linear operators on a quaternionic 
right Banach space Vp is a real Banach space with the pointwise addition (T+U)(v) := 
T(v)+U(v) and the multiplication (Ta)(v) := T(va) with scalars a € R. However, if 
we define (T'a)(v) := T (va) for a € H \ R, then we do not obtain a quaternionic right 
linear operator as (T'a)(vb) = T(vab) 4 T(vba) = T(vb)a = (Tb)(v)a if a,b € H 
do not belong to the same complex plane. Hence, 6(Vz) is not a quaternionic linear 
space. 

The space B(V) of all bounded right linear operators on a two-sided quaternionic 
Banach space V is on the other hand again a two-sided quaternionic Banach space with 
the scalar multiplications 


(aT)(v) =a(T(v)) and (Ta)(v) = T(av). (2.22) 


For this reason, the theory of quaternionic linear operators is usually developed on two- 
sided quaternionic Banach spaces. Also we will usually work on two-sided spaces. 
An exception is Chapter 8, where we discuss the minimal structure that is necessary 
to develop quaternionic operator theory and show that the essential results can also be 
obtained on one-sided spaces. 


If T is a bounded operator on a two-sided quaternionic Banach space V = Vg ® H, 


then we can write T as 
3 


T=h+ X Te (2.23) 


£=1 
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with R-linear components T; € B(Vg) for £ = 0,...,3. If we set eo = 1 for neatness, 
then T acts as 
3 3 
Tv = NO Ti leer for v=) Vek EV=Ve OH. 
£,5=0 K=0 


We thus have 


== 


B(V) = B(Vr) ® 


Definition 2.46. Let V be a two-sided quaternionic Banach space. We denote the set 
of all operators T = Ty + $3; Tree € B(V) with commuting components by BC(V). 
Furthermore, we call a bounded operator T a scalar operator if it is of the form T = To, 
that is if Ti = T2 = 73 = 0. 


For an unbounded operator T € K(V) a decomposition of the form (2.23) cannot 
always be obtained. This is only possible if dom(T’) is a two-sided subspace of V, that 
is if it is of the form dom(T) = Vo ® H for some subspace Vo of Vg. 

If on the other hand To, ..., 73 are operators on Vg, then we can define the operator 


== 


3 4 
T=To+ Te, with dom(T)= (À a) S 


£=1 £=0 


Definition 2.47. Let V be a two-sided quaternionic Banach space. We define KC(V ) 
as the set of all operators T € K(V) that admit a decomposition of the form T = 
To + Da Tree with closed operators Te € K(Vg) such that 


(i) dom(T*) = oe: dom(TiT,) = Veo dom(T?), 
(ii) dom(7(T,,) = dom(T,,Ty) for £, « € {0,...,3}, 
(iii) TT,v = T..Tev for all v € dom(T”) for £, «x € {0,..., 3}. 


Furthermore, we call a closed operator T a scalar operator if it is of the form T' = To, 
that is if T3 = 7, = T} = 0 or equivalently if T is the extension of a closed operator on 
Ve to V. 


Corollary 2.48. A scalar operator T € K(V) commutes with any quaternion a € H. 


It is essential for the theory that the Hahn-Banach theorem also holds on quater- 
nionic spaces. It was first shown in [44], but a proof in English can be found in [36]. 


Theorem 2.49 (Hahn-Banach). Let Vg be a quaternionic right vector space, let Vo be 
a right linear subspace of Vg and let p : Vg — [0, +00) satisfy p(v +u) < p(v)+p(u) 
and p(va) = p(v)|a| for all v,u € Vg and all a € H. Moreover, let p : Xo —> H be 
a quaternionic right linear functional on Vo such that |\yp(v)| < p(v) for all v € Vo. 
Then there exists a right linear functional ® : Ve — H such that ®(v) = y(v) for all 
v € Vo and such that 


|®(v)| < olv), for allv € Vp. 
An analogous statement holds for left linear vector spaces. 
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As a corollary we obtain, as in the complex case, that the dual space of any quater- 
nionic Banach space separates points. 


Definition 2.50. Let Vz be a quaternionic right Banach space. Its topological dual 
space VŠ is the quaternionic left Banach space of all bounded right linear mappings of 
Vpr to H. 


Remark 2.51. For the reasons explained in Remark 2.45, the dual space Vp of a right 
Banach space Vp is only a left Banach space. The dual space of a two-sided quater- 
nionic Banach space on the other hand is again a two-sided quaternionic Banach space. 


Corollary 2.52. The dual space of a quaternionic right Banach space separates points. 


We conclude this section by introducing the notions of self-adjoint, unitary and nor- 
mal operators n a quaternionic Hilbert space, which are defined analogue to the complex 
case. 


Definition 2.53. Let H be a quaternionic Hilbert space and let T € K(H) with dense 
domain. The adjoint 7™ of T is the unique operator with domain 


dom(T*) = {u € H : v > (u, Tv) € H*} 
that is defined by the relation 
(T*u, v) = (u, Tv). (2.24) 
The operator T is called 
e self-adjoint if T = T*, 


anti-selfadjoint if T = —T™*, 
normal if T € B(H) and TT* = T*T, 
unitary if T € B(H) and T* = T~}, 


partially unitary if H is the orthogonal sum H = kerT @ ranT and T|ranr is 
unitary. 


Remark 2.54. As in the complex case, it is the Riesz representation theorem that guar- 
antees together with the density of dom(T) that (2.24) determines T*u so that T™ is 
actually well defined. 


2.3 The S-Spectrum and the S-Functional Calculus 


For T € K(V), we define 


Q(T) := T? — 2soT + |s/?Z, for s € H. 


Definition 2.55. Let T € K(V). We define the S-resolvent set of T as 
ps(T) := fs eH: Q(T) € B(V)} 


and the S-spectrum of T as 


os(T) := H\ ps(T). 
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For s € ps(T), the operator Q,(T)~! is called the pseudo-resolvent of T at s. Further- 
more, we define the extended S-spectrum o3x(T’) as 


os(T) if T is bounded, 


Ogx(T) := 
oy) as if T is unbounded. 


The S-spectrum generalizes the set of right eigenvalues of a quaternionic linear 
operator just as the spectrum of a complex linear operator generalizes the set of its 
eigenvalues. Moreover, it has properties that are analogous to those of the spectrum of 
a complex linear operator. 


Theorem 2.56. Let T € K(V). 


(i) The S-spectrum os(T) of T is axially symmetric. It contains the set of right 
eigenvalues of T and if Vg has finite dimension, then it equals the set of right 
eigenvalues. 


(ii) The S-spectrum os(T) is a closed subset of H and the extended S-spectrum 
osx(T) is a closed and hence compact subset of Ha := HU {oo}. 


T 


(iii) If T is bounded, then os(T) is nonempty and bounded by the norm of T, that 
is os(T) C cl( By) (0)). 


Remark 2.57. Analogue to the complex case, one can divide the S-spectrum of T into 
subsets with different properties. We shall distinguish the following subsets: 


e The point S-spectrum c sp(T) of T is the set 
og,(T) := {s € H: ker O,(T) # {O}}. 


It was shown in [26] that it coincides with the set of right eigenvalues of 7’. 


e The continuous S-spectrum o se(T) of T is the set 


os(T) := {s € H : ker O,(T) = {0}, ran Q,(T) G Vp is dense}. 


e The residual S-spectrum os,(T) of T is the set 


os-(T) := {s € H: ker O,(T) = {0}, ran Q,(T) G Vp is not dense}. 


Definition 2.58. Let T € K(V). For s € ps(T), the left S-resolvent operator is defined 
as 
Sls?) = On) s=70,(0)™ (2.25) 


and the right S-resolvent operator is defined as 
SpR (s, T) := —(T —Ts)Q,(T)*. (2.26) 


Remark 2.59. One clearly obtains the right S-resolvent operator by formally replacing 
the variable x in the right slice hyperholomorphic Cauchy kernel by the operator T. 
The same procedure yields 


S7 (s, T)v = -—Q,(T)'(T —sZ)v, for v € dom(T) (2.27) 
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for the left S-resolvent operator. This operator is only defined on the domain dom(T’) 
of T and not on the entire space V. However, Q,(T)~'Tv = TQ,(T)~'v for any 
v € dom(T) and commuting T and Q,(T) in (2.27) yields (2.25). For any s € H, the 
operator O,(T) = T? —2s 9T'+|s|?Z maps dom(T”) to V. Hence, the pseudo-resolvent 
Q,(T)~' maps V to dom(T?) C dom(T) if s € ps(T). Since T is closed and O,(T)~! 
is bounded, equation (2.25) then defines a continuous and therefore bounded right lin- 
ear operator on the entire space V. Hence, the left resolvent S7 (s, T) is the closed 
extension of the operator (2.27) to V. In particular, if T is bounded, then S7 '(s, T) can 
directly be defined by (2.27). 

If one considers left linear operators, then one must modify the definition of the right 
S-resolvent operator for the same reasons. 


Remark 2.60. The S-resolvent operators reduce to the classical resolvent if T and s 
commute, that is 

Sz (s, T) = SR (s, T) GLH 1): 
This is in particular the case if s is real. 


Lemma 2.61. Let T € K(V). The map s ++ SẸ '(s,T) is a B(V)-valued right slice- 
hyperholomorphic function on ps(T) and the map s ++ Sp (s, T) is a B(V)-valued 
left slice-hyperholomorphic function on ps(T). 


Remark 2.62. If T is bounded, the proof of the above crucial lemma consists of easy 
straightforward computations, which can be found for instance in [36]. The slice hy- 
perholomorphicity of the S-resolvents of unbounded operators has also been assumed 
on several occasions in the theory although an explicit proof has never been given. It 
turned out that several additional technical difficulties have to be overcome in this case. 
The respective proof is hence presented in Chapter 3 as a part of this thesis, which fills 
an important gap in the existing theory. 

The left and the right S-resolvent satisfy the following left resp. right S-resolvent 
equation. 


Lemma 2.63 (Left and right S-resolvent equation). Let T € K(V). For s € ps(T), we 
have 
sSR (s, T)v — SpR (s, T)Tv = v Yv € dom(T) (2.28) 
and 
S e OEA (2.29) 


The above equations provide a tool to compensate the fact that the S-resolvents do 
not commute with quaternionic scalars. They do however not generalise the classical 
resolvent equation, which allows to split the product of the resolvent at two points into 
a sum of the factors. Its role is played by the S-resolvent equation, which has been 
first introduced in [4] for bounded operators and then for unbounded operators in [21]. 
It is remarkable that the S-resolvent equation involves both the left and the right S- 
resolvent and that no generalisation of the classical resolvent that involves only one of 
them exists. 


Theorem 2.64 (S-resolvent equation). Let T € K(V). For s,x € ps(T) with s ¢ [x], 
it is 
SR (s, T)S7 (2, T) =[[Sk'(s,T) — S7 (x, T)]e 


za e D= ae no — 2sox + TS (2.30) 
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One can show by straight-forward computations that for any x, s € H with s ¢ [a] 
and any B € B(V), the identity 


(s? — 2x08 + |z|) (sB — Bz) = (5B — Br)(x? — 2soz + |s|) t (2.31) 
holds. The S-resolvent equation can hence also be written as 
Sai(s,T)Sz (x, T) = (8? — 2x05 + |x|?) 
i [s[SR (s, T) a Sz*(«,T)] ~~ [Sz (s, T) ~~ ra cry a lca 
If we follow the idea of the Riesz-Dunford functional calculus and formally replace 


x by T in the slice hyperholomorphic Cauchy-formula, then we obtain its natural gen- 
eralisation to the quaternionic setting [28]. 


Definition 2.65 (S-functional calculus for bounded operators). Let T € B(V), choose 
i € S and set ds; = —ids. For f E€ SHr(os(T)), we choose a bounded slice Cauchy 
domain U with os(T) C U and cl(U) c D(f) and define 


1 


pe oe on S7 (s, T) ds; f(s). (2.32) 


For f € SHrlos(T)), we choose again a bounded slice Cauchy domain U with 
os(T) C U and cl (U) C D(f) and define 


1 
LE = = | f(s) ds, SR (s, T). (2.33) 
2T Ja(Unc:) 
These integrals are independent of the choices of the slice domain U and the imaginary 
uniti € S. 
The following properties of the S-functional calculus can be found in [4, 28, 36]. 
Lemma 2.66. Let T € B(V). 


(i) For any f € SHrlos(T)) and any f € SHprlos(T)), the operator f(T) is 
bounded. 


(ii) If f,g © SHi(osx(T)) anda € H, then (fa + g)(T) = f(T)a + g(T). 1f 
f.g € SHrlosx(T)) anda € H, then (af + g9)(T) = af (T) + g(T). 


(iii) If f € SH(os(T)) and g € SHr(øs(T)) , then (fg)(T) = F(T)g(T). Similarly, 
if f € SHrlos(T)) and g € SH(os(T)), then also (fg)(T) = f(T)g(T). 


(iv) Ifg € SH(os(T)), then os(g(T)) = glos(T)) and f(g(T)) = (f ° g)(T) for any 
f € SHr(glos(T))) and any f E€ SHrlglos(T))). 


(v) If o is an open and closed subset of osx(T), let Xo be equal to 1 on an axially 
symmetric neighborhood of o in Hand equal to 0 on an axially symmetric neigh- 
borhood of osx (T) \ o in H. Then xo E€ SH(osx(T)) and Xo(T) is a projection 
onto a right linear subspace of V that is invariant under T. Moreover, if we denote 
the restriction of T to the range of Xo (T) by T,, then osx (Ts) = v. 
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Finally, using the above results, we can also introduce the S-functional calculus for 
unbounded operators. 


Definition 2.67. We say that a function is left (or right) slice hyperholomorphic at infin- 
ity, if f is left (or right) slice hyperholomorphic on its domain D(f) and if there exists 
r > 0 such that H \ B,(0) is contained in D(f) and the limit f(oo) := limz0 f(z) 
exists. 


Let T € K(V) and assume that there exists a real point a € ps(T). We define the 
function ®, : H, > Ha by 


®,(x) := (a—2)"', al) = 0... Ogle) a0 


for x € H \ {a} and we set ®,(T) := (a= — T)! = S;"(a,T) € B(V). The 
function ®, is intrinsic slice hyperholomorphic on H \ {a} and at infinity and the 
mapping f +> fo®, defines a bijection between SH: (osx(T)) and SHz(o5(®.(T))) 
resp. between SH p(osx(T)) and SHr(os(®.(T))), where ogx(T) = os(T) U {oo} 
because T’ was assumed to be unbounded. 


Definition 2.68 (S-functional calculus for closed operators). Let T € K(V) be un- 
bounded with ps(T) MR 4 Ø. We choose a € ps(T) A R and define for any function 
f € SHz(osx(T)) or f E€ SHR(o5x(T)) the operator f(T) as 


f(T) = (fo 82") (Gal), (2.34) 
where this operator is intended in the sense of Definition 2.65. 


Theorem 2.69. Let T € K(V) with ps(T) AR 4 0. For any f € SHz(o9(T)U {oo}), 
any unbounded slice Cauchy domain U with og(T) C U and cl(U) C D(f) and any 
i € S, we have 


FOOTE l oo STT) ds P8) (2.35) 


For any f € SHpR(os(T) U {co}), any unbounded slice Cauchy domain U with 
os(T) C U and cl(U) C D(f) and anyi € S, we have 


areri 1 f(s) ds Sq3(s,T). (2.36) 
O(UNC;) 
These integrals are independent of the choices of the slice domain U and the imaginary 


unit i € S and f(T) is in turn independent of the choice of a € ps(T) A R used in 
(2.34) 


The S-functional calculus allows to develop a theory of strongly continuous groups 
and semigroups of quaternionic linear operators that is analogue to the one for complex 
linear operators [32]. 


Definition 2.70. A family of bounded right-linear operators (U (t))rejo,+o0) on V is 
called a strongly continuous quaternionic semigroup if 


U(0) = and U(ty + t2) = U (ti JU (ta) Vti, tə > 0, 
and if t +» U/(t)v is a continuous function on [0, +00) for any v € V. 
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Definition 2.71. Let (U (t)):>o be a strongly continuous quaternionic semigroup. Set 
. 1 ; 
dom(T) := fy EV: jim, z ey —v) exists } 
and i 
Tv = jim, z ey —v), v € dom(T). 

The operator T is called the quaternionic infinitesimal generator of the semigroup 
(U (t)):>0.We indicate that T is the infinitesimal generator of the semigroup (U(t) ):>0 
by writing Ur(t) instead of U (t). 

The set dom(T) is a right subspace that is dense in V and T : dom(T) > V isa 
right linear closed quaternionic operator. 


Theorem 2.72. Let (Ur(t)):>o be a strongly continuous quaternionic semigroup and 
let T be its quaternionic infinitesimal generator. Then 


: 1 


Ifs € H with Re(s) > wo then s belongs ps(T) and 


+00 
De (el) = I e™“Ur(t) dt. 
0 


The question whether a closed linear operator is the infinitesimal generator of a 
strongly continuous semigroup is answered by the Hille- Yosida-Phillips theorem. 


Theorem 2.73. Let T be a closed linear operator with dense domain. Then T is the 
infinitesimal generator of a strongly continuous semigroup if and only if there exist 
constants w € Rand M > 0 such that os(T) C {s € H : Re(s) < w} and such that 
for any so € R with sọ > w 


(Sz so, T ))"|| < < =o forneN. 
(So = w) 

We consider the problem of characterising when a strongly continuous semigroup 
of operators (Ur(t)):>o can be extended to a group (Ur(t)):er of operators. This ex- 
tension is unique if it exists and if the family U_ (t) = Ur(—t), t > 0, is a strongly 
continuous semigroup. Consider the identity 


1 

(Why - v= 
By taking the limit for h — 0 we have that the infinitesimal generator of U/_(t) is 
—T and dom(—T) = dom(T). In this case T is called the quaternionic infinitesimal 
generator of the group (U/r(t)):er. The next theorem gives a necessary and sufficient 
condition such that a semigroup can be extended to a group [32, Theorem 5.1]. 


—Ur(—2)Ur(2 — h)v —U7(2)v]], for h € (0,1). 


Theorem 2.74. An operator T € K(V) is the quaternionic infinitesimal generator of a 
strongly continuous group of bounded quaternionic linear operators if and only if there 
exist real numbers M > 0 and w > 0 such that 


M 
(SR (so, T))"\| < TEn 


IfT generates the group (Ur(t))ier, then |\Up(t)|| < Mert. 


forw < |sol. (2.37) 
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2.4 The Spectral Theorem for Normal Operators 


We conclude the preliminaries by recalling the spectral theorem for bounded normal 
operators on a quaternionic Hilbert space H. This theorem was shown in [5] and later 
also in [51], which is largely a rewriting of [5, 86]. The two articles use however 
different strategies for proving this theorem and they consider two different approaches 
towards spectral integration in the quaternionic setting. 

We recall that H is only a right Banach space. Therefore the space B(H) of all 
bounded right linear operators on H is only a real Banach space, cf. Remark 2.45. 


Definition 2.75. A spectral measure E over CF on the quaternionic Hilbert space H is 
a set function defined on the Borel sets B (C=) of CF the values of which are orthogonal 
projections on H such that 


© E(CF)=7 
(i) E(A; N A2) = E(A1)E(A3) for all Ay, Ay € B(C7) 
(ili) E(Unenân)v = Jen E(An)v for all v € H and any sequence (A,)nen of 
pairwise disjoint sets in B (CẸ). 


In the complex setting, integrals with respect to a spectral measure E defined on the 
Borel sets B(C) of C are defined via approximation by simple functions. For a simple 
function f(s) = Xy- aexa,(s), where xa, denotes the characteristic function of the 
set Ay € B(C), one defines 


[TO= EA, (2.38) 


l= 


and for arbitrary bounded and measurable f one defines 
[re dE(z)= lim | f,(z)dE(z), (2.39) 
Cc n—--+00 Cc 


where f, is a suitable sequence of simple functions converging uniformly to f. In order 
to proceed similarly in the quaternionic setting, we need additional structure, a left 
multiplication, on H. Otherwise only real-valued functions can be integrated because 
(2.38) is only defined for real coefficients ay. 


Definition 2.76. A left multiplication on H is ahomomorphism £ : H — B(H) of real 
algebras acting as a +> La such that La = aZ for any a € R and (L,)* = La for any 
ae m. 


If it is clear which left-multiplication we consider, we will also write av instead of 
Lav. Since £ is a real algebra-homomorphism and av = Lav = va for any a € R, 
such a left multiplication turns H into a two-sided quaternionic vector space. Since 
moreover Lz = (L,)*, we have (u, av) = (au, v) and in turn 


llav|| = (av, av) = (v, Gav) = (v, v)|al* = Jal*llv|l’. 


Hence, any left multiplication as in Definition 2.76 turns H into a two-sided quater- 
nionic Banach space. 
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If B = (be)cc, is an orthonormal basis of H, then the left multiplication induced by 
B is the map Ls given by a œ La := oye, bea(by, v) for a € H. If on the other hand 
H is endowed with a left multiplication, then the real component space Hpg defined in 
(2.21) is, endowed with the scalar product on H, a real Hilbert space. Indeed, since 
av = va fora € Hand v € Hap, we have for u, v € Hp that 


alu, v) = (ua, v) = (Gu, v) = (u, av) = (u, va) = (u, vja Va € H, 


which implies that (u, v} is real. Any orthonormal basis (b;z)cc, of this space is also 
an orthonormal basis of the quaternionic Hilbert space H and induces the left multipli- 
cation given on H as av = a) pc 4 be(be, v} = dope, bea(be, v} for any a € H. (This 
fact was also shown in [51, Theorem 4.3] with different arguments). 


For any imaginary unit i € S, the mapping v > iv = Liv = } e4 bei(be, v} isa 
unitary anti-selfadjoint operator on H. Conversely, if J is a unitary and anti-selfadjoint 
operator andi € S is any imaginary unit, then there exists an orthonormal basis (bi) cea 
of H such that Jv = Jpc; biei(bie, v). Hence, applying J can be considered as a 
multiplication with i on the left. Note however, that i is not determined by J. We can 
interpret applying J as a multiplication with any i € S, but obviously we cannot make 
this identification for two different imaginary units simultaneously. If we choose a 
different imaginary unit j € S, then we do moreover not have Jv = )> eA bi ej (biz, v). 
Instead, Jv = S¢ p<, bjj (bje, v}, where bje = bieh with h € H such that |A| = 1 and 
j —h-'ih, cf. Lemma 2.1. 


Any left multiplication on H is fully determined by its multiplications Li, Lj with 
two different imaginary units i,j € S with i L j. Indeed, setting k = ij, any quaternion 
a € H can then be written as a = ag + ia, + jag + kaz. We must then obviously have 
av = Vao + Liva, + Ljvaz + LiLjva3. Observe that L; and Lj are two unitary anti- 
selfadjoint operators that anti-commute. Conversely, if | and J are two such operators, 
then we can choose i,j € S with i L j and define a left multiplication on H by setting 
Li := | and Lj := J. However, i and j are arbitrary. Hence, any couple consisting of 
two anti-commuting unitary and anti-selfadjoint operators can be used to generate an 
infinite number of distinct left multiplications on H. 


Assume now that we are given a spectral measure Æ on H over c7 for some imagi- 
nary unit i € S and a unitary anti-selfadjoint operator J that commutes with Æ. We can 
interpret the application of J as a multiplication with the imaginary unit i from the left, 
i.e. we set iv = Jv for v € H. Since E and J commute, the imaginary unit i does also 
commute with Æ so that (2.38) is meaningful not only for real coefficients aç, but even 
for coefficients in C;. We can hence define spectral integrals for C;-valued functions 
via the usual procedure in (2.38) and (2.39). Observe that if f(z) = a(z) +18(z) with 


a(z), B(z) € Rand f,,(z) = yt (Gas + iBne)XAn(Z) With ane, Brg E€ R for n € N 
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is a sequence of measurable simple functions tending uniformly to f, then 


Nn 
_ (2) dE(2) = lim $ (ane + ibne) E(An) 
c= N—->+00 =1 
Nn 
= lim Yoni )+J tim l 2 nE lAn 


| COLORE | POBO 


The characterization of this spectral integral given in the following lemma was shown 
in [5, Lemma 5.3]. 


Lemma 2.77. Let E be a quaternionic spectral measure on H over c7 and let J bea 
unitary and anti-selfadjoint operator J that commutes with E. If we interpret J as the 
multiplication with i from the left and f is a bounded measurable Ci-valued function on 
C= with f(z) = a(z) +i8(z) where a(z), B(z) € R, then 


(a , F(z) aow) A a(z) d(u, E(z)v) + B(z) d(u, E(z)Jv) 
ce 


2 c 


for all u,v € H, where the quaternion-valued measure (u, Ev) on (ea B(CÈ)) is 
given by A > (u, E(A)v). 


If T is a bounded normal operator on H (i.e. a bounded operator that commutes 
with its adjoint T*), then we have 


1 1 
T = A+ JoB = 5(T +T*) + J5 |T - T*], (2.40) 


where A := ¿(T + T*) is self adjoint. The operator C := ¿(T — T*) is anti- 
selfadjoint. Hence the polar decomposition theorem [49, Theorem 2.20] implies the 
existence of an anti-selfadjoint partially unitary operator Jọ such that C = JoļlC], 
where |C| = /C*C is the unique positive square root of the positive operator C*C. 
The operator Jo is partially unitary with ker Jọ = ker C, i.e the restriction of Jo to 
ran Jo = cl(ranC) = ker Jj is a unitary operator. Moreover, A, B, and Jọ commute 
mutually and also with any operator that commutes with T' and 7*. Finally, we have 
T* = A— JoB. Teichmüller already showed these facts in 1936 in [82], but proofs in 
English can also be found in [49]. As shown in [49], the operator J) can furthermore 
be extended to a unitary and anti-selfadjoint operator J on all of H that commutes with 
T and T* such that 

T=A-+ JB. (2.41) 


We however stress that unlike Jo the operator J is not unique. 

Alpay, Colombo, and Kimsey used these facts to show the spectral theorem for 
normal quaternionic linear operators in [5]. We shall only recall the result for bounded 
operators [5, Theorem 4.7], the proof of which is based on the continuous functional 
calculus for quaternionic normal operators introduced in [49]. Let 


£2 
p(zo, 21) = 5 Uo 2° 


0<|é|<n 
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with the multi-index @ = (41, 2) be a polynomial in the variables zo and zı with real 
coefficients ay. The function p(s) := p(so, 51) for s = so +issı € H with sı > 0 is then 
a real-valued and hence intrinsic slice function. For a normal operator 7’ decomposed 
as in (2.41), we can then define 


p(T) = p(A,B)= SY > aA“ B®. (2.42) 


O<|él<n 


The operator J is essentially a multiplication with imaginary units i € S. Hence, we 
can define 
F(T) := pi(A, B) + Jp2(A, B) 


for any intrinsic slice function function f(s) = pı (so, $1) + ip2(s0, s1) with real-valued 
polynomials p; and p>. We have ||f(T)|| = sup.esgry |f (2)|. If f is any continu- 
ous slice function on os(T), then the Weierstrass approximation theorem implies the 
existence of a sequence of intrinsic slice functions fn = Pn + Ìpn,2 with real-valued 
polynomials p,,1, Pn,2 such that f,, tends to f uniformly on os(T). Hence we can define 
f(T) = limn++.0 fn(T), where the sequence f,,(7’) converges in (H). We then have 
os(f(T)) = f(s(T)). 

Alpay, Colombo, and Kimsey follow in [5] a well-known strategy from the complex 
case in order to show the spectral theorem for normal quaternionic linear operators. We 
choose i € S. By Remark 2.11, the mapping f +> fi = f|.> determines a bijective 


relation between the set SC (os(T), R) of all real valued continuous slice functions on 
os(T) and the set C(Q;, R) of all continuous functions on 9; := og(T)NCF with values 
in R. It also defines a bijective relation between the set SC(os(T)) of all continuous 
intrinsic slice functions on os(T) and the set Co(Q;, C;) of all continuous C;-valued 
functions fi on Q; with fi(R N Qi) C R. For any v € H, the mapping fi +> (v, f(T)v) 
is a continuous and positive R-linear functional on C (Qi, R). The Riesz representation 
theorem hence implies the existence of a positive Borel measure uy y~ on Q; such that 


VAT = | Medid) YAE CAR). 


Using the polarisation identity, the authors deduced for any u, v € H the existence of 
a quaternion-valued Borel measure Hu ~ such that 


(ATI) = f AE diut) VA € COR). 


For each A € B(Q;) and each u € H, the map v +> Huxw(A) is then a continuous 
quaternionic right linear functional on H. Hence there exists a unique w € H such that 
Hlu,(A) = (w, v} for all v € H. We define £;(A)u := w such that 


(Ei(A)u, v) = (w, v) = Hux (A). 


The operator F(A) is then an orthogonal projection on H and the mapping A +> F;(A) 
turns out to be a quaternionic spectral measure over c? on H. Finally, one arrives at 
the spectral theorem for bounded normal operators on quaternionic Hilbert spaces [5, 
Theorem 4.7]. 
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Theorem 2.78. Let T € B(H) be normal, let T = A + JB as in (2.41), consider J 
as a multiplication with i € S and set Q; := os(T) A c? . Then there exists a unique 
quaternionic spectral measure E over c7 such that 


f(T) = i. AdE) Yf € SC(os(T)), (2.43) 


where the spectral integral is intended as above, cf. also Lemma 2.77. Moreover, if 
j € S and we define pij(zo + iz1) = zo + ja, then E(A) = E;j(yij(A)) for any 
AE B(Q;). 


Remark 2.79. We want to point out that the construction of the spectral measure Æ only 
used real-valued functions on Qi. These functions are restrictions of real-valued slice 
functions. 

Moreover, the spectral measure was actually constructed using functions of A and 
B in (2.42). Hence, it depends only on A and B but not on J. The spectral measures of 
T = A+JB and T* = A-— JB therefore coincide. In the quaternionic setting, a normal 
operator is not fully determined by its spectral measure. Essential information is also 
contained in the operator J, which will force us to introduce the notion of a spectral 
system in Definition 9.19. 


In [51] the authors go one step further in their theory of spectral integration and 
introduce intertwining quaternionic projection-valued measures, which allow them to 
define spectral integrals for H-valued and not only for C;-valued functions. 


Definition 2.80. Let i € S. An intertwining quaternionic projection-valued measure 
(for short igPVM) over C7 on H is a couple € = (E, £) consisting of a quaternionic 
spectral measure Æ over Ci and a left multiplication L : H > B(H),a + La that 
commutes with F, that is E(A)La = LaE(A) for any A € B(C7) and any a € H. 


With respect to an iqPVM € one can define spectral integrals of functions with 
arbitrary values in the quaternions since (2.38) is meaningful for simple functions with 
arbitrary quaternionic coefficients az. Ghiloni, Moretti, and Perotti show the following 
result [51, Theorem 4.1] 


Theorem 2.81. Let T € B(H) be normal and let i € S. There exists an igPVM 
E = (E, L) over CÈ on H such that 


T= f en (2.44) 
c? 


The spectral measure E is uniquely determined by T and the left multiplication is 
uniquely determined for a € C; on ker(T — T*)+. Precisely, we have for any other left 
multiplication L’ such that €' = (E, L’) is anigPVM satisfying (2.44) that Lav = Liv 
for any a € Ci; and any v € ker(T — T*)+. (Even more specifically, we have iv = Jov 
for any v € ker(T — T*)+ = ran Jo.) 


The proof of the above result in [51] follows a completely different strategy than 
the proof of the spectral theorem in [5]. Similar to [78, 87], it reduces the quaternionic 
problem to a complex problem in order to apply the well-known results from complex 
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operator theory. Instead of working with the symplectic image, the authors however ap- 
ply the classical results to the restriction of T to a suitably chosen complex component 
space. 

We decompose T = A + JB as in (2.41) and choose i,j € S with i L j. Since 
J is unitary and anti-selfadjoint, there exists an orthonormal basis (by) ec, of H such 
that Jb; = byi. We can write any v = J pc; bea E€ H with ag € Has v = vı + 
Voj = oie braces + ea brag oj with ati, Q2 E Ci such that ag = agı + araj. 
Setting Hy; := cl(spang, {by : £ € A}) and Hy; := Hid we find that H = Hy; DHr 
The spaces Hy; and Hj; are C;-complex Hilbert spaces if we endow them with the 
restriction of the tight scalar multiplication on H to C; and with the scalar product on 
H. Obviously HT j; consists of all eigenvectors of J associated with the eigenvalue i 
and since ij = j(—i) the space HJ; consists of all eigenvectors of J associated with the 
eigenvalue —i. For more detailed arguments we refer to [49], but we stress that these 
facts motivate Theorem 9.18 in this thesis. 

For v € Hj, we have J(Tv) = T(Jv) = (Tv)i and so Tv € Hj; Hence, 
T leaves HJ; invariant. The restriction T, of T to Hj; defines a bounded normal 


operator on Hj; with o(T}) = o9(T) N C=. Applying the spectral theorem for normal 
complex linear operators, one obtains a spectral measure Æ, on Hj}, the support of 
which is o(T,), such that T} = = fur, \z dE,(z). The quaternionic linear extension 


E of E, to all of H is then a a spectral measure over c7 on H. This 
extension is obtained by writing v € H as v = vı + Voj with v1, v2 € Hy; and setting 
E(A)v = E, (A)vı + (E(A)v »)j for A € B(C?). If we furthermore choose a suitable 
orthonormal basis B := (by)ec4 of the C;-complex Hilbert space Hy; p then we find 
that (be)ec4 is also an eithonoral basis of the quaternionic Hilbert space H and that 
E = (E, Lpg), where Lg is the left multiplication on H induced by B, is an iqPVM 
such that (2.44) holds true. Again this is a rough summary of the strategy and we refer 
to [51] for the technical details. 

Since B is an orthonormal basis of His it consists of eigenvectors of J with respect 
to i. We hence find for v € HJ; that 


iv = Liv = ) > bi(b;, v) = X_ Jbe(be, v) = J X_ be(by, v) = Jv 


LEA LEA LEA 
and in turn also for arbitrary v = vı + v2j E€ H with vı, V2 € Hy; that 
iv = iv, + (ivo)j = Jvi + (Jveo)j = Jv. 


Hence also in the approach using iqPVM the application of J is interpreted as multi- 
plication with a randomly chosen imaginary unit i on the left. Moreover, this multipli- 
cation is only on ker(T* — T)+ determined by T. Indeed, on this space J is coincides 
with Jo, whereas the extension of Jo to a unitary anti-selfadjoint operator on all of H is 
arbitrary. The left-multiplication Lj for j with j -L i, which together with L; = J fully 
determines £ in E, is completely arbitrary and not at all determined by T. We stress 
these facts because they shall be important in the discussion in Section 9.4. 
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Part I 


Slice Hyperholomorphic Functional 
Calculi 


CHAPTER 


Properties of the Pseudo-Resolvent and the 
S-Resolvents 


This chapter gives a precise proof of the slice hyperholomorphicity of the S-resolvents 
of an unbounded quaternionic linear operator. It furthermore shows that they do not 
have any nontrivial slice hyperholomorphic extension to a set that is larger than the 
S-resolvent set of this operator. Close to the spectrum, the S-resolvents explode, but 
in a sense that is somewhat different from the situation in the complex setting. These 
results are part of [21]. 

We start with a new series expansion for the pseudo-resolvent Q,(T’)~'. An heuristic 
approach for finding this expansion is to consider the immediate equation 


Q(T)! ma Q(T)! = Q.(T)~'(Q,(T) = Q.(T)) Q(T)! (3.1) 
and write it as 
Q,(T)~* = Q,(T)* + Q.(T)*(Q2(T) — Q.(T)) Q(T). 


Recursive application of this equation then yields the series expansion proved in the 
following lemma. We recall that a series ie Tn of operators T, € B(V) is called 
absolutely convergent if X729 ||T|| < +00. 


Lemma 3.1. Let T € K(V) and x € ps(T) and let s € H. If the series 


J (s) = 5 (Q(T) — Q,(T))" Q(T) "+ (3.2) 


n=0 


converges absolutely in B(V), then s € ps(T) and it equals the pseudo-resolvent 
OUT) `t ofT at s. 
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The series converges in particular uniformly on any of the closed axially symmetric 
neighbourhoods 


C.(z) = {s € H : ds(s,z) < £} 
of x with 


ds(s,v) = max {2|so — 


— |sl’|} 
and 
1 


* To, 412,01 


Proof. Let us first consider the question of convergence of the series. The sets C.() 
are obviously axially symmetric: if s; belongs to the sphere [s] associated to s, then 
= Re(s) = Re(s;) and |s|? = |s;|?. Thus ds(si, £) = dg(s, x) and in turn s € C.(x) 
if and only if si € Cz(x). Moreover, since the map s +> ds(s, x) is continuous, the sets 
U-(x) := {s € H: ds(s,x) < £} are open in H. Since U-(x) C C.(x), the sets C, are 
actually neighbourhoods of x. 
In order to simplify the notation, we set 


A(z, s) := Q(T) = Q(T) = 2(so — £o)T + (|z|? —|s|7)2. 


Since Q,(T)~! maps V to dom(T”) and A(z, s) commutes with Q,.(T)~' on dom(T”), 
we have for any s € C.(x) 


NC |[A(a, 8)" Q(T) || 


=D WAG, 9) Q27)")" Q(T) "| 


SD AG 8) Q(P)"|" Q(T)". 


We further have 


Ae, QT) <2lso = ol [TOT] + le- Pl |] O47) 
<ds(s, 2) (TT) + er) 
<e (|T + [20] = e 


If now e < 1/(||TQ,(T)~*|| + ||Q.(T)~"||), then 0 < o < 1 and thus 


Y |A (z, 8)" Q(T)" || < []Q.(T)“|] So 0” < +00 


and the series converges uniformly in B(V) on C.(z). 
Now assume that the series (3.2) converges and observe that Q,(T), Q(T) and 
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Q,(T)~! commute on dom(T”). Hence, we have for v € dom(T7”) that 
w= r,s)” ye ory 
-Sa r,s)” =+) [_A(x, s) + Q,(T)] v 


ee Sate ay tO. (ry) 02v 


=0 
+ X Al, s)’ Q(T) "v = v 
n=0 
On the other hand 
N 
Vy = D z, s)” 0+4 = Q(T)! X A(a, s)” Q(T) ”v 
n=0 
belongs to dom (T?) for any v € V and we have 
N 
Q.(T)vw =(—A(a, 8) + Qa(T)) X A(z, 8)" Qa (T) Pv 
n=0 
N 
ee ya T, s) Niue Oa ay (n+1)y, +S A(z, s)” Q,(T)™”v 
n=0 


-L Alo, HOT) 4 v. 


Now observe that A(x, s) = 2(so — po)T + (|p|? — |s|?)Z is defined on dom(T) and 
maps dom(T?°) to dom(T). Hence A(z, s)?Q,(T)~ belongs to B(V) and for N > 1 
|-A@, 7 Q(T) 
=||-A(z, s) Q(T) "A(z, s)’ Q(T) || 
< ||-A(z, s) T|] Alz, 8)? Q,(T)*v]| Noe o 


(n+1) v| 


because the series (3.2) converges in B(V) by assumption. Thus Q,.(T)vy — v and 
VN > V% := J(s)v as N —> œ. Since Q,(T) is closed, we obtain that 


JI(s)v € dom(Q,(T)) = dom(T”) and Q,(T)J(s)v =v. 


Hence, J (s) = Q,(T)~' and in turn s € ps(T). 


Lemma 3.2. Let T € K(V). The functions s + Q,(T)~' and s > TQ,(T)~*, which 
are defined on ps(T) and take values in B(V ), are continuous. 
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Proof. Let x € ps(T). Then Q,(T)~! can be represented by the series (3.2), which 
converges uniformly on a neighborhood of x. Hence, we have 


fim Q.(7) '=5 ia ( (s0 — 2o) T + (lal? = ls?) Z)” Q(T) 0+ 
-OT ie ’ 


because each term in the sum is a polynomial in so and sı with coefficients in B(V) 
and thus continuous. Indeed 


(Cso — xo)T + (|z|? — ||?) T)” Q(T)" 
-5 Jo So — Zo) * (ja? = Ba Tř Q(T) C+9 


and the coefficients T’Q,(T)~‘"t» belongs to B(V) because Q,(T)7 ~+) maps V to 
dom(T?("*)) and k < 2(n + 1). The function s + TQ,(T)~! is continuous because 
the identity (3.1) implies 


lim |T Qs44(T)-* — oe = 
= lim |T Q.T)? (Q(T) — Qe4n(T)) Q(T). 
The operator Q,(T')~' maps V to dom(T”) and so 
(Q(T) — Qsen(T))Qs(L)* = (2hoT + (|s|? — |s + h|’PT) Q(T) 
maps Vto dom(T). Since T and Q,,;,(7')~' commute on dom(T’) we thus have 
lim |T Q(T) = TQ,(T) "|| 
= inne |Q T) (2hoT* + (|s|? — |s + hI?) T) Q(T) | 


h-0 


< lim |] Qs4n(T)~'|] lim 2ho ||T°2.(T)~ | 


+ lim || Qs4n(2) “iy jim (lsl? = [s + AP) |TT] = 0. 


Lemma 3.3. Let T € K(V) and s € ps(T). The pseudo resolvent Q,(T)~! is contin- 
uously real differentiable with 
KA 
Os, 
Proof. Let us first compute the partial derivative of Q,(T')~! with respect to the real 
part so. Applying equation (3.1), we have 

o 


~—Q,(T)™ = (2T — 28 9Z)Q.(T)? and Q(T) = -28,9,(T)? 


aa est) = lim, y 7 OnE ia 1 aT) 
= im, Out pr 1 (O.(7) — O.4n(T)) Q(T)! 
= aim, O54n(T yet (2T F 28oL = hT) Q, T 
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where limpsnp+so f(A) denotes the limit of a function f as h tends to 0 in R. Since the 
composition and the multiplication with scalars are continuous operations on B(V ), we 
further have 


z 28(T) = lim Qein(T)* lim | ((2T — 2802) Q,(T)~! — hQ,(T)~’) 
=Q,(T)"'(2P — 2sT)Q,(T)~! = (2T — 2597) Q,(T)~’, 


where the last equation holds true because Q,(T’)~' maps V to dom(T?) C dom(T) 
and T and Q,(T)~' commute on dom(T). Observe that Aon Q,(T)~' is even continuous 
because it is the sum and product of continuous functions by Lemma 3.2. 

If we write s = sọ + i,s,, then we can argue in a similar way to show that the 


derivative of Q,(T)~' with respect to s4 is 


© 

= 
i 
II 


lim (Qs4rni (T) — Q,(T)*) 


R>3h>0 h 


= lim Oia (T)! (Q.(T) = Qs+his (T)) Q,(T)* 


RSh-0 


= lim O ge (T)! (—2s, Ja h) OTS 


RSh-0 


= lim Qs4ni(T) lim | (—2819,(T)* — hQ,(T)™) 


R5h-0 
= 2s1Q(TY?. 


Again this derivative is continuous as the product of two continuous functions by 
Lemma 3.2. 

Finally, we easily obtain that Q,(T)~t is continuously real differentiable from the 
fact that Q, (T ‘ae is continuously differentiable in the variables sọ and sı. If we write 
s in terms of its four real coordinates as s = £o + ae Eeee, then the partial derivative 
with respect to £o corresponds to the partial derivative with respect to so and thus exists 
and is continuous. The partial derivative with respect to € for 1 < £ < 3 on the other 
hand exists and is continuous for sı # 0 because Q,(T’)~! can be considered as the 
composition of the continuously differentiable functions s +> sı = yE? + €3 + €? and 
81 > Q.4is,(T)~1 with fixed i € S and find 


o o 
— Q(T) = —28,0,(T)~? so = —26,0,(T)~?. 
De, È (T) 51Q.(T) JE °° &Qs(T) 
For sı = 0 (that is for s € R), we can simply choose i = ep and then the partial 


derivative with respect to €; agrees with the partial derivative with respect to sı. In 
particular, we see that also the partial derivatives with respect to the real coordinates 
Êo, - - - , 3 are continuous. 


Lemma 3.4. Let T € K(V) and s € ps(T). The function s ++ TQ,(T)~! is continu- 
ously real differentiable with 


o 


—T Q, (T) = (2T? — 2s0T) Q(T)? (3.3) 
OSo 
and ə 
— TQ, (T) = —2s:T Q(T). (3.4) 
Os, 
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Proof. If limgsn—+o f(h) denotes again the limit of a function f as h tends to 0 in R, 
then we obtain from (3.1) that 


o 


-1_ y 1 -1 _ -1 
Daj. 23") = im | h (TQ,41(T) TQ,(T) ) 
Ga 1 £ = 
= lim FT Q(T) (Q(T) — Qe4n(T)) Q(T) 
soe = = 
3 eee 7 Qs+r(T) * (2hT — 2hsoT — h°) Q(T) 
= dim | Q.4n(T) | (2T? — 2s — AT) Q(T}, 


because (2hT — 2hsoT — h?TZ) Q,(T)~' maps V to dom(T) and T and Q,,;,(T)7! 
commute on dom(T). Since the composition and the multiplication with scalars are 
continuous operations on the space (V) and since the pseudo-resolvent is continuous 
by Lemma 3.2, we get 


o = ; a = = 
—TQ,(T) = Rim, Qsan T) pum ((2T? — 2soT') Q(T) — hTQ,(T)*) 


OSo 
= Q(T) Ol = WG yO) (sgh 29 OL). 


This function is continuous because we can write it as the product of functions that are 
continuous by Lemma 3.2. 
The derivative with respect to sı can be computed using similar arguments via 


ð Sios 7s 1 —1 —1 
a Q; (T) = pum, i (T Qs+his (T) = TQ, (T) ) 
1 
E ai gT Qs+his (TOT = Qaa TNT 
1 
= lim | gT Qs+his (T)~* (—2hs; — h’) Q,(T)* 
= lim | Qs+ni, (T)! Rim, (—2sı1T Q(T) — hTQ,(T)~*) 


= — 25T Q(T). 


Also this derivative is continuous because -T'Q,(T)~! = —2s; (TQ,(T)~!) Q(T) 
is the product of functions that are continuous by Lemma 3.2. 

Finally, we see as in the proof of Lemma 3.3 that TQ,(T)~' is continuously dif- 
ferentiable in the four real coordinates by considering it as the composition of the two 
continuously real differentiable functions s ++ (sọ, s1) and (so, 851) > TQs1is,(T)7! 
resp. by choosing i, appropriately if s € 


a 


Remark 3.5. The identities (3.3) and (3.4) seem to be immediate consequences of 
Lemma 3.3. However, since T is closed but not necessarily bounded, it is not obvi- 
ous that AT OTET = Q.(T)~' so that we preferred to show them explicitly. 


Corollary 3.6. Let T € K(V) and s € ps(T). The left and the right S-resolvent are 
continuously real differentiable. 
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Proof. The S-resolvents are sums of functions that are continuously real differentiable 
by Lemma 3.3 and Lemma 3.4 and hence continuously real differentiable themselves. 


Theorem 3.7. Let T € K(V). The left S-resolvent S;'(s,T) is right slice hyper- 
holomorphic and the right S-resolvent Sp (s; T) is left slice hyperholomorphic in the 
variable s. 


Proof. We consider only the case of the left S-resolvent, the other one works with 
analogous arguments. We have 


S7 (s, T) = a(So, $1) + isb (so, s1) 
with 
a(so, s1) = Q(T) "so = TQ,(T) and B(So, sı) = =0,(T) ts. 


Obviously a and £8 satisfy the compatibility conditions (2.4) and hence S;'(s,T) is a 
right slice function in s. 
Applying Lemma 3.3 and Lemma 3.4, we have 


E oii eva 90, X 

RIR (s, T) = Be: Q(T) t3 ga TLT) 
=(2T — 2s9Z)Q,(T) ° + Q(T) — (2T? — 2soT) Q(T)? 
=(2T — 2soT)Q.(T)’5 + (—T? + |s’ T) Q,(T)?. 


Since so and |s|? are real, they commute with Q,(T)~? 


289 = s+ 3 and |s|? = s3, we obtain 


. If we apply the identities 


o 
5--Si'(8,T) = -T°Q.(T)? + 27 Q(T)? = Q(T). 
50 
For the partial derivative with respect to sı, we obtain 
0 =1 


o o 
a T) = —Q.(T) ts —- —T Q, (T)! 
Os1 L (s, ) Js, 23! ) S Os1 Qs( ) 
anes 281 Q(T) ?s = Q(T) tis + 2sıT Q(T)? 
= — 2s1Q,(T)’3 — (T? — 2soT + |s| T) 0, (1) 7iy + 2517 O,(T)?. 
We can again commute 259, 2s, and |s|? with Q,(7)~! because they are real. By 
exploiting the identities 2s) = s + 5, —25, = (s — 3)i, and |s|? = s3, we obtain 
o 


gs ST (8 T) = (T° Q(T)? + 2T9,(T) 5 — Q(T)? (T)3°) is 


By Lemma 2.15, the function s +> es, T) is right slice hyperholomorphic as 


ace es oe 
z (2s: (s, T) -+ Ji (Ti) = 0. 
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In Section 7.3 we need the fact that the S-resolvent set is the maximal domain of 
slice hyperholomorphicity of the S-resolvents such that they do not have a slice hyper- 
holomorphic continuation. In the complex case this is guaranteed by the well-known 
estimate 

1 


|| R(z, A|| = dist(z, o(A))’ 


(3.5) 
where R(z, A) denotes the resolvent and o(A) the spectrum of the complex linear op- 
erator A. This estimate assures that || R(z, A)|| —> +00 as z approaches o(A) and in 
turn that the resolvent does not have any holomorphic continuation to a larger domain. 

In the quaternionic setting, an estimate similar to (3.5) cannot hold true. We can 
for example consider the operator 7’ = AZ on a two-sided Banach space V for some 
A = ào + ià, with Ay > 0. Its S-spectrum os(T) coincides with the sphere [A] 
associated with À and its left S-resolvent is 


ST (s, T) = (A? — 280A + |s|) (5 — ANT. 


If s € Cj,, then \ and s commute so that the left S-resolvent reduces to S7 (s, T) = 
(s—\)~1Z with ||S} (s, T)|| = 1/|s—A|. If s tends to \ in C;,, then dist(s, os(T)) + 0 
because À € og(T). But at the same time ||S7"(s,T)|| > 1/|A—A| = 1/(2A1) < +00. 
Nevertheless, although (3.5) does not have a pointwise counterpart in the quater- 
nionic setting, we can show that the norms of the S-resolvents explode near the S- 
spectrum. As it happens often in quaternionic operator theory, this requires that we 
work with spectral spheres of associated quaternions instead of single spectral values. 


Lemma 3.8. Let T € K(V) and s € ps(T). Then 


1 
|Q.(7) "|| + 7 2.(T) "|| = a (3.6) 


(s, os(T))’ 
where ds(s,os(T)) = infseosir) ds(s, £) and ds(s, x) is defined as in the Lemma 3.1. 


Proof. Set C, := ||Q.(T)~*|| + IT. (T+. If ds(s, £) < 1/C,, then x € pg(T) by 
Lemma 3.1. Thus, ds(s, x) > 1/C, for any x € og(T). If we take the infimum over all 
x € og(T), this inequality still holds true and we obtain ds(s,a5(T)) > 1/C,, which 
is equivalent to (3.6). 


Lemma 3.9, Let T € K(V) and s € ps(T). Then 


V2 lD < |]Sz'(s,T)|| + ||S2°G, T)|| 


and in turn 


VIITH] < v2 sup || S7"(si,T)|] - 


si€[s] 
Analogous estimates hold for the right S-resolvent operator. 
Proof. Observe that Q,(T)~! = Q(T)! for s € ps(T). Because of 2s) = s + 3, we 


52 


hence have 


Seas. ie Bee we aa lay 
= (9,(T)'s — TQ,(T)“") (Q,(T)"'s - TQ,(T)*) 

+ (Q,(T a T) ae = VOT) *) 
= (Q,(T) "5 — TQ,(T)*) 2 (soZ — T) Q(T)" 


and similarly 


S7 (s, TS. (s, T) -+ S7 (3, Tors T) 
= (Q(T) *s — TQ,(T)*) 2 (sf —T) Q(T). 


Therefore 


hae 1(s, T) +S; 7 TS, (sr) 


+ S215, T)S71(8,T) + $7 eD eT 
See ems 
+ (Q(T) s — TQ,(T)-*) 2 (soZ - T) Q(T) 


=2(sf —T)O,(T)~*2 (sot — T) O,(F)* 
=4(T? — 2spT + 8?T)QO,(T) ? = 40,(T)' — 4879,(T)’, 


which can be rewritten as 


49,(T)~* =S7 (s, T)Sz (s, T) + Sz "(s,T)S7"(3,T) 
+ SF (8, T)S3 (s, T) + S38, T)S3 (5, T) + 4879,(T)?. 
Thus, we can estimate 
4|2.(T)~"|| = 

= S76 DISZ D+ lsz DISE DI 
+l 6 DISZ DI + lsr D Sz E D| 
+ 4||sjQ.(T)| 
= (||S7" ae 18, P) + [2512] 2512]. 


Finally, we observe that 


2Q.(T) siis = TQ.(T)* — Q(T) (so — iss1) 


— (TQ,(T)™ — Q(T) (so + iss1)) = S7 (s, T) — S7 (6, T) 


and therefore 
[218D] = [28 sis] S6 D+ SEDI: 
Combining this estimate with (3.7), we finally obtain 
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2|Q.(7)" || < ((|SzXs, TI] + []$21@,7) ||)” 


and hence the statement for the left S-resolvent operator. The estimates for the right 
S-resolvent operator can be shown with similar computations. 


Lemma 3.10. Let T € K(V). If (Sn)nen is a bounded sequence in ps(T) with 
lim dist(sn, os(T)) = 0, 
n—> o0 

then 


lim sup lsz (s, T)|| = +00 and lim sup lsz (s, T)|| = +00. 
] 


noo s€[sn noo s€[sn] 


Proof. First of all observe that dist(s„, os(T)) —> 0 if and only if ds(sn,os(T)) > 0 
because og(T) is axially symmetric. Indeed, for any n € N there exits x, € os(T) 
such that 

[Sn — Ln| < dist(sn, os(T)) + 1/n. 


If dist(sn,os(T)) — 0, then |sn — £n| — 0 and hence |sn,o — %n,9| —> 0. Since the 
sequence Sn is bounded, the sequence £n is bounded too and we also have 


[Sa]? — |anl?| < [Salle — Fal + [Sn — zalla — 0 


and in turn 


0 < dg(Sn,05(T)) < ds (Sn, £n) = max {|sn,0 — £no]; [lsn]? — len|? |} — 0. 


If on the other hand ds(sn, os(T)) tends to zero, then there exists a sequence (2p,) nen 
in og(T’) such that 
dg(Sn, Tn) dglSn, os(T)) fn 1/n 


and in turn ds(Sn,£n) — 0. Since ogs(T) is axially symmetric and d(sn, £ni) = 
d(Sn, £n) for any £ni € [En], we can moreover assume that i,,, = i,,,. Then 


0 = Sno a Lno| < ds(Sn, £n) — 0. 


Since s, and in turn also x, are bounded, this implies |s} ọ — z? ọ| — 0, from which 
we deduce that also |s} ;ı — x7, ,| — 0 because 


0 < [s30 = ia + coe = žil = eA z Ba < ds(Sn, &n) > 0. 


Since s,,; > 0 and £n, > 0, we conclude s,,; — £n,ı — 0 and, since is = i,, also 


0 < dist(sn,05(T)) < [Sn — n| = Sno = Tn,0)? T (Sn,1 g Tna) > 0. 


Now assume that s„ € ps(T) with dist(sn,os(T)) —> 0. By the above considera- 
tions and (3.6), we have 


lQn (D+ ITQ, (TI > +00. (3.8) 
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We show now that every subsequence (5,,,) xen has a subsequence (Sng, )jen Such that 


lim sup ||Sz1(s,T)|| = +00, (3.9) 


j—>+0 ge [snp] 


which implies limp +400 SUPse[s„] IIS} + (s, T)|| = +oo. We consider an arbitrary subse- 
quence (Sp, )ken Of (Sn)nen- If this subsequence has a subsequence (Sn, )jen Such that 


| Qs, (T)~*|| + +00, then Lemma 3.9 implies (3.9). Otherwise ||Q,,, (T)~*|| < C 
for some constant C > 0 and we deduce from (3.8) that |T Qs., (T)~"|| + +00. Ob- 
serve that 
1 1 
T Qn, (FY = 595 "(GuysT) — 555" Gaps T) + 9m Qr,, (LY 


from which we obtain the estimate 


[T Qn DS sup [S7 sm 7) 


Snp 


+ [Sng || Qs, (2) "I 


< sup ISE (Sn D)|| + CM 


sE[sny] 


with M = suppen |Sn| < +00. Since the left-hand side tends to infinity as k —> +00, 
we obtain that also SUPse{s,,] MOr (Snes T) |l — +00 and thus the statement holds true. 
The case of the right S-resolvent can be shown with analogous arguments. 


Definition 3.11. Let f be a left (or right) slice hyperholomorphic function defined on 
an axially symmetric open set U. A left (or right) slice hyperholomorphic function 
g defined on an axially symmetric open set U’ with U Ç U’ is called a slice hyper- 
holomorphic continuation of f if f(s) = g(s) for all s € U. Itis called nontrivial if 
V =U’ \ U cannot be separated from U, i.e. if U' 4 U UV for some open set V with 
VAU =Ĵ. 


Theorem 3.12. Let T € K(V). There does not exist any nontrivial slice hyperholo- 
morphic continuation of the left or of the right S-resolvent operator. 


Proof. Assume that there exists a nontrivial extension f of S7 (s, T) to an axially 
symmetric open set U with ps(T) G U. Then there exists a point s € U N O(ps(T)) 
and a sequence sn € ps(T) with lim,_,,.. Sn = s such that 


tim [|57 (sm D)|| = lim IFs) = IF) < +o. 


n—>+00 


Moreover, also 5, > S aS n — +00 and in turn 


im [|57 6D] = lim EEI = IOI < +00. 


nN—-+00 


From the representation formula (2.8) we then deduce 


lim ane ST s T| < lim |]S7'(sn,T)]] + IIS n T)|| < +00. 


n—-+00 s€[sn n—-+00 
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On the other hand the sequence s,, is bounded and 
dist(sn, os(T)) < |S, — s| 3 0. 


Lemma 3.10 therefore implies limp, +00 SUP s¢{s,] Sz (s, T) |l = +00, which is a con- 
tradiction. Thus, the analytic continuation (f, U) cannot exist. 
For the right S-resolvent, we argue analogously. 


Remark 3.13. We suspected that it might be possible to improve the above results by 
finding an estimate of the form (3.5) for the pseudo-resolvent Q,(T')~! instead of the 
S-resolvents. In this case Lemma 3.9 would yield an estimate of the form (3.5) for the 
norm of the S-resolvents on an entire sphere instead of a single point. This is however 
not possible as the following example shows: consider for p € [1,+00) the space 
Le (N) of p-summable sequences with quaternionic entries. Any sequence (An )nen with 
An € H does obviously define a right linear, densely defined and closed operator on 
(N) via T(v) = (AnUn)nen for v = (Un)nenw € Æ (N). If (An)nen is unbounded, then 
T is unbounded. Otherwise ||T|| = suppen |An| = ||(An)nen||oo- Indeed, 


IT (allp = DD Antal? < ]On)nenlhooe/ X lan = llAn)nenllollallp 
nEN nEN 


such that ||T|| < ||(An)nen|loo and, with em = (dm.n)nen Where ôm,n is the Kronecker 
delta, on the other hand 


Mial =S Arsia = Ee < ITI 


for any m € N such that also ||(An)nen|loo < ||T||. The S-spectrum of T is 


os(T) = (JAn (3.10) 


nEN 


as one can see easily: any À, is a right eigenvalue since for instance T (en) = enAn 
and hence the relation D in (3.10) holds true by Theorem 2.56. If on the other hand 
s does not belong to the right hand side of (3.10), then 6, = inf,en dist(s, |An]) = 
inf rcn Six, = Anl > 0, where Si, = S0 + iy, S1- As 


Q,(T)v = (An — sip, An — a)ren 
and in turn 
Q(T) bv = ((An = Sinn) An — Sinn) Pn) nen? 
we have ||Q,(T')~"|| < 1/6? < +00 such that s € pg(T). Thus, the relation C in (3.10) 
also holds true. 

Now choose a sequence (A,,)nen such that Anı, —> +00 as n — +00 and consider 
the respective operator T on ?(N). For simplicity, consider for instance An = in with 
i € S. By the above considerations, the sequence sy = i(N + 1/N) with N = 2,3,... 
does then satisfy dist(sjy,os5(T)) + 0 as N + +00 and 


1 1 
Qon T rh = su n = —— — 
12s, (7) oc) Cer ec [Aw — Sn||Anw — Sn] 2+ 


(3.11) 


T° 
N2 
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Indeed, if n < N, then some simple computations show that the inequality 


1 = 4 1 
|An — 8nl|An -3wl N+y—-nn+N+ 5 
1 1 
< Co = 
LTN [An — 8n||An — Sy 


is equivalent to 0 < N? — n?, which is obviously true. Similarly, in the case n > N, 
the inequality 


1 D 1 1 
|An — 8n||An -3n] n-N-Zn+N4+5 
1 1 
< I TEE 
2+7 [An — 8n||Anw — Sy 


is equivalent to 4 + 1/N? < n? — N?, which holds true since 2 < N < n. 

From (3.11), we see that ||Q, (T)~'|| < 2 although dist(sy,o9(T)) — 0. Conse- 
quently, the pseudo-resolvent cannot satisfy an estimate that is analogue to (3.5). 

Also controlling the norm of TQ,(T)~! by the norm of Q,(T')~! in order to improve 
(3.6) is not possible: if we consider the operator T'Q,,, (T’)~! in the above example, then 


n 1 
rue e a 
and Ap 
= INTI 
shows that ||7'Q,,,(T)~*|| tends to infinity although ||Q,, (7) ~1|| stays bounded. 


IT Qs, (TI < ITQ (7) “(ew) Il = +00 
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CHAPTER 


A Direct Approach to the S-Functional Calculus 
for Closed Operators 


The S-functional calculus for unbounded operators in Definition 2.68 was introduced 
by transforming the unbounded operator to a bounded one and then applying the S- 
functional calculus for bounded operators as it was done in [36]. The technique of 
reducing the functional calculus for unbounded operators to the one for bounded oper- 
ators is very useful in the classical complex setting. It is also applicable in the quater- 
nionic setting, but not to every operator because it requires the S-resolvent set of the 
operator to contain a real point. Otherwise, for nonreal s, the map x ++ (s — x)~' does 
not correspond to the S-resolvent operators at s. In fact, this map is then not even slice 
hyperholomorphic. The natural candidates for replacing this function are the left and 
the right slice hyperholomorphic Cauchy kernels. They are slice hyperholomorphic, 
but they are not intrinsic slice hyperholomorphic. The essential principles, on which 
this technique is based, are the spectral mapping theorem and the compatibility of the 
functional calculus with the composition of functions. In the case of the S-functional 
calculus in the quaternionic setting, they do however only hold for intrinsic functions. 
Moreover, the composition of two slice hyperholomorphic functions is, in general, only 
slice hyperholomorphic if the inner function is intrinsic. The left and right Cauchy ker- 
nels can hence neither be used for reducing the problem of defining the S-functional 
calculus for unbounded operators to the bounded case. 

In this chapter we introduce the S-functional calculus for unbounded operators 
therefore directly via the slice hyperholomorphic Cauchy integrals (2.35) and (2.36), 
similar to the approach that Taylor chose in [81] for the complex setting. This allows us 
drop the assumption ps(T) OR # Ø and to extend the S-functional calculus introduced 
in Definition 2.68 to arbitrary operators in K(V) with non-empty S-resolvent set. We 
then study the properties of this functional calculus in considerable detail and obtain 
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results that go beyond the known properties of the S-functional calculus for unbounded 
operators. 

We point out that one of the most important quaternionic linear operator is the nabla 
operator, which is the quaternionification of both the gradient and the divergence oper- 
ator. When we study its spectral properties in Chapter 11, we will see that this operator 
does not satisfy ps(T) OR 4 Ø. Hence, although one does not seem to gain a lot by 
removing the restriction ps(T) 1 R Æ 0) at the first glance, because one would assume 
that most quaternionic linear operators satisfy this condition, it is a worthwhile effort 
to remove it. 

All results in this chapter were published in [45], except for those in Section 4.6, 
which were shown in [22]. 


4.1 Some Remarks on Slice Cauchy Domains 


The following theorem is well known in the complex case. Implicitly, it has also been 
assumed to hold true in our settings but, to the best of the author’s knowledge, it has 
never been stated explicitly, which we shall do for the sake of completeness. 


Theorem 4.1. Let C be a closed and let O be an open axially symmetric subsets of E 
such that C C O and such that OO is nonempty and bounded. Then there exists a slice 
Cauchy domain U such that C C U and cl(U) C O and such that U is unbounded if O 
is unbounded. 


Proof. Leti € S and set Ci = C N Ci and O; = ON Ci. We cover the plane Ci by a 
honeycomb network of non-overlapping congruent hexagons of side 6/4 with 


0 < ô < dist(Cj, Of) := inf{|z — z'|: z € G, 2’ € OF}, 


where OF denotes the complement of O; in C; and we choose this network symmetric 
with respect to the real axis. We call the closure of such a hexagon a cell and denote 
the set of all cells in our network by ©. Set 


S:=J{Ae6: An #0} 


By standard arguments, we deduce that U; := S* is a Cauchy domain in C; such that 
Ci C U; and cl(U;) C O;, which is unbounded if O; is unbounded. We refer to the proof 
of [81, Theorem 3.3] for the technical details. Since both the network of hexagons and 
the set OF are symmetric with respect to the real axis, the set S and in turn also U; are 
symmetric with respect to the real axis. 

Now set U := [Uj], where [Uj] is the axially symmetric hull of U;. Since U; is 
symmetric with respect to the real axis, we have U; = U N Ci. Moreover, as Ci C Ui 
and cl(U;) C O;, we find 


C=|C]c[U]=U and cl(U) =[el(U,)] c [O] =O. 


If O is unbounded then O; and U; are unbounded. Thus, U is unbounded too. 

It remains to show that U is actually a slice Cauchy domain. Let j € S and observe 
that UNC; = {zo+jzi : zo tiz: € Uj} because U is axially symmetric and U; = UNCj. 
Since the mapping ® : zo + iz; ++ 2% + jz; is a homeomorphism from C; to Cj and the 
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set U; is a Cauchy domain in C;, we conclude that U N Cj = &(U;) is a Cauchy domain 
in Ci: 


The boundary of a slice Cauchy domain in a complex plane C; is of course symmet- 
ric with respect to the real axis. Hence, it can be fully described by the part that lies in 
the upper half plane C= := {zo + iz, : zo € R, zı > 0}. We specify this idea in the 
following statements. 


Definition 4.2. For a path y : [0,1] — Ci, we define the paths (—y)(t) := y(1 — t) and 


V(t) := y(t). 

Lemma 4.3. Let y be a Jordan curve in Ci whose image is symmetric with respect to 
the real axis. Then y4 := y N c7 consists of a single curve and y = y4 Uy with 
Jam, 


Proof. Since its image is symmetric with respect to the real axis, y must take values in 
the upper and in the lower complex halfplane. Hence, as it is closed and continuous, it 
intersects the real line at least twice: once passing from the lower to the upper halfplane 
and once passing from the upper to the lower halfplane. Consider now a parametrisation 
y(t), t € [0, 1] of y with constant speed such that 7(0) € R and such that y(t) € CF 
for t small enough. Then F(t) := y(t) defines a parametrisation of y with inverse 
orientation and constant speed because the image of y is symmetric with respect to 
the real axis. On the other hand (—7)(t) := y(1 — t) is also a parametrisation of 7 
with inverse orientation and the same speed and starting point. We deduce —y = 7 
and in turn y = —7. Thus, y(1/2) = (—7)(1/2) = (1/2) and hence y(1/2) € R. 
Moreover, there are no other points of y that lie on the real line: if y(7) € R for some 
T ¢ {0,1/2}, then y(r) = y(r) = 7(1 — T), which yields a contradictions as y does 
not intersect itself. 

Therefore, y+ (t) := y(t/2), t € [0, 1] takes values in C=. Otherwise, by continuity, 
this path would have to intersect the real line when passing from the upper to the lower 
halfplane, which is impossible by the above argumentation. Moreover, the image of y4 
coincides with y N CF because y = —7¥ and hence 


nes fig <e<ib=(@io<r<sh=(n@io<e<ih, 


which is a subset of C,\ : C7 as y(t) € Ct = {z +iz, : zo € R,x > 0} for 
t € (0,1). 

Finally, y(t) = y+ (2t) if t € [0, 1/2] and y(t) = 74(2— 2t) if t € [1/2, 1] and hence 
Y= U7. 


Let now U be a slice Cauchy domain and consider any i € S. The boundary 
O(UNC;) of U in Ci consists of a finite union of piecewise continuously differen- 
tiable Jordan curves and is symmetric with respect to the real axis. Hence, whenever a 
curve y belongs to 0(U N C;), the curve —¥ belongs to (U N Ci) too. We can therefore 
decompose O(U N C;) as follows: 
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e First define 7+1,...,7+4,« as those Jordan curves that belong to (U N Ci) and lie 
entirely in the open upper complex halfplane C}. The curves —7F1, -< , -YEr 
are then exactly those Jordan curves that belong to O(U N C;) and lie entirely in 
the lower complex halfplane Cy 


e In a second step consider the curves 7,.41,..., yy that belong to 0(U N Ci) and 
take values both in Ce and C;. Define y4 for l = k + 1,..., N as the part of ye 
that lies in C and y- e = —Y; as the part of + that lies in C; , cf. Lemma 4.3. 


Overall, we obtain the following decomposition of (U N Ci): 


AUNG) = LJ veU -Tre 


1<l<N 


Definition 4.4. We call the set {71,4,...,Yw,+} the part of O(U N Ci) that lies in Ce 


4.2 Definition and Algebraic Properties of the S-Functional Calculus 


We want to define the S-functional calculus for an arbitrary operator in K(V) with 
nonempty S-resolvent set via the slice hyperholomorphic Cauchy integral in (2.35) and 
(2.36). The domain of integration is thereby the boundary of a suitable slice Cauchy 
domain U in one of the complex planes C;. In order for the S-functional calculus to be 
well-defined, we have to show that these integrals are independent of the choice of the 
slice Cauchy domain U and the complex plane C;. For the bounded case, this was first 
shown in [27]. We follow the strategy known from the bounded case, which can also 
be found in the monograph [36]. 


Theorem 4.5. Let T € K(V) with ps(T) # 0. If f € SHr(os(T) U {oo}), then there 
exists an unbounded slice Cauchy domain U with os(T) C U and cl(U) C D(f). The 
integral 

1 


— ST (s, T) ds; f(s) (4.1) 
2T Ja(UnC) 
defines an operator in € B(V) and this operator is the same for any choice of the 
imaginary unit i € S and for any choice of the slice Cauchy domain U that satisfies the 
above conditions. 
Similarly, if f E€ SHr(os(T) U {co}), then there exists an unbounded slice Cauchy 
domain U such that os(T) C U and cl(U) C D(f). Again, the integral 


1 


— f(s) dsi S3! (s, T 
a N (s) dsi Sp (s, T) 


defines an operator in B(V) and this operator is the same for any choice of the imagi- 
nary unit i € S and for any choice of the slice Cauchy domain U that satisfies the above 
conditions. 


Proof. Let f € SHz(os(T) U {oo}) and x € ps(T). Since ps(T) is open, there exists 
a closed ball cl(B-(x)) C ps(T) and since ps(T) is axially symmetric we have 


[el(B.(x))] = {s = so + igs, € H : (so — z0)? + (81 — 21)? < €} C ps(T). 
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The existence of the slice Cauchy domain U follows now from Theorem 4.1 applied 
with C = os(T) and O = D(F) N (H \ cl(B-(x))). 

The boundary of U in C; consists of a finite set of closed piecewise differentiable 
Jordan curves and so it is compact. Hence, (4.1) is the integral of a bounded integrand 
over a compact domain. Thus it converges in B(V) and defines an operator in B(V). 

We now show the independence of the slice Cauchy domain. Consider first the case 
of another unbounded slice Cauchy domain U” such that os(T) C U’ and cl(U’) C 
D(f). Let us for the moment furthermore assume that cl(U’) C U. Then the set 
W =U \ cl(U’) is a bounded slice Cauchy domain and 


OW N Ci) = A(UN C;) U—A(U' NG), 


I 


where —O(U’ N C;) denotes the inversely orientated boundary of U” in C;. Moreover, 
the function s ++ S7 (s, T) is right and the function s ++ f(s) is left slice hyperholo- 
morphic on cl(W). Thus, Theorem 2.27 implies 


1 


z Qn O(wnC;) 
1 1 

HSS oa s,T)dsi f(s) — =f S7 (s, T) ds; f(s). 
2m Jane)” oe) (s) 2r Jaune * 


S7 (s, T) ds; f(s) 


If cl(U") is not contained in U, then U N U’ is an axially symmetric open set that 
contains os(T) such that ó(U NU’) is nonempty and bounded. Theorem 4.1 implies the 
existence of a third slice Cauchy domain W such that os(T) C W andcl(W) C UNU”. 
By the above arguments, the choice of any of them yields the same operator in (4.1). 

Finally, we consider another imaginary unit j € S and choose another unbounded 
slice Cauchy domain W with os(T) C W and cl(W) c U. By the above arguments 
and Theorem 2.30, we have 


: aE A e 


2T Jaure z (s k 1 F eae 
Gap EN S7! (s, T) ds; (+f. Sz (z, 8) tn.) 
je ~~ S7 (s, T) dsi f (00) 


where Fubini’s theorem allows us to exchange the order of integration in the last equa- 
tion because we integrate a bounded function over a finite domain. The set W* is a 
bounded slice Cauchy domain and the left S-resolvent is right slice hyperholomorphic 
in s on cl(W*). Theorem 2.27 implies 


1 1 
a S-1(s,T) ds; ee S-1(s,T) ds; =0. 
(27)? a z (8, T) ds; f (co) Qr)? las z (s,T)dsi f (co) 


Since any p € O(U N C;) belongs to W* by our choices of U and W and since 
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S3 (p, s) = — Sg} (s, p), we deduce from Theorem 2.30 


1 
Sa Se (s, T) dsi f(s) = 
2T Jawne) ” 
1 1 f -1 —1 
t8 cz S7! (s, T) ds; S3! (s, p) dp; f (p) 
2T a(UNC;) ( a(wenc;) 2 ‘i 
1 
=> S7 (p, T) dp; f (p). 
T Ja(UNC) 


Definition 4.6. Let T € K(V) with ps(T) 4 @. For any f € SHL(os(T) U {oo}), we 
define 


1 E 
IT) = HOE y f p SEDs do, 42) 
and for f E€ SHr(os(T) U {co}), we define 
1 7 
f(T) := f(w)E+ oF - f(s) dsi SR (s, T), (4.3) 


where i € S is arbitrary and U is any slice Cauchy domain as in Theorem 4.5. 


Remark 4.7. If ps(T)OR # ú, then our approach is because of Theorem 2.69 obviously 
consistent with the one used in [36]. Moreover, it also includes the case of bounded op- 
erators: if f € SH (os(T)) for a bounded operator T, then we can choose r > 0 such 
that cl(U) is contained in the ball B,(0) because the slice domain U in Definition 2.65 
is bounded. Since we do not require connectedness of D(f) in Definition 4.6, we might 
then extend f to a function in SH; (o5(T) U {oo}), for instance by setting f(s) = c 
with c € H on H \ B,(0), and use the unbounded slice Cauchy domain (H \ B,(0)) UU 
in (4.2). Since the left S-resolvent is then right slice hyperholomorphic on H \ B,.(0) 
and f(s) is left slice hyperholomorphic on this set, we obtain 


1 
f(T) =f(oo)E + 2T J_acB,(qnci) pee ee) 
1 i 
© 2m Jaun) f(s) dsi Sz (s, T) 
1 E 
OT a(UNC)) f(s) dsi Sz (s, T) 


because Theorem 2.27 implies that the sum of f(oo)Z and the integral over the bound- 
ary of B,(0) vanishes. 


Example 4.8. Let T € K(V) with ps(T) # Ø. Consider the left slice hyperholo- 
morphic function f(s) = a for some a € H and choose an arbitrary unbounded slice 
Cauchy domain U with os(T) C U and an imaginary unit i € S. Then 


7 oS “1 eae ee 
f(T) = f(œ)TI + ~ = S,(s,T) ds; f(s) = aT, (4.4) 
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because f(oo) = a and the integral vanishes by Theorem 2.27 as the left S-resolvent 
is right slice hyperholomorphic in s on a superset of cl (HI \ U) and vanishes at infinity. 
An analogue argument shows that also f(T) = Za = aT if f is considered right slice 
hyperholomorphic. 


The following algebraic properties of the S-functional calculus follow immediately 
from the left and right linearity of the integral. 


Corollary 4.9. Let T € K(V) with ps(T) £ 9. 


(i) If f,g E€ SHr(os(T) U {co}) and a € H, then 


(F +9)(T)=fT)+g(T) and (fa)(T) = f(T)a. 


(ii) If f,g € SHr(os(T) U {oo}) and a € H, then 


(F +9)(T)=fT)+g9(T) and (af)(T) = af(T). 


Remark 4.10. Theorem 4.5 ensures that these functional calculi are well-defined in the 
sense that they are independent of the choices of the imaginary unit i € S and the slice 
Cauchy domain U. However, they are not consistent unless one restricts to functions 
that are defined on axially symmetric slice domains. As we shall see in the following, 
there exist functions that are left and right slice hyperholomorphic such that (4.2) and 
(4.3) do not give the same operator, cf. Remark 4.17 and Example 4.34. However, at 
least for intrinsic functions (4.2) and (4.3) are two representations for the same operator 
as the next theorem shows. An heuristic explanation for this inconsistency between the 
left and right slice hyperholomorphic version of the S-functional calculus is given in 
Section 8.3. 


Lemma 4.11. Let T € K(V) with ps(T) 4 O and let f € SH(os(T) U {o0}). Fur- 
thermore consider a slice Cauchy domain U such that os(T) C U and cl(U) C D(f) 
and some imaginary unit i € S. If 71, ...,7n is the part of OU N C;) that lies in C;* as 
in Definition 4.4, then 


[fees sated 
a(UNC) 
>53 / aRe (Flvelt))(—i)ve(t)Wl)) WoT) dt (45) 


53 | B(T DoT at 
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Proof. We have 


= f(s) dsi SR'(s, T) +X  _ f(s) ds Sg! (s, T) 
=> f FODD (WA - T) WoT) dt 


Since f(T) = f(x) as f is intrinsic and Q;(T)~' = Q,(T)~' for s € ps(T), we get 
after a change of variables in the integrals of the second sum 


| f(s) dsi Sqi(s,T) 
a(UNC)) 


2 Folt) i A) (x0 - T) Qo (T de 


E 


A 


=1 


-5f 2Re( f fult ))(—i)y(t ))T Qne (T E 


Theorem 4.12. Let T € K(V) with ps(T) 4 0. If f € SH(os(T) U {oo}), then 
1 1 
= Soe T) ds; = — dsi Sp (8s, T 
z hoa SE PIAS) a Je eT 


for any i € S and any slice Cauchy domain as in Theorem 4.5. 


Proof. Fix U andi € S, let %1,... yy be the part of O(U N C;) that lies in C;* and 
write the integral involving the right S-resolvent as an integral over these paths as in 
(4.5). Any operator commutes with real numbers and f(7(t)) 


y(t) and y(t) commute 
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mutually since they all belong to the same complex plane C;. Hence 


f f(s) dsi S3!(s, T) 
a(UNC:) 


3 / Qro (T) Re (OVOCE) at 
- = f TOOT RAÐA) a 
- 3 i; (EROT = Qa TTE) HUA) Felt) at 
+ 2 | CO - O) TEA a 
> J STT) dsi fC) 53 J STs, T) ds f(s) 


Corollary 4.13. Let T € K(V) with ps(T) 4 9. The S-functional calculus for left 
slice hyperholomorphic functions and the S-functional calculus for right slice hyper- 
holomorphic functions agree for intrinsic functions: if f E€ SH(os(T) U {co}), then 
(4.2) and (4.3) give the same operator. 


Remark 4.14. For intrinsic functions, slice hyperholomorphic Cauchy integrals of the 
form (4.2) and (4.3) are always equivalent. We have shown this only for the S-function- 
al calculus, but with the same technique one can show this equivalence for instance also 
for the H°°-functional calculus or for fractional powers of quaternionic linear operators. 
Since the technique for showing this equivalence is the same in any situation, we will 
use it without proving it explicitly at every occurrence. 


Recall that a function f on U is called locally constant if every point x € U has 
a neighborhood B, C U such that f is constant on U. A locally constant function 
f is constant on every connected subset of the its domain. Thus, since every sphere 
[x] is connected, the function f is constant on every sphere if its domain U is axially 
symmetric, i.e. it is of the form f(x) = c(£o, x1), where c is locally constant on an 
appropriate subset of R?. Therefore f can be considered a left and a right slice function 
and it is even left and right slice hyperholomorphic because the partial derivatives of a 
locally constant function vanish. 


Lemma 4.15. A function f is left and right slice hyperholomorphic if and only if f = 
c+ f, where cis a locally constant slice function and f is intrinsic. 


Proof. Obviously any function that admits a decomposition of this type is both left and 
right slice hyperholomorphic. Assume on the other hand that f is left and right slice 
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hyperholomorphic such that 
f(x) = a(x0, 21) + isf (Xo, x1) 


and 


f(x) = 4(xo, £1) + B(0, £1)ix. 
The compatibility conditions (2.4) imply 


1 X 
a(zo, £1) = 5 (f(z) + F(%)) = &(xo, 21), 
from which we deduce i8(29,71) = f(2;) — a(x£o,£1) = G(xo,21)i for any i € S, 
where xi = £o + ix,. Hence we have 


ib(£o, x1)i7t = Ê(zo, z1). 


If we choose i = ig¢z),2,), then i and G(x, x1) commute and we obtain (£o, £1) = 


A 


B(x£o, £1). Moreover, 3(x9,71) commutes with every i € S because iG(x,2,) = 
B(xo, X1)i = B(x, 1)i, which implies that 3 (29, xı) is real. 

Since 6 takes real values, its partial derivatives a6 (£o, £1) and x6 (£o, £1) are 
real-valued too. Thus, since a and (3 satisfy the Cauchy-Riemann-equations (2.6), the 
partial derivatives of a also take real-values. __ . 

Now define &(x£o, x1) = Re(a(xo,71)) and (xo, £1) = B(x, 21) and set f(x) = 
&(x9,21) + ip8(x0, x1) and c(x) = f(x) — f(x) = Im(a(xo, 71)). Obviously, & and 


p satisfy the compatibility conditions (2.4). They also satisfy the Cauchy-Riemann- 
equations (2.6) because a and 8 do and 


K ā(zo, n1) = 5 Re(a (o, 21)) = Re (Beto) = Salto, 
for l = 1,2. Therefore f is a left slice hyperholomorphic function with real-valued 
components, thus intrinsic. 

It remains to show that c is locally constant. Since c(x) = Im(a(2o, £1)) depends 
only on zo and x, but not on the imaginary unit i,, it is constant on every sphere 
[xz] C U. Moreover, as the sum of two left and right slice hyperholomorphic functions, 
it is left (and right) slice hyperholomorphic and thus its restriction c; to any complex 
plane C; is an H-valued left holomorphic function. But 


; ð ð ô z 
gaa Sa F (x)=0 zEeEUNGCI 


and hence c is locally constant on U N Ci. If x € U, we can therefore find a neighbor- 
hood B;, of x in U N C;, such that c, is constant on B;,. Since c is constant on any 
sphere, it is even constant on the axially symmetric hull B = |B;,| of B;,, which is a 
neighborhood of x in U. 


Corollary 4.16. Let T € K(V) with ps(T) # 0 and let f be both left and right slice 
hyperholomorphic on os(T) and at infinity. If D(f) is connected, then (4.2) and (4.3) 
define the same operator. 
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Proof. By applying Lemma 4.15 we obtain a decomposition f = c+ f of f into the sum 
of a locally constant function c and an intrinsic function f. Since dom(f) is connected, 
c is even constant. Thus, Corollary 4.13 and Example 4.8 imply 


2T 


1 £ ~ 1 ~ S 
= (z 2a a eR n) R 27 la PRERE 


=cT + f(T) = Te + f(T) 
1 


z x 1 z z 
= (z+ lis ST (s, T) ds) c+ floœ)I + la SF (s, T) ds; f(s) 


2 ior [ N S7 (s, T) ds; f(s), 


NOTE ae fe O dS T) 


where U andi € S are chosen as in Definition 4.6. 


Remark 4.17. We point out that Corollary 4.16 does not hold true in general. The 
S-functional calculus has usually been considered for functions that are defined on 
connected sets, namely on axially symmetric slice domains. Hence, the calculi for 
left and right slice hyperholomorphic functions were consistent as we have seen in 
Corollary 4.16. 

However, this restriction occurred only due to the reasons explained in Remark 2.16. 
Since it excludes the class of slice hyperholomorphic functions whose domain is not 
connected, which in particular contains those functions that generate spectral projec- 
tions as they are studied in Section 4.5, it is worthwhile to remove it. The price one 
has to pay in this case is that the two functional calculi become inconsistent. Indeed, in 
Corollary 4.16 the function c is constant since D(f) is connected and hence, by Exam- 
ple 4.8, the functional calculi for left and right slice hyperholomorphic functions yield 
c(T) = cL and c(T) = Tc, respectively. Since the identity operator commutes with 
every constant c, these operators coincide. 

If on the contrary D(f) is not connected, then c is only locally constant, i.e. it 
will in general be of the form c(x) = >> xa,(x)ce with ce € H, where the Ay are 
disjoint axially symmetric sets and y, denotes the characteristic function of Ay, which 
is obviously intrinsic. The functional calculi for left and right slice hyperholomorphic 
functions yield then c(T) = X` yva,(T)ce and c(T) = X` cexa, (T), respectively. These 
two operators coincide only if the operators xa, (T) commute with the scalars cy. As 
we will see in Section 4.5, the operators .,(Z') are spectral projections onto invariant 
subspaces of the operator T. Since the operator T is right linear, its invariant subspaces 
are right subspaces of V. But if a projection xa,(T) commutes with with any scalar, 
then av = aya,(T)v = xa(T)av € xa,(T)V for any v € ya,(T)V and any a € H 
Thus xa,(T)V is also a left-sided and therefore even a two-sided subspace of V. In 
general, this is not true: the invariant subspaces obtained from spectral projections are 
only right sided. Hence, the projections y,(7') do not necessarily commute with any 
scalar and it might be that X` ya,(T)ce 4 >> cexa,(T), i.e. the two functional calculi 
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give different operators for the same function. An explicit example for this situation is 
given in Example 4.34. 


4.3 The Product Rule and Polynomials in T 


In order to prove the product rule for the S-functional calculus, we recall Lemma 3.23 
in [4]. For the reasons explained in Remark 2.16, the lemma was originally stated 
assuming that U is a slice domain. However, the same proof works also in the case that 
U is a only a bounded slice Cauchy domain. 


Lemma 4.18. Let B € B(V), let U be a bounded slice Cauchy domain and assume 
that f € SH(cl(U)). For p € U and any i € S, we have 


1 


= f(s) ds, (SB — Bp) (p° — 2sop + |s|*)~* 
a(unc;) 


Bf(p) = F 


Theorem 4.19. Let T € K(V) with ps(T) 4 0. If f € SH(as(T) U {0o}) and 
g E SHrlos(T) U {co}), then 


(f9)(L) = F(T)g(T). (4.6) 


Similarly, if f € SHrlos(T) U {co}) and g € SH(os(T) U {co}), then the product 
rule (4.6) also holds true. 


Proof. Let f € SH(os(o5(T) U {co}) and let g € SHz(o5(T) U {co}). By Theo- 
rem 4.5, there exist unbounded slice Cauchy domains U, and U, such that os(T) C U, 
and cl(U,) C U, and cl(U,) C D(f) M D(g). The subscripts s and p indicate the 
respective variable of integration in the following computation. Moreover, we use the 
notation [OO]; := (O N C;) for an axially symmetric set O in order to obtain more 
compact formulas. 

Recall that the operator f(T) can by Theorem 4.12 also be represented using the 
right S-resolvent operator and hence 


EDIT) = (foot + =f fe)dasa'e.2)) 


(sors = Ja I (p,T) ina) 


For the product of the integrals, the S-resolvent equation (2.30) gives us that 


| f(s) ds, 33} (8, T) f 57" (p, T) dpi g(p) 
[OUs]i 


[OUp]i 


| jf s) ds; Sq'(s,T)Sz1(p,T) dp g(p) 
[OUs]i ¥ [Up]; 
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=f Jd E E — 2sqp + a dm g(n) 
[AUs}: J [Up]; 


ae i p ; f(s) dsi Sz (p, T)p(p? — 2sop + 
7 a de JUs) ds Sp (8,T)(p° — 2sop + |s|?)~* dpi g(p) 


*)~ dpi g(p) 


WD 


Va f(s) ds 587° (p, T)(p* — 2sop + |s\")~" dpi g(p). 


For the sake of readability, let us denote these last four integrals by 74, . . . I4. 


If r > 0 is large enough, then H \ U, is entirely contained in B,(0). In particular, 
W := B,(0) NU, is then a bounded slice Cauchy domain with boundary 0(W N C;) = 
O(U, N Ci) U O(B,(0) N Ci). From Lemma 4.18, we deduce 


i= Jy foes! (s,T) | p(p? — 2sop + |s?) dp, g(p) 


[Up] 


= f(s) dsi Sp (s, n) | p(p” — 2sop + |s|°)~* dpi g(p) 
[OU]; 


[ow]; 


5 f f(s) dsi S3} (8, T) | p(p? — 2aqp + |s|?)-1 dps g() 
[OUs]i 


[OB (0)]i 


=e f f(s) dsi $4(s,T) f po = 28ep + ley doigt), 
[OUs]i 


[Br (O)]i 


where the last equality follows from the Cauchy integral theorem since the function 
p +> p(p? — 2sop + |s|”)~! is left slice hyperholomorphic and the function p > g(p) 
is right slice hyperholomorphic on cl(W)) by our choice of U, and U,. If we let r tend 
to +00 and apply Lebesgue’s theorem in order to exchange limit and integration, the 
inner integral tends to 27g(0o) and hence 


n=-2( f 1088 5z! (s, T) ) alo). 


We also have 


-h+h= f S s) dsi (5S7 (p, T) — p97 (p, T)) > 
[ƏU;s]; J [ƏUp]; 


- (p° — 2sop + |5|)! dp; g(p). 


and applying Fubini’s theorem allows us to change the order of integration. If we now 
set W = B,(0) NÑ U, with r sufficiently large we obtain as before a bounded slice 
Cauchy domain with 0(WNC;) = 0(U, C;) VO(B,(0) N Ci). Applying Lemma 4.18 
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with B = S;'(p,T), we find 
p= f f(s) dsi (557p, T) — p57 (p, T) - 
[ƏUp]; J [W]; 
- (p° — 2sop + |s|?) dpi g(p) 
=] or s) ds; (3S; '(p,T) — pS; '(p,T)) - 
[Up]: J [OBr(0 
- (p° — 2sop + |s|?) dpi g(p) 
anf 57" (p,T)f (p) dna) 
Ou, 


pli 


-f f f(s) dsi 357 (p, T) (p? — 2sop + |s|2)~! dp; g(p) 
AU pli J [3B (0)]; 


= i f(s) dsi pS; (p, T)(p? — 2sop + |s|?) dpi g(p). 
ƏUp]i J [ABr(O)]i 


Observe that the third integral tends to zero as r — +00. For the second one, we obtain 
by applying Lebesgue’s theorem 


Ja Ta s) ds: 5S7 (p, T)(p? — 2sop + |s|?)~* dpi g(p) 
=] i fre r?Sr (p, T)W? — 2r cos(6)p +1?) dó) dpi glp) 
[OUp] 


gray 2nf(co) | Sz (p, T) dpi g(p). 


[ƏUp]; 


Since f is intrinsic, f (p) commutes with dp;, and hence 
cht haan f STOT) dr Fog 
ƏUp]i 


-2r f) f Sz (p, T) dpi g(p). 


pli 


Finally, we consider the integral J. If we set again W = B,(0) NU, with r sufficiently 
large, then 


Ee -f den e DE -20 dps g(p) 
[Us]; J [ƏW]; 
a - s) ds, 5SR (s, T) (p? — 2sop + |s|?)~! dpi g(p). 
(aU. ]; J [OB,-(0 


By our choice of U, and U,, the functions p +> (p? — 2sop + |s|?)~' and p +> g(p) 
are left resp. right slice hyperholomorphic on cl(W). Hence, Cauchy’s integral theo- 
rem implies that the first integral equals zero. Letting r tend to infinity, we can apply 
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Lebesgue’s theorem in order to exchange limit and integration and we see that 
—I3 = | | f(s) dsi39} (s, T)(p° — 2sop + |s|)" dpi g(p) > 0. 
[0Us]i V [3B (0)]; 
Altogether, we obtain 


1 A —1 


[3Up]i 
1 
=- z (f TOBE) f SOD dn Modal) 
1 
-Hoz f, STOT) dna) 
We thus have 


FTIT) =Floo)l)E + floa f STOT) degt) 


2T 


Dy I, ee sken) | Sz'(p, T) dpi g(p) 


[ðUp]i 


=f(co)g(oo)E-+ E f S70; T) dp FOI) = GO). 
T J [ðU]; 


If the operator T is bounded, then slice hyperholomorphic polynomials of T belong 
to the class of functions that are admissible for the S-functional calculus. In the un- 
bounded cases, this is not true, but the S-functional calculus is in some sense still com- 
patible, at least with intrinsic polynomials. For such polynomial P(s) = X }—o aks" 
with a; € R, the operator P(T) is as usual defined as the operator 


P(T)v := X aT"v v € dom(T”). 
k=0 


Lemma 4.20. Let T € K(V) with ps(T) # 4, let f € SH(os(T) U {00}) and let P be 
an intrinsic polynomial of degree n € No. Ifv € dom(TI"), then f(T)v € dom(T”) 
and f(T)P(T)v = P(T)f(T)v. 


Proof. We consider first the special case P(s) = s. Let U be an unbounded slice 
Cauchy domain with os(T) C U, let i € S and let {y1,...,%n} be the part of the 
boundary (U N C;) of U in C; that lies in C7, cf. Definition 4.4. We consider 
v € dom(T) and apply the operatorial equality (4.5) to Tv taking into account that 
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Qal T) Tv = Tlupa (T) tv. Since T commutes with real numbers, we find 
1 


2T Jaunc,) 


-- 2a) 2Re (FOLIU) Qpa (T) v 


f(s) dsi Sg" (s, T)Tv 


— 2 i “aRe( FAOT Q(T) 


a ee f(s) dsi SR (s, T)v, 
2T Jaunc;) 
where Hille’s theorem for the Bochner integral, Theorem 20 in [38, Chapter II.6], 
allowed us to move T in front of the integral and the last equation follows again from 
(4.5). Finally, observe that f(0o) = lims f(s) is real since f(s) € R for any s € R 
because f is intrinsic. Hence, we find 


f(Q)Tv = f(w)Tv + = f(s) ds; Sg (s, T)Tv 
2T Jaunc;) 
=Tf(oo)v+ rt f(s) dsi Spi (s,T)v = Tf (T)v. 
2T Jacunc;) 


In particular, this implies f (T)v € dom(T). 

We show the general statement by induction with respect to the degree n of the 
polynomial. If n = 0 then the statement follows immediately from Example 4.8. Now 
assume that it is true for n — 1 and consider P(s) = aps” + P,-1(s), where a, € R and 
P,,-1(s) is an intrinsic polynomial of degree lower or equal to n — 1. For v € dom(T”) 
the above argumentation implies then f(T)T"~ tv € dom(T) and 


f(D)P(D)v = f(T)ayT'v + f(T)Paa(T)v 
= nT f(T) Twv + f(T) P,- (Tv. 


From the induction hypothesis, we further deduce f(T)T”-'v = T"”-tf(T)v and 
f(T)Pa-1(T)v = Pa- (T) f(T)v and hence 


f(T) P(D)v = nT” f (T)V + Pya(L) f(D)v = P(T)f(T)v. 


In particular, we see that f(T)v belongs to dom(7”) and we obtain that the statement 
is true. 


As in the complex case, we say that f has a zero of order n at oo if the first n — 1- 
coefficients in the Taylor series expansion of s +> f(s~') at 0 vanish and the n-th 
coefficient does not. Equivalently, f has a zero of order n if lims f(s)s” is bounded 
and nonzero. We say that f has a zero of infinite order at infinity, if it vanishes on a 
neighborhood of oo. 


Lemma 4.21. Let T € K(V) with ps(T) 4 0 and assume that f € SH(a5(T) U{co}) 
has a zero of order n € No U {+00} at infinity. 
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(i) For any intrinsic polynomial P of degree lower than or equal to n, we have 
PL) F(L) = (EPO) 
(ii) Ifv € dom(T™) for some m € No U {ov}, then f(T)v € dom(T™+”). 


Proof. Assume first that f has a zero of order greater than or equal to one at infinity 
and consider P(s) = s. Then Pf € SH(as5(T) U {00}) and for v € V 


(PP v= lim sf(s)v + — > = S,'(s,T) ds; sf(s)v, 


with an appropriate slice Cauchy domain U and any imaginary unit i € S. Since s and 
ds; commute, we deduce from the left S-resolvent equation (2.29) that 


= S7 (s, T)dsisf(s)v 
2T Ja(UNC:) 
1 1 
= TS eT dsi f(s)v + = | ds, f(s)v 
2T Jacunc) eet) (s) 2T Ja(unci) 


Any sufficiently large ball B,.(0) contains OU. The function f(s)v is then right slice 
hyperholomorphic on cl(B,(0) A U) and Cauchy’s integral theorem implies 


1 1 
— dsi = lim -— dsi 
20 (UNC) IEY E 2T Pa aN 
1 2m , ; 
— i — — 2 19 = — i 
Jim a re” f(re'’)v dip im. sf(s)v. 


Thus, after applying Hille’s theorem for the Bochner integral, Theorem 20 in [38, Chap- 
ter III.6], in order to write the operator T in front of the integral, we obtain 


1 


a ST (s, T) ds f(s)v = P(T)f(T)v. 
T JA(UNC) 


(PAC)v=T 
In particular, we see that f(T)v € dom(T). 

We show (i) for monomials by induction and assume that it is true for P(s) = s 
if f has a zero of order greater than or equal to n — 1 at infinity. If the order of f at 
infinity is even greater than or equal to n, then g(s) = s”~'f(s) has a zero of order at 
least 1 at infinity and, from the above argumentation and the induction hypothesis, we 
conclude for P(s) = s” 


(PAT) = Tg(T)v = TT" (Tv = T” f(T), 


n-1 


which implies also f(T)v € dom(T”). For arbitrary intrinsic polynomials the state- 
ment finally follows from the linearity of the S-functional calculus. 

In order to show (ii) assume first v € dom(T™) for m € N. If f has a zero of order 
n € N at infinity, then (i) with P(s) = s” and Lemma 4.20 imply 


(Pf)(T)T™v = Tf (T)P™v = TT” f(Tyv = T™ f(T) v 


and hence f(T)v € dom(T™+”). Finally, if m = +00 then v € dom(T*) and hence 
f(T)v € dom(T**") for any k € N. Thus, v € dom(T°). 
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Corollary 4.22. Let T € K(V) with ps(T) 4 0. For any intrinsic polynomial P, the 
operator P(T) is closed. 


Proof. We choose s € ps(T) and n € N such that m < 2n, where m is the degree of 
P. Then f(p) = P(p)Q,(p)~” belongs to SH(ag(T) U {oo}) and has a zero of order 
2n — m at infinity. Applying Lemma 4.21, we see that 


P(T)v = P(T)Q.(T) Q(T) "v = 9,(T)"P(T)9,(T)"v = Q(T)" f(T )v 


for v € dom(T™). Since its inverse is bounded, the operator Q,(T')” is closed and in 
turn P(T) is closed as it is the composition of a closed and a bounded operator. 


Corollary 4.23. Let T € K(V) with ps(T) 4 0. If f € SH(os(T) U {00}) has no 
zeros on os(T) and a zero of even order n at infinity, then ran( f (T)) = dom(T”) and 
f(T) is invertible in the sense of closed operators. If ps(T) OR 4 0, this holds true 
for any order n € N. 


Proof. Let P € ps(T) and set k = n/2. The function h(s) = f(s)Q,(s)* with 
O,(s) = 5° — 2pos + |p|? belongs to SH(os(T) U {00}) and does not have any zeros in 
os(T). Furthermore, h(co) = lims A(s) is finite and nonzero. Hence, the function 
s ++ h(s)~! belongs to SH(os(T) U {oo}) and we deduce from Theorem 4.19 that 
h(T) is invertible in B(V) with h(T)~! = h7!(T). Theorem 4.19 moreover implies 
f(T) = Q,(T)-*h(T). Now observe that h(T) maps V bijectively onto V and that 
O,(T')~* maps V onto dom(T?*) = dom(T”). Thus ran(f(T)) = dom(T”). 

Finally, f(T)~! := h-!(T)Q,(T)* is a closed operator because h is bijective and 
continuous and Q,(T)* is closed by Corollary 4.22: It satisfies f(T)~'f(T)v = v for 
v € Vand f(T) f(T)~'v = v for v € dom(T”). Thus it is the inverse of f(T). 

In the case there exists a point a € ps(T) OR, similar arguments hold with P(s) = 
(s — a)” instead of Q,(s)*. In particular, this allows us to include functions with a zero 
of odd order at infinity too. 


4.4 The Spectral Mapping Theorem and Composite Functions 


We recall that the extended spectrum ogx(T) equals os(T) if T is bounded and it 
equals os(T) U {oo} if T is unbounded. 


Theorem 4.24 (Spectral Mapping Theorem). Let T € K(V) with ps(T) 4 . For any 
function f E€ SH(as(T) U {oo}), we have og(f(T)) = f(asx(T)). 


Proof. Let us first show the relation og(f(T)) > f(asx(T)). For p € os(T) consider 
the function 


g(s) = (F (8)? — 2Re(f(p)) f(s) — LF (p) P) (s? — 2Re(p)s + |p|), 


which is defined on D(f) \ [p]. If we set pi, = po +isp1, then pi, and s commute. Since 
f is intrinsic, it maps C; into C; and hence f(p;,) and f(s) commute, too. Thus 


(f(s) = F(pi.) (f(s) — Fi.) 
(s = Pis) (S — Bi) 


g(s) = 
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and we can extend g to all of D(f) by setting 


A 


Asf(s) (f(e)p-*) s € [pl itp g 
g(s) = ; (4.7) 


(Osf(s))? s=p,ifpeR 


where p = ¿(p — P) denotes the vectorial part of p. Now observe that 


(5? — 2Re(p)s + |p|*)9(s) = f(s)” + 2Re(f(p)) f(s) + FP 


and that g has zero of order greater or equal to 2 at infinity. Hence, we can apply the 
S-functional calculus to deduce from Lemma 4.21, Theorem 4.19 and Example 4.8 that 


(T? — 2Re(p)T + |p’ T)g(T)v = (F(T)? + 2Re(f(p)) f(T) + [F)IZ)v 


for any v € V and 


g(T) (T° — 2Re(p)T + |p’ Tg(T))v = (F(T)? + 2Re(f(p)) f(T) + |f@)Z)v 
for v € dom(T”). If f(p) € ps(T), then 


Qs) (F(T) = F(T} — 2Re(F(p)) f(T) + |f (T 


is invertible and Qs (f(T) tg(T) = g(T) Opp) (f(T) is the inverse of the opera- 
tor Q (T) = T? — 2Re(p)T + |p|?Z. Hence, f(p) ¢ os(f(T)) implies p ¢ os(T) and 
as a consequence p € os(T) implies f(p) € os(T), that is f(os(T)) C os(f(T)). 

Finally, observe that f(oo) = limpo f(p) is real because f is intrinsic and thus 
takes real values on the real line. If T is unbounded and f(co) 4 f(p) for any point 
p € ogs(T) (otherwise we already have f(co) € f(as(T)) C os(f(T))), then the 
function h(s) = (f(s) — f(co))* belongs to SH(as(T) U {oo}) and has a zero of 
even order n at infinity but no zero in os(T). By Corollary 4.23, the range of h(T) = 
Qr(0)(f(L)) is dom(Z"). Thus, it does not admit a bounded inverse and we obtain 
f(oo) € os(f(T)). Altogether, we have f(osx(T)) c o(f(T)). 

In order to show the relation os(f(T)) C f(asx(T)), we first consider a point 
c € og(f(T)) such that c 4 f(co). We want to show c € f(as(T)) and assume the 
converse, i.e. f(s) — chas no zeros on os(T). 

If c is real, then the function h(s) = f(s) — c is intrinsic, has no zeros on os(T) 
and lim, ,..h(s) = f(oo) —c # 0. Hence, h~!(s) = (f(s) — c)7! belongs to 
SH(a5(T)U{oo}). Applying the S-functional calculus, we deduce from Theorem 4.19 
that h~'(T’) is the inverse of f(T) — cT and hence Q,(f(T))~' = (h71(T))°, which is 
a contradiction as c € og(f(T)). Thus, c = f(p) for some p € os (T). 

If on the other hand c is not real, then f — ci 4 0 for any G = co +iec1 € [c]. Indeed, 
f(p) = a(po, p1) + ipB (po, p1) = Co + icy would imply i, = i and a(po, p1) = co and 
B(po, pı) = cı as a and £ are real-valued because f is intrinsic. This would in turn 
imply f(pi.) = a(po, pi) + ic8 (po, p1) = c, which would contradict our assumption. 
Therefore, the function 


h(s) = (F(s)? — 2Re(c) f(s) + lel”) = (f(s) — cis) (F (8) — &) 
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does not have any zeros on os(T). Moreover, since f(0o) is real, we have 


h(oo) = (f (00) — c)(f (2) — c) = |f (20) — el? # 0 


and hence h~'(s) = (f(s)? —2Re(c) f(s) + |c|?)~+ belongs to SH(o5(T) U {o0}). Ap- 
plying the S-functional calculus, we deduce again from Theorem 4.19 that the operator 
h! (T) is the inverse of Q.(T), which contradicts c € os(f(T)). Hence, there must 
exist some p € os(T’) such that c = f(p). 

Altogether, we obtain os(f(T)) \ {f(oo)} is contained in f(os(T)). 

Finally, let us consider the case that the point c = f (co) belongs to os(f(T)). If 
T is unbounded, then oo € ogx(T) and hence c € f(osx(T)). If on the other hand 
T is bounded, then there exists a function g E€ SH(as(T) U {oo}) that coincides on 
an axially symmetric neighborhood os(T) with f but satisfies c 4 g(oo). In this case 
f(T) = g(T), as pointed out in Remark 4.7, and we can apply the above argumentation 
with g instead of f to see that c € g(as(T')) = f(as(T)). 


Theorem 4.25. [fT € K(V) with os(T) 4 0, then P(os(T)) = os(P(T)) for any 
intrinsic polynomial P. 


Proof. The arguments are similar to those in the proof of Theorem 4.24: in order to 
show that P(os(T)) C os(P(T)), we consider the polynomial Qp) (P(s)), which is 
given by Qp,,)(P(s)) = P(s)? — 2Re(P(p))P(s) +|P(p)|? for any p € os(T). As p 
and p are both zeros of Qp,,)(P(s)) resp. as p is a zero of even order of Qp(»)(P(s)) = 
(P(s) — P(p))? if p is real, there exists an intrinsic polynomial R(s) such that 


Oprp)(P(s)) = Qp(s)R(s). 


If P(p) ¢ os(P(T)), then Qp) (P(T)) is invertible and Lemma 4.21 and Example 4.8 
imply that Qp,,)(P(T))' R(T) is the inverse of Q,(T), which is a contradiction be- 
cause we assumed p € os(T). Therefore P(p) € os(P(T)). 

Conversely assume that p ¢ P(os(T)). Then the function 


Q,(P(s)) = P(s)* — 2Re(p)P(s) + |p? 


does not take any zero on os(T) and we conclude from Corollary 4.23 that Q,(P(T)) 
has a bounded inverse. Thus p é og(P(T)) and in turn og(P(T)) c P(os(T)). 


Theorem 4.26. Let T € K(V) with ps(T) 4 0. If f € SH(as(T) U {0o}) and 
g E SHi(f(osx(T)) or g € SHR(f(osx(T)), then 


(g ° f)(T) = 9 f(P)). 


Proof. Because of Remark 4.7, we can assume that f(oo) belongs to f(osx(T)). We 
apply Theorem 4.1 in order to choose an unbounded slice Cauchy domain U, such 
that og(f(T)) = flosx(T)) C Up and cl(U,) C D(g) and a second unbounded 
slice Cauchy domain U, such that os(T) C U, and cl(Us;) C f~'(Up) O D(f). The 
subscripts are chosen in order to indicate the respective variable of integration in the 
following computation. 


78 


4.5. Spectral Sets and Projections onto Invariant Subspaces 


After choosing an imaginary unit i € S, we deduce from Theorem 2.30, Cauchy’s 
integral formula, that 


(g © f)(T) — (g o f)(oo)Z 


1 
== S3 (s, T) dsi (go f)(s) 
2T Ja(u.nc;) 
a= S-1(s,T) ds = | S3 (p, f(s)) dpi g(p) 
27 a(UsNC;) an ' (27 O(UpNC;) a . 


Changing the order of integration by applying Fubini’s theorem, we obtain 
(g © f)(T) — (g o f)(oo)Z 
1 1 = = 
(sf Sg (s, T) ds 5z" (p. (o) ) dp; g(p) 
2T Ja(u.ne) 


-2T Jaunt) 
o1 
2T Ja(u,nc;) 
1 2 
Si ST (p, f(00)) dpi g(p)Z 
2T Ja(uync) 


=g(f(T)) — g( f(00))Z 
and hence (g o f)(T) = g( f(T). 


S3 (p, f(T)) dpi g(p) 


4.5 Spectral Sets and Projections onto Invariant Subspaces 


As in the complex case, the S-functional calculus allows to associate subspaces of V 
that are invariant under T to certain subsets of os(T). 


Definition 4.27. A subset o of osx(T) is called a spectral set if it is open and closed 
in OSX (T) : 


Just as os(T) and ogx(T), every spectral set is axially symmetric: if s € o then the 
entire sphere [|s] is contained in o. Indeed, the set o N [s] is then a nonempty, open and 
closed subset of osx(T) A [s] = [s]. Since [s] is connected this implies ø N [s] = [s]. 
Moreover, if ø is a spectral set, then o’ = osx (T) \ ø is a spectral set too. 

If o is a spectral set of T, then o and o’ can be separated in Ha by axially symmetric 
open sets and hence Theorem 4.1 implies the existence of two slice Cauchy domains 
U, and U! containing o and o’ respectively such that one of them is unbounded and 
cl(U) N cl(U,:) = 0. We define 


1 ifw#eU, 
Xo(x) = : i 
0 ifr eU}. 


The function x(x) obviously belongs to SH(os(T) U {oo}). 
Definition 4.28. Let T € K(V) with ps(T) 4 Ø and let o C os(T) be a spectral set of 
T. The spectral projection associated with ø is the operator Es := Xo(T) obtained by 


applying the S-functional calculus to the function Xo. Furthermore, we define V, := 
EV and T, = T|domcr,) with dom(Z,) = dom(T) NA Vz. 


79 


Chapter 4. A Direct Approach to the S-Functional Calculus for Closed Operators 


Explicit formulas for the operator Es are for bounded o 


1 1 
= S7'(s,T) ds; = | dsi Sp (s, T) 
2m Jaus) 2T Ja(UsnC;) 2 
and for unbounded o 
1 1 
Ee =T+— S'(5,7)dx=2+ = f ds, SR (s, T), 
2m Jaunac) ” 2T Ja(U nC) = 


where the imaginary unit i € S can be chosen arbitrarily. 

Corollary 4.29. Let T € K(V) such that ps(T) 4 9 and let o be a spectral set of T. 
(i) The operator E, is actually a projection, i.e. E2 = E,. 
(ii) Set o' = osx(T) \ o. Then Es + Ev = T and E, Ev = Ey Es = 0. 


Proof. This follows immediately from the algebraic properties of the S-functional cal- 
culus shown in Corollary 4.9 and Theorem 4.19 as x? = x, and yg + Yo" = 1 and 


XoXo! = Xo'Xo = 0. 


The following Lemma 4.30 is a special case of [16, Chapter II §1.9, Proposition 14] 
and Lemma 4.31 is an immediate consequence of the fact that any projection with 
closed range is continuous. 


Lemma 4.30. Let A, B, M and N be right linear subspaces of a quaternionic right 
vector space Vz such that AC M and B C M. IfA®B=M®@N, then A= M and 
B=N. 


Lemma 4.31. Let A, B, M and N be right linear subspaces of a quaternionic Banach 
vector space Vp such that A C M, B C Nand such that M, N and M © N are closed. 
Then A ® B is dense in M @ N if and only if A is dense in M and B is dense in N. 


Theorem 4.32. Let T € K(V) with ps(T) 4 Ù and let E,, E2 € B(V) be projections 
such that E, + E> = T (and hence EE, = EE, = 0). Denote V; := E,(V) and 
dom(T;) := E~(dom(T)) and assume that T (dom(T;)) C Ve such that Ty := T |aom(T,) 
is a closed operator on the right Banach space V; for £ = 1,2. Then 


(i) ETv = TEw for v € dom(T), 
(ii) dom(T?) = E,(dom(T?)) for £= 1,2, 
(iii) ran(Q,(T’)) = ran(Q,(T))) © ran(Q.(T2)) for any s € H, 
Gy) ol T= ek Usk and 
(v) o5p(T) =T) Uos) 
Ymon Nese He 
(vi) os(T) = osc(T1) U osc(T2) and 
(vii) osr(T) = osr(T1) U osr(T2). 
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Proof. The assertions (i) to (iii) are obvious. Now assume that s € ps(T). Then 
ran(Q,(T)) = V and from (iii) we deduce 


Vi @ V = V = ran(Q,(T)) = ran(Qs(T1)) © ran(Q.(T2)). 


As ran(Q,(T;)) C Ve, Lemma 4.30 implies ran(Q,(Tv)) = Vz and hence Q,(Ty)~! = 
Q(T) "|v, as Qs (Ti) = Q(T) |aomr2)- Indeed, we have 


OUT) OD vy = Q(T) Q.(T)v = v for v € dom(T?) 
and, since Q,(T)~'v € dom(T?) for v € Vy, also 
omom romo a rer  forv € Vy. 


Thus, s € ps(Tı) O ps(Tz). Conversely, if s € ps(T1) O ps(T2), then the operator 
O,(T,)~'E, + Q,(T2)~' E> is the inverse of Q.(T) and hence s € ps(T). Altogether, 
ps(T) = ps(T1) N ps(T2), which is equivalent to os(T) = os(T1) Uags(T2) and hence 
(iv) holds true. 

Obviously, osp(Te) C osp(T) as any S-eigenvector of Ty is also an S-eigenvector 
of T associated with the same eigensphere. Conversely, if v 4 0 is an S-eigenvector 
of T associated with the eigensphere [s] = so + Ss, then set ve = Eev and we observe 
that 

0 = Q,(T)v = Q,(T))vi + Q,(T2)vo2. 


As Q,(Ty)ve € Ve and Vi N Vo = {0}, this implies Q.(Te)ve = O for £ = 1,2. 
As v # 0, at least one of the vectors v, is nonzero and therefore an S-eigenvalue 
of T; associated with the eigensphere [s]. Thus [s] C osp(Tı) U ogp(Z>) and in turn 
Osp(L’) = o5p(T1) U osp(T2) so that (v) holds true. 

We assume now that os(T1) O os(T2) = Ø. Then assertions (iv) and (v) imply that 
S € og-(T) Uag,(T) if and only if s € og.(Tr) U og,(Te) for either £ = 1 or l = 2. 
We assume w.l.o.g. s E oge(T1) Uog,(T)) and thus s € ps(T2). As ran(Q,(T>)) = Vo, 
we deduce from (iii) that and Lemma 4.31 that ran(Q,(7)) is dense in V = Vi $ V 
if and only if ran(Q,(71)) is dense in V. In other words: s € ose(T) if and only if 
S € og-(T)) and in turn s € og,(T) if and only if s € osr(T). 


Theorem 4.33. Let T € K(V) with ps(T) 4 Ú and let o C og(T) be a spectral set of 
T. Then 


(i) E,(dom(T)) C dom(T) 
(ii) T(dom(T) N V) C V, 
(iii) o = osx (Tz) 
(Woes Tl) =o5,(75) 
(v) o N ase(T) = ose(To) 
(vi) oN osr(T) = osr(To) 
If the spectral set o is bounded, then we further have 
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(vii) V> C dom(T™) 
(viii) T, is a bounded operator on Vz. 


Proof. Assertion (i) follows from the definition of E, and Lemma 4.20. In order to 
prove (ii), we observe that if v € dom(T) A V,, then E,v = v. Hence, we deduce 
from Lemma 4.20 that E, Tv = TE,v = Tv, which implies Tv € Vz. 

If o is bounded, then we can choose U, bounded and hence yx, has a zero of infinite 
order at infinity. We conclude from Lemma 4.21 that v = E,v = Xo(T)v € dom(T®™) 
for any v € V, and hence (vii) holds true. In particular, V, C dom(T). Therefore T, is 
a bounded operator on V, as it is closed and everywhere defined. 

We show now assertion (iii) and consider first a point s € H \ o. We show that 
s belongs to ps(Z,). For an appropriately chosen slice Cauchy domain U,, the func- 
tion f(s) := Q,(p)~'xu,(s) belongs to SH(as(T) U {co}). By Lemma 4.21 and 
Lemma 4.20, we have 


f(T)9,(T)v = xu, (T)v = Eov, for v € dom(T?) NV, 


and 
Q(T) f(T)v = xvu, (T)v = Esov =v  forve Vz. 


Hence, Qs (Ts) = Q5(T)|v,ndom(r2) has the inverse f(T)|v, € B(X,). Thus, we find 


s € ps(To) and in turn og(T,) C o N H =: c1. The same argumentation applied to Ty 
with o’ = osx (T) \o shows that os(Ty) C o' OH := og. But by (iv) in Theorem 4.32, 
we have 


osl(To) U os(Tz) = os(T) = Qi U 02 


and hence og(T,) = o1 = o N Hand os(Ty) = og = o' A H. If o is bounded, then 
this is equivalent to (iii) because of (viii). If ø is not bounded, then oo € o and T is 
not bounded on X. However, in this case o’ is bounded and hence T, € B(V,). But 
as T = T, Es + Ty Es, we conclude that T, is unbounded as T is unbounded. Hence 
œo € ogx(T,) and (viii) holds true also in this case. 

Finally, (iv) to (vi) are direct consequences of (v) to (vii) in Theorem 4.32 as we 
know now that os(T,) and os(7;/) are disjoint. 


Example 4.34. We choose a generating basis i, j and k = ij of H and consider the 
quaternionic right-linear operator T on V = H? that is defined by its action on the two 
right linearly independent right eigenvectors vı = (1, i)” and v2 = (j, —k)’, namely 


(eG) = AEAN 


Its matrix representation is 


Since, for operators on finite-dimensional spaces, the S-spectrum coincides with the 
set of right-eigenvalues by Theorem 2.56, we have os(T) = or(T) = {0} US. Indeed, 
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we have 
1/-1 -i —i 1 1 0 
s T)=-= = ? 
Q(T) 1 a (2 i) th G : 
= —4 + |s|? + soi —so — $i ) 
So + gi —4 + |s|? + soi 
and hence 
EE E a at + so 
z = = i y : 
È SES — 4i — so —4 + |s|? + iso 


which is defined for any s ¢ {0} US. For any s € ps(T), the left S-resolvent is 
therefore given by 
1 
Sr (s, T) = 5s (=1 + |s|? + 2iso)™ 


co + 28) +3(—1 + 2iso) —|s|? + 3(i+ 259) ) 
|s|? — s(i + 259) |s|?(i + 25) + 5(—1 + 2iso)/ ` 


T)AC; = {0,i, —i}, we choose Uso; = By /2(0) and set Us = B2(0) \ By/3(0). 
e? € OU 49} (0) N Ci, we have 


Since og 
For s = 


niea 


š 3 = . ip 2 2 -iy 25 
AST (3i + 4Re (e) ) i ( i + e + 2cos(y) + ie'? + 2i cos °) 


—2 — ie¥ + 2icosy it+el”+2cosy 


and so 


Ero => | SF + (s, T) ds; 
G 27 a(Uto}NC:) i 


E E hii 8 
=> / 2e~¥ (3i + 4Re (€i#)) 7. 
( i+e?+2cos(p) 2+ ie” — 2i cos y 


1. 
Sater es to ze i(i) dy 
—2 — ie + 2icosy i+e+2cosy / 2 


A similar computation shows that 


1 1/1 i 
Eş ETER S7 (s, T) dsi =e ( 3 ) i 
2T O(UsNC;) a 2\-i 1 


Basic calculations show that these matrices actually define projections on H? with 
Eto, + Es = Z. Moreover, we have Eto}vı = vı and Esv; = 0 as well as Eto}v2 = 0 
and Eṣv2 = v2. Thus, the invariant subspace E¢{o} V associated with the spectral set {0} 
is the right linear span of vı, which consist of all eigenvectors with respect to the real 
eigenvalue 0 as T (via) = T(vı)a = 0 for all a € H. The invariant subspace Es asso- 
ciated with the spectral set S consists of the right linear span of v2. For a € H\ {0}, we 


83 


Chapter 4. A Direct Approach to the S-Functional Calculus for Closed Operators 


have T(v2a) = T(v2)a = via = (vea)(atia). Thus, as a~'ia € S, the subspace Es 
consists of all right eigenvectors associated with an eigenvalues in S. (This is true only 
because the associated subspace is one-dimensional! Otherwise the subspace would 
consists of sums of eigenvectors associated with possibly different eigenvalues in the 
sphere S, which do no have to be eigenvectors again, cf. Lemma 9.3. 

Finally, we can construct functions, which are left and right slice hyperholomorphic 
on os(Z7’), but for which the S-functional calculi for left and right slice hyperholomor- 
phic functions yield different operators: consider the function 


f(s) = C1XU 49} (s) + C2Xus(S) 


such that cı or cz does not belong to C;. Choose for instance cı = j and cp = 0 for the 
sake of simplicity. This function is a locally constant slice function on U = U{o} UUs 
and thus left and right slice hyperholomorphic by Lemma 4.15. Then 


1 1 
nee S71(s,T) ds;f(s) = = | Sr *(s,T) ds; | j 
2T a(UNC:) Í l ) G (ž 3(Bı1/2(0)NC;) : l ) 


A N L k 
=H Ne peo Mie jJ 


1 1 
— f(s) dsi S} (s, T) =j = dsi S (s, T) 
2T Ə(UNC:) n 2T O( By /2(0)NC) É 


Ga N 


As pointed in Remark 4.17, the reason for why we obtain different operators is that 
the spectral projections Łş and Eto}, cannot commute with arbitrary scalars because the 
respective invariant subspaces are not two-sided. Indeed, —jv2 = (1,i) = vi, which 
does obviously not belong to EsV. 


but 


4.6 Taylor Expansion in the Operator Variable for Bounded Operators 


If we consider a bounded operator T and N is a small perturbation operator that fur- 
thermore commutes with T, then f(T + N) can be represented as a power series in N 
that formally corresponds to a Taylor series expansion in the operator. This result is 
quaternionic analogue of [38, Theorem VII.10] and it was shown in [22] in the more 
general setting of paravector operators on a two-sided Clifford module. 

Before we are able to show the Taylor expansion in the operator, we need to deter- 
mine the slice derivatives of the S-resolvents. We start by finding explicit formulas for 
the functions 


SF(s, x) := (s — x)” and S}R(s, x) :=(s—2)**", 
which were introduced in Definition 2.26. 
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Lemma 4.35. Let s € H. For n > 0, we have 
2 (t= 3 i (—x)¥s"-* and S®(s,x) = i s” (—r)" (4.8) 
Z(8, x) = % RCS, £) = k ; ; 


With Q,(x) = s|?, we moreover have 


Sr (St) =O.) "(5 — x<)” and on say = (s =e) Q(x)”. (4.9) 


Furthermore, for m,n > 0, we have 
S aoar BA = Oa) O esa A ar =a 


and 
Sp (8, x) *R SpR (8; xr) = IG z)*Rn *R (s i aye) Oi), 


Proof. For n = 0, we have (s — x)*£° = 1, and hence (4.8) is obviously true. Assume 
that it holds true for n — 1. Then (2.13) implies 


SFs, x) = (s = ry” - (s = geen) F ( 


s 
z — xt) ap s (s — cy tOD xr (=x) 


POETES 


k=0 


— x) 


and (4.8) follows by induction. 

We also show the identity (4.9) by induction. It is obviously true for n = 0. Assume 
that it holds true for n — 1 and observe that Q,(z)~' € SH(H \ [s]). Then (2.11) and 
Corollary 2.25 imply 
S7” (s, £) =(s—a2)*2°) xy (s — x)” 

(x) (5 — 1) 0-] xz [Q E- 2)] 
=Q, (£) 70D x; (5 — x)*2) x, Q(x)! xr (5 — 2) 
TOD xr Q(x)! ey (E — x)" 0D xr (5— x) 
=O,(%) "(5 — xr)”. 
Finally, (2.11) also implies for m,n > 0 that 
oF (82) *r S”, x) = 
= [Qs (2) "(8 — #)**"] «1 [Qs(2) "(s — 2)**™| 
= Q(x)” xz (5 — T *p Q(£) ™ *z (s — x)” 
SQU a D ar E — 2)" #1 an 


= Q(x) 0H [(5 — z)" xz (s — x)"1™]. 


The right slice hyperholomorphic case can be shown by similar computations. 
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Corollary 4.36. Let s = so + issı € Hand n,m € No. Ifx € G,, then 


(s—ax)**™ x, (5 — y4” = (s — x)” (5 — x)” (4.10) 
and 
Sr” (s, £) *, Sr (8, x) = (s — £) "(8 — x)”. (4.11) 
Moreover, for any n € No, the function 
P(e) = 3 eea a ear (4.12) 
k=0 


is a polynomial with real coefficients. Analogous statements hold for right slice hyper- 
holomorphic powers S(s, x) of s — x. 

Proof. If x € C;,, then s, 5 and x commute. Hence, it follows from (4.8) and the 
binomial theorem that (s — x)**” = (s — x)™ and (5 — x)*2"” = (s — x)”. From 
(2.11), we deduce that (4.10) holds true. Since x and s commute, we also find that 
Q,(x)~ = (x — s)~'(a — £)~1 and so (4.9) implies 


5, "(s,2) = (s — x) ™(S—2) "(5-2)" =(s—2)™. 


An analogous computation shows S7” (5, x) = (5 — x)". 

For arbitrary left slice hyperholomorphic functions f and g, it is because of (2.16) 
immediate that (f xz g)(x) = f(x)g(x) at a point x if f(x) € Ci„. Since (s — x) ™™ 
belongs to C;, if x € C;,, we furthermore find that 


ST (s, £) *, S5, £) = (s —a2)-™ xg (8 — r)” = (s — r) ™(S-—2)™. 


Finally, we consider P(x). The restriction P,, of this function to the plane Ci, is the 
complex polynomial P,,(z) = )>¢_9(5 — z)*t1(s — z)"-**!. From the relation 


ROS e-go ng = >} (s— 218 — 2) = P(e), 
k=0 k=0 
we deduce that its coefficients are real. Consequently, P = ext,(P) is a polynomial 
with real coefficients on H. We can show the analogous statement for right slice hyper- 
holomorphic powers S% (s, x) of s — x with similar arguments. 


We need now to formally replace the scalar variable x in the functions introduced 
above by the operator T in a way that is consistent with the S-functional calculus. Re- 
call however that the product rule (fg)(T) = f(T)g(T) holds only if f € SH(os(T)) 
and g E€ SH, (os(T)) orif f € SHr(os(T)) and g E€ SH(as(T)). This is due to the 
fact that, for f,g E€ SH (os5(T)) or for f,g E€ SHR(os5(T)), the product fg does in 
general not belong to SH, (as(T)) resp. SHr(as(T)). 

If on the other hand one considers the left slice hyperholomorphic product f xz, g of 
two left slice hyperholomorphic functions (or equivalently, the right slice hyperholo- 
morphic of two right slice hyperholomorphic functions), then it is not clear to which 
operation between operators it corresponds. The considerations in Section 8.3 actually 
suggest, that such operation does not exist. 

However, for power series of an operator variable, we can use the formulas (2.13) 
and (2.14) to define a their xz- resp. *p-product. 
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Definition 4.37. Let T € B(V). For F = $i T"a, and G = 7°) T"b, with 
ae, be € H for £ € N, we define 


+00 n 
F xy, G := zr (> z : 


n=0 k=0 


For F = nop nT” and G= = baT”, we define 


+00 n 
F XR G = ` (>: os) her 


n=0 k=0 


Remark 4.38. For F = X72 T”an and G = )>*%T"b, note that F +; G = FG if 
an € R for any n € N. In this case, the coefficients a,, commute with the operator T, 
and hence, 


+00 n +œ n 
F*,@= >S (> z = De S Pam og = FG. 
n=0 k=0 n=0 k=0 


Similarly, F *p G = FG if b, € R for any n € N. 


Corollary 4.39. Let T € B(V) and let f(x) = Y$ x”an and g(x) = X} a"bd 
be two left slice hyperholomorphic power series that converge on a ball B,(0) sith 
os(T) C B,(0). Then 


F(T) «1 (TL) = (f #1 9) (7). 


Similarly, for two right slice hyperholomorphic power series f (gS pD o nT” and 
glx) = SOF bax” that converge on a ball B,(0) with os(T) C B,(0), we have 


F(T) *r GL) = (f *r G(T). 


Proof. By the properties of the S-functional calculus, we have f(T) = )7*2°) T’an 
and g(T) = $$ T"b,. Hence, 


f(T) +1 g(T -$ T” È AkbDn— 7 


1 
— S7! (s, T) ds; s” akbn— 
~ Or a(UNC;) i l ) = (>: i ) 
1 
So Sz (s, T) ds; f *z 9(s) = (f *r 9)(T). 
T Ja(unC;) 


An analogous computation shows the right slice hyperholomorphic case. 


Observe that S? (s, T) and S%(s, T) and slice hyperholomorphic products of such 
expressions are well defined because of Definition 4.37. In analogy with (4.35), we 
furthermore give the following definition. 
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Definition 4.40. Let T € B(V) and let s € ps(T). For n,m > 0, we define 
S7” (s, T) := Q(T) GT — TY" 
and 
menr e Daa [BZ — aera 
Similarly, we define 
SR? (s, T) = (ET — T)” Q(T)” 
and 
SR” (s, T) *r SR”, T) := [Sb HT) xp (sT — TY] Q(T) CO., 


Remark 4.41. Since the function Q,(x)™” is intrinsic, the above definitions are due to 
the product rule compatible with the S-functional calculus, that is 


[Sz"(s;-)] (T) = Sz”(s,T) and [Sz"(s,-)] (T) = SR” (8, T) 
as well as 
S S -) *L Sr” (5, -)] (T) T Sz” (s, T) *L Sr” ,T) 
and 
[SR (s;:) *r SR” (5, -)] (T) = SR” (s, T) #1 SR” (8, T) 
Proposition 4.42. Let T € B(V) and let s € ps(T). Then 
E E E (-1)"m! N) (4.13) 
and 
praa T = (—1)"m! 95°"? (8,7), (4.14) 
for any m => 0. 
Proof. Recall that the slice derivative defined in Definition 2.12 coincides with the 
partial derivative with respect to the real part sọ of s. We show only (4.13), since (4.14) 
follows by analogous computations. 

We prove the statement by induction. For m = 0, the identity (4.13) is obvious. 
We assume that 0s™-1S7'(s,T) = (—1)™1(m — 1)!.$;'(s,T) and we compute 
ðs” S(s, T). We represent S7” (s, T) using the S-functional calculus. If we choose 
the path of integration in the complex plane C;,, then we find because of (4.11) that 


1 
as8;"(8,7)=Os5- | ST (P.T) dpi Sz"(o.0) 
T Ja(UNG,) 


1 o 
== Sz (p, T) dp; ——(s — p) ™ 
2m Jane.) Oso 
1 7 ie nt 
a S7 (p, T) dpi (s = py" = -m S7 ™™ (s, T), 
T Ja(UNC,) 


and in turn, 
ðs” S(s, T) = Os (og S7'(s,T)) 
= (-1)"""(m — 1)!8s97” (s, T) = (—1)”m! sp" (s, T). 
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Remark 4.43. We point out that Proposition 4.42 also holds true for unbounded closed 
operators. In this case, we have have to modify the definition of S;""(s, 7) by com- 
muting every occurrence of T with Q,(7)~™ just as we did it in the definition of the 
left S-resolvent operator. Otherwise S7” (s, T) is only defined on dom(T™) and not 
on the entire space V. 


Let us now turn our attention to the Taylor series expansion of f(T + N) in the 
operator variable. In order for such an expansion to hold, it is essential that adding a 
somewhat small operator N does not perturb the S-spectrum of T a lot. The following 
result clarifies how one has to measure the distance between a point s € ps(T) and the 
S-spectrum of T. 


Lemma 4.44. Let A C H be axially symmetric and let s = sọ + isı € H. Then 


dist(s, A) = dist(s, AN C;) = dist (s, AN CF), 


where dist(s, A) := inf{|s — x| : x € A} and C7 = {x9 +i, : £o € R, 2 > 0}. 


Proof. For x = zo + iṣxı € A denote xi = zo + ixı. We choose j € S with i L j and 
set k = ij. Then z = x + či + čj + F3k with T+ Z2 + £3 = |x|? = 27, and in turn 


|s — xil? = (so — £0)? + (s1 — 21)? 
=(so — 29)? + s? — 28,2, + 23 
=(so — T0)? + 8? — 2514/72 + 4+ Z2 + 2? + +i 
<(so — to)? + 8? — 251% + £2 + 22 + 3? 
=(so — 29)? + (sı — 1) +35 = |s — x’. 


Since A is axially symmetric, we have {2;: x € A} = AN C=. Consequently, 


inf |s—2|< inf _ |s—2| < inf |s —2;| < inf |s — z|, 
reEA xe ANCZ rEA reA 


and in turn, 


dist(s, A) = inf |s —z|= inf |s—2z|=dist(s, A N C7). 
LE 2 


xE ANC 


Proposition 4.45. Let T € B(V) and let C C H with dist(C,os5(T)) > £ for some 
E > 0. Then there exists a positive constant Kr such that 


K 
Sz" (s,T) #2 $z"(3,T)|| < See (4.15) 

and z 
Bsta ens a (4.16) 


for any s € C and any m,n > 0. 
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Proof. Let U be a bounded slice Cauchy domain with 7g(T') C U with dist(C, U) > e. 
We choose s = sọ + is; E€ C. By Corollary 4.36, we have 


Sr” (s, £) *, 5,"(5,2) =(s—2) “(Ss —2)™ 
for any x € C;. Lemma 4.44 implies dist(s, cl(U) N Ci) = dist(s,cl(U)) > £. Since 


cl(U)AC; is symmetric with respect to the real axis, we also have dist (5, cl(U)NC;) > € 
and we deduce 


Ona) Se STs 
1 = -m —n(s 
= on Se (p, T) dpi S7 (s, p) *L ST c»| 
T JƏ(UNGI 
1 = —M(s =n 
=la Sz" (p, T) dp (s — p) ™ (8 — p) 
T JƏ(UNCI 
1 E -m/z —n 
es [Sz D)|| alp| |(s - vp)" - pv) | 
T Ja(UNG) 
<f sre D] dpi. 
~ 2m Jane) gmn 
Hence, if we set 
1 a 
Kr := sup — IST p, T)|| alpl, 
jeS 47 _Ja(UnC;) 


which depends neither on the point s € C nor on the numbers n,m > 0, then 


Theorem 4.46. Let T € B(V) and let N € B(V) such that T and N commute and 
such that os(.N) is contained in the open ball B.(0). If dist(s,as(T)) > €, then 
s € ps(T + N) and 


n=0 


+00 n 
oT) =) (>: EEEa n) Ne, 


k=0 
where the series converges in the operator norm. 


Proof. We first show the convergence of the series 


+00 n 
u(s, T, N) — >D í SNET) *L n N”. 
n=0 k=0 


Since og(N) is compact, there exists 0 € (0,1) such that os(N) C Bo-(0) C B.(0). 
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Applying the S-functional calculus, we obtain 
1 


Nm =f Sre Nass” 
T JA( Boe (0)NCi) 
1 — m 
= |57 (s, N)|] als 
T J Ə(Boe(0)NC:) 
1 


-> |Sz(s, N)|| dļs| (0e)” 

T JA(Bee(0)NG) 
for any m > 0. Hence, 

|N”]|| < Kn (0e)™ (4.17) 
with 
1 —1 
Ky := — [S7 (8, N)|| dļsl. 

2T Ja(Bo-(0)NC 

From Proposition 4.45, we deduce 


+00 n 
y (>: E oe (n= ttig 7) Nn 
n=0 k=0 
+œ n 
henu senan] 
n=0 k=0 
a Kr n — KrKvn _ m 
s LOED a le) < 2 2 eeay 


By the root test, this last series converges because 0 < 0 < 1. The comparison test 
yields the convergence of the original series (s, T, N) in the operator norm. 
From Definition 4.40 and the fact that T and N commute, we deduce 


Q(T +N) =T? +2TN + N?’ — 28T — 28)N + |s|’ T 
= Q,(T) + (2T — 2s) N + |s|*Z. 
If we denote 
Arlk,n, 8) = (SZ — TYZE+D xr (sT — T) OEH) 
for neatness, we therefore have 
u(s,T,N)O(T+ N) = 


(2 (Es ra Paa e n) x) OTEN) 


n=0 


-5 o.) ae) (Se atin) Q.(T) 
4 Youn ante) (E k,n,s) ) N°) (2T — 2s) 
+ Yan rae) (Se atta) ae 
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Applying Corollary 4.36 and the S-functional calculus, we see that any of the coeffi- 
cients X`} Ar(k, n, 8) = pip (SE —T)*2 4+) xz (sZ— T)*2-*+) is a polynomial 
in T with real coefficients and hence commutes with the operator Q,(7’). Remark 4.38 
implies 


Ys, T, NOME + N) = 

+00 n 
= om. 63 Ar(k,n, ») N 

n=0 k=0 

+00 n 

+ >D Q(T) 0+2 ox Ar(k,n, s) *z ÈT — ea) Ns 
n=0 k= 

+00 = 
4 2 Q(T) C+2 (> Ar(k, n, ») Nt 

= k=0 

= Yar ind) ym (Sdn) Ne 


n—-1 
Seu FPRD mE (k,n — 1,8) *z (2T — oc) N” 


k=0 
+00 n—2 
+X Q(T)” X Ar(k,n— 2, s)N” 
n=2 k=0 
The identity 
n—2 
OMY amas í Ar(k, n 2, ») 
k=0 
n—2 
ae (Ses -TJD wy (sT — ee) 
k=0 
n—-1 
=Q9,(T)™ (Se — TY" x; (sT = ae) 
k=1 


ey (Ss — TYE xp (sT — a) 


=Q, (T) C+) B Ar(k,n, ») 5 
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finally yields 
(s, T, N)O.(T + N) = Q,(T)~'Ar(0, 0, s)N° 


1 
POUT (Soa Ar(k, 1,8) + A(0,0, s) xz (2T — 2c) N 


k=0 
+00 n 
+ yr (> Ar(k,n,s) 
n=2 k=0 
n—l1 n—1 
+ X Ar(k,n — 1,8) *z (2T — 2so7) + X Ar(k,n, ») N”. 
k=0 k=1 


Now observe that 
Q.(T)~'Ar(0, 0, s) N° = Q(T) (SZ — T) xz (sT — T)) 
SOT OTE 
Because of 2T — 2s9Z = —(sZ — T) — (sT — T), we have 


1 
X Ar(k, 1,8) + A(0,0, s) *z (2T — 2897) 
k=0 
=(sI — T) *z (sT — T)? + (5ST — T)? x; (sT —T) 
— (SI — T)? x; (sT — T) — (SZ — T) *, (sT — TY? = 0. 


Finally, we also find again because of 2T — 2s)Z = —(sZ — T) — (sZ — T) that 


ue n—1 n—1 
X Ar(k,n, 8) + X. Ar(k,n — 1, 8) #1 (2T — 2507) + X Ar(k,n, 8) = 
k=0 k=0 k=1 


k=0 
n—1 
(3I — T)“ (+2) xz (sT — Tyrer k) 
k=0 
n—1 
-X (6T- Pyret) +1 (sT — Tyee k+1) 
k=0 
n-1 


az (ST = Pore rT, (sT a bac oes = 0, 
k=1 
where the last identity follows after an index-shift k to k + 1 in the second sum. Alto- 
gether, we find 
u(s,T,N)O.(0T +N) =f. 

From Corollary 4.36 and the S-functional calculus, we already concluded that each of 
the coefficients )*/_, Ar(k,n, s) in U(s, T, N) is a polynomial in T with real coeffi- 
cients and thus commutes with both T and N. Hence, it also commutes with Q.(T +N) 


93 


Chapter 4. A Direct Approach to the S-Functional Calculus for Closed Operators 


and so also 
Q(T + N)X(s,T, N) = X(s,T, N)Q,(T + N) = TZ. 


Hence, Q,(T + N) is invertible, which implies s € pg(T + N). 


Theorem 4.47. Let T,N € B(V) such that os(N) C B.(0) and such that T and N 
commute. For any s € ps(T) with dist(s,os(T)) > e, the identities 


S7 (s, T +N) = Snes; ON h 


and 


SP eTEN = 2 CD(s T) N 


hold true, where these series converge uniformly on any set C with dist(C, os(T)) > €. 


Proof. In (4.17), we showed the existence of two constants Ky > 0 and0 € (0,1) 
such that || N|” < Ky(@e)™ for any m € No. Moreover, for any C C H with 
dist(C, os(T)) > £, Proposition 4.45 implies the existence of a constant Kr such that 
|S," (s, T)|| < Kr/e™ for any s € C and any m € No. Therefore, the estimate 


S |v” sz Gt), 7) | Re > al sc‘ (n+), T| 


n=no 


Kr E n o-oo 
< SS Kle AE = Erin S5 propo 
n=no0 n=no 


holds true for any s € C and implies the uniform convergence of the series on C. 
Let s € ps(T) with dist(s, os(T)) > £. We have 


((T + N)? 2T + N) + lT) SINS; em) 


n=0 
+00 
= (T? — 2soT + |s|?Z) XC N"(T? — 25T + |s| T) Ot (BE — TYE) 
n=0 
+00 
+ (2T — 2507) N X` N” (T? — 2soT + |s| T) 0+8 (ST — Tye) 
n=0 
+ N? XO N"(T? — 25oF + |s T) -C+ (BZ — TH) 


=X N”(T? — 25T + |s PT) (6T — TY 
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+00 
+ SON"! (2T — 2807) (T? — 25T + |s|PT) OY (ST — TY) 


n=0 


+00 
+ SO NPT? — 2s0T + |s|? T) FY (ST — TJOD, 
n=0 


Shifting the indices yields 
+00 
((T + N}? — 2s0(T + N) + |s|PT) XO N” S7” (s,T) 


n=0 


+00 
=X N°(T? — QsoT + |s PT) "(5T — TY) 
n=0 
+00 
+ XO N" (2T — 25oL) (T? — 2soT + |s| T) "(SZ — T)” 


n=1 


+00 
+ XO N” (T? = 2soT + |s| PT) 0P (SI — TY) 
n=2 


=3T —T + N(T? =T + lP ET — T)*?? 
+ N(T? — 2soT + |s|?Z)~*(2T — 2spZ)(SI — T)+ 


+00 
ES P 2QsoT + |3|2Z) [ez — T) 0+) 
n=2 


+ (2T — 2syZ) (SZ — T)**” 
+ (T? — 25T + ener. 


The last series equals 0 because Remark 4.38 and the identity 
(T? — 2soT + |s| °T) = (sT — T) *, (ST — T) 
imply 
GEST) VALOR = est (5T — T)” 
+ (T? — IsoT + |s|2Z)(ST — T) 09 
=(5T Ty) 4 (2T — 9567) x; (5T — T)” + (sT — T) 4; (GE — T)” 
=(5T — T + 2T — 259 + sT — T) x; (ET — T) 0) = 0. 


Hence, we finally obtain 


+00 
((T + N}? — 280(T + N) + |s?Z) XC N”S7" t(s, T) 
n=0 


vA 


=sI — T + N(T? — sof + |s| T) 1 ("I — 2T3 +T’) 
+ N(T? — 2soT + |s| T) 1 (2TS — 2so5T — 2T? + 2soT) 
=51 — T + N(T? — 25T + |s PT) H-T? + 2soT — |s T) = 5Z —T — N. 
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Since Q,(T + N) = (T + N} — 250(T + N) + |s|?Z is invertible by Theorem 4.46, 
this is equivalent to 


Sows; er) = OPN) GTT -N= GTN). 


The identity for the right S-resolvent can be shown with analogous computations. 


Theorem 4.48 (The Taylor formulas). Let T, N € B(V) with og(N) C B.(0) such 
that T and N commute and set 


Cz(os(T)) := {s € H : dist(s,os5(T)) < €}. 
If f € SHL(Celos(T))), then f € SHL(os(T + N)) and 


f(T+N)= yond (Os"f) T). 


Similarly, if f E€ SHr(Cz(as5(T))), then f E€ SHr(os(T + N)) and 
+00 


1 n 
ITENS Os (ON 
n=0 
Proof. We prove just the first Taylor formula, the second one is obtained with simi- 
lar computations. By Theorem 4.46, we have os(T + N) C C.(os(T)) and so the 
function f belongs to SH;(a5(T + N)). If U is a bounded slice Cauchy domain with 
Cz(os(T)) C U and cl(U) C dom(f), then we find due to Theorem 4.47 that 


1 es 
1 ae 


= — N” STH” (s, T) dsi f(s) 
2T Jaune) <= 


+00 
1 
=Ņ nN" f Sp) (s, T) ds; f(s). 
2m Jawne) 


By Proposition 4.42, we have 
ae 1 as 
Sr (s, T) = (—1)" 8s" S7 (s, T) 


and so 


Ni 


f(T +N)= SmE 


3s” S7! (s, T) ds; f(s). 
a ney OSE ) ds; f(s) 


After integrating the n-th oa in the sum n times by parts, we finally obtain 


n! 


EENS N : Ro (s, T) ds; (O5"f)(s > ae Os" f)(T). 
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CHAPTER 


Functions of the Generator of a Strongly 
Continuous Group 


The S-functional calculus is the functional calculus based on slice hyperholomorphic 
functions that makes the weakest assumptions on the operator. It only requires the 
operator’s S-resolvent set to be nonempty. As in the complex case, the price for these 
weak assumptions are the relatively strong assumptions that one has to make on the 
class of admissible functions, namely that they are slice hyperholomorphic on the S- 
spectrum of 7’ and at infinity. Similar to the classical case, additional knowledge about 
the operator allows us to extend the class of admissible functions. In this chapter we 
shall assume that 


T is the infinitesimal generator of a strongly continuous group (U7(t))rer. (G) 


One can then formally replace the exponential in the quaternionic Laplace-Stieltjes- 
transform 


A= [awe Be? Gti a Bie tosh 


where w is the constant in Theorem 2.74, by the group Ur(t), which formally corre- 
sponds to et". Precisely, one defines 


f(T) = [ dyi(t)Ur(—t). 


We point out that the function f is now slice hyperholomorphic on os(T) but not nec- 
essarily at infinity. 

In the complex setting the above procedure yields the Phillips functional calculus, 
which was introduced in [13, 72]. In this chapter we introduce its quaternionic counter 
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part and study its properties and its relation with the S-functional calculus following 
the treatise in [38]. The presented results were published in [3]. 


5.1 Preliminaries on Quaternionic Measure Theory 


Before we are able to define the Phillips functional calculus for quaternionic linear 
operators, we have to recall some facts about quaternion-valued measures and to in- 
vestigate their product measures. These results will be essential, when we study the 
properties of the quaternionic Laplace-Stieltjes-transform. 

In [2, Section 3], Agrawal and Kulkarni showed quaternion-valued measures have 
properties similar to the properties of complex-measures. In particular, we can define 
their variation, which has analogous properties as the variation of a complex measure, 
and find that the Radon-Nikodym theorem also holds true in this setting. We recall 
some results that we will need in the sequel, for more details see [2]. 


Definition 5.1. Let (Q, A) be a measurable space. A quaternionic measure is a function 


u: A— H that satisfies 
j (Une) E 2 H(An) 


nEN 
for any sequence of pairwise disjoint sets (An)nen C A. We denote the set of all 
quaternionic measures on A by M (Q, A, H) or simply by M (Q, H) or M (Q) if there 
is no possibility of confusion. 
Corollary 5.2. Let (Q, A) be a measurable space. The set M(Q, A, H) is a two-sided 
quaternionic vector space with the operations 


(u +v)(A) := u(A)+v(A),  (au)(A) :=ap(A), — (wa) (A) := u(A)a 
for u,v E€ M(Q, A, H), a € H and A € A. 


Remark 5.3. Let i,j € S with i L j. Since H = C; + jC;j, it is immediate that a mapping 
u : A — H is a quaternionic measure if and only if there exist two C;-valued complex 
measures /11, u2 such that u( A) = u (A) +ju2(A) for any A € A. Moreover, since also 
H = Ci; + Cij, there exist Cj-valued measures ñ, jig such that u( A) = A (A) + fio(A)j 
for any A € A. 


Definition 5.4. Let u € M(Q,A,H). For all A € A denote by II(A) the set of all 
countable partitions 7 of A into pairwise disjoint, measurable sets A:, £ € N. The total 
variation of u is the set function 


lul(A) := sup i X |u(Ad| sm € na} for all A € A. 


AET 


Corollary 5.5. The total variatation |u| of a measure p € M(Q, A, H) is a finite 
positive measure on Q. Moreover, |a| = |ua| = |ulja| and |u + v| < |u| + |v| for any 
u,v E M(Q, A, H) and a € H. 


Recall that a measure u is called absolutely continuous with respect to a positive 
measure v, if u( A) = 0 for any A € A with v(A) = 0. In this case, we write u < v. 
We denote by Li (Q, A, v, H) the Banach space of all H-valued functions on ( that are 
integrable with respect to the positive measure v. 
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Theorem 5.6 (Radon-Nikodym theorem for quaternionic measures). Let v be a o-finite 
positive measure on (Q, A). A quaternionic measure p E€ M(Q, A, H) is absolutely 
continuous with respect to v if and only if there exists a function f € L!(Q, A, v, H) 
such that 


A).= Eo dv(x) forall A€ A. 


Moreover, f is unique and 


lu|(A =f | f (x)| dv(x forall AE A. (5.1) 


The identity (5.1) follows as in the classical case, cf. [75, Theorem 6.13]. 


Corollary 5.7. Let u € M(Q,A,H). Then there exists an A- o ae 
h : Q > H such that \h(x)| = 1 for any x € Q and such that (A) = f, h(x) d|p|(x) 
forany AEA. 


In order to define the quaternionic Laplace-Stieltjes-transform and the Phillips func- 
tional calculus for quaternionic linear operators, we define integrals with respect to 
quaternionic-valued measures as in [3]. Let us again consider a quaternionic two-sided 
Banach space V. By Remark 2.34, V is a real Banach space if we restrict the scalar 
multiplication to the real numbers. Moreover, recall that HI itself is a quaternionic two- 
sided Banach space so that the following discussion also holds in the scalar case. 

Let v be a positive measure on (Q, A). Recall that in Bochner’s integration theory, 
a function f : 2 — V is called v-measurable if there exists a sequence of functions 
fala) = dor, aixa,(x), where ag € V and y4, is the characteristic function of a 
measurable set Aç, such that fa(x) > f(a) as n —> +00 for v-almost all x € Q. 

The next lemma is a simple application of the Pettis measurability theorem, which 
states that f is v-measurable if and only if 


(i) f is essentially separably valued, i.e. there exist a separable subspace B of V and 
a subset N C Q with v(N) = 0 such that f(Q \ N) C B, and 


(ii) f is weakly measurable, i.e. the function y o f : Q > R is measurable for any 
continuous R-linear functional y : V > R. 


Lemma 5.8. Let X be a quaternionic Banach space and let v be a positive measure on 
(Q,.A). If f :Q— X and g : Q > Hare v-measurable, then the functions fg and gf 
are v-measurable. 


Proof. Let g = pare geez, where eo = 1 and e1, €2, €3 is the generating basis of H and 
where gy : Q — R are the real-valued components of g. The components are given by 
ge = Te © g, Where 7 is the projection onto the -th component of R4 S H, and so they 
are measurable. 

By the Pettis measurability theorem, the function f is essentially separably valued 
and weakly measurable. Let now N C Q with v(N) = 0 such that f(Q \ N) C B for 
some separable (R-linear) subspace B of V. Since ge(x) € Rand f(x) € B, we find 
that also (fge)(x) = f(x)ge(a~) € B for any x € Q \ N and hence fg is essentially 
separably valued for £ = 0,...,3. Furthermore, for any continuous R-linear functional 


p : V + R, we find that  o (fge)(z) = v(f(2)ge(z)) = (f (x))ge(x). Hence, 
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yp o (f gc) is the product of the two measurable functions y o f and ge from 2 to R and 
so measurable itself. We conclude that fg¢ is weakly measurable and so, due to the 
Pettis measurability theorem, it is even v-measurable. 

We further observe that the mappings v +> ve, and v +> ev are continuous R-linear 
mappings on V and hence not only the functions x +> f (x)ge(x) but also the functions 
x > f(x)ge(x)ee and x ++ eg f(x)ge(x) are v-measurable. So we finally conclude that 
fg and gf are v-measurable since they are the sums of v-measurable functions. 


Let v be a positive measure on (Q, A). Recall that a v-measurable function on Q 
with values in a real Banach space is Bochner-integrable, if fo || f()||dv() < +00. 


Definition 5.9. Let V be a quaternionic Banach space, let pp € M(Q, A, H) and let 
h : Q — H be the function with |A| = 1 such that du(x) = h(x) d|ju|(x). We call two 
pi-measurable functions f : Q — X and g : Q —> Ha p-integrable pair, if 


J FU diel < + 
Q 


LOO. 
In this case, we define 
[fag f fhaa 6.2) 
Q Q 
and 
[ous = f ghf dļul, (5.3) 
Q Q 


as the integrals of a function with values in a real Banach space in the sense of Bochner. 


Remark 5.10. Note that in the definition of the integrals in (5.2) and (5.3), we can 
replace the variation of u by any o-finite positive measure v with y < v. If h, is the 
density of u with respect to v and pj„; and p, are the real-valued densities of |u| and v 
with respect to |u| + v, then 


p= Ale =hoy(lul+e) and = hy = hpll +2). 
Theorem 5.6 implies that hj, = hy py is in L* (|u| +v). Therefore 


f fhgdv = I f fhygov dlia] +0) 


= f | tha duly) =f thoyg atl +») 
QI Q 
= f thao aul +») = | fhod = f fans. 


Hence, the integral is linear in the measure: if u,v E€ M(Q, A, H) then u and v are 
absolutely continuous with respect to T = |u| + |v|. If p, and p, are the densities of u 
and v with respect to 7, then 


[rautya= f font oad 


= | fogdr+ | togdr= f tana f fava 
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Similarly, if a € H and u = p| u| then a = ap|u| and so 


f taws= f toad = f Gopsdui= f Gadus. 


In the same way, one can see that fe f d(ua)g = fo f du (ag). 


We finally define now the product measure and the convolution of two quaternionic 
measures as in [3]. Also these concepts will be essential when we discuss the product 
rule of the quaternionic Phillips functional calculus. 


Lemma 5.11. Let u E€ M(Q, A, H) and v € M(X, B, H). Then there exists a unique 
measure u X v on the product measurable space (Q x T, A & B) such that 


(u x v)(A x B) = p(A)v(B) (5.4) 
forall A € A,B € B. We call u x v the product measure of u and v. 


Proof. Let i,j € S with i L j and let yu = py + jue with 41, y2 E M(Q, A, Ci) and 
v = n + vj with 11,72 E€ M(Y,B,C;). Then, there exist unique complex product 
measures pe X Vk E M(Qy x Q2, A Q B, Ci) of w and ve for £, k = 1, 2. If we set 


U XV = fy X Vy + Jug x vi + py X vj + Juz x vaj, 
then u x v is a quaternionic measure on (Q x Y, A & B) and 
u(A)v(B) =u (A) (B) + ju2(4)vı(B) 
+ pi (A)v2(B)j + ju2(4)v2(B)j 
=u X vı( A x B) +j x (A x B) 
+ [ly X n(A x B)j + juz X v2(A x B)j = (ux v)(A x B). 


In order to prove the uniqueness of the product measure, assume that two quater- 
nionic measures p = pı + poj and T = Tı + Tj on (Q x Y, A x B) satisfy p(A x B) = 
T(A x B) whenever A € A and B € B. Then pı(A x B) = n(A x B) and 
P(A x B) = (A x B) for A € Aand B € B. Since two complex measures on 
the product space (Q x T, A & B) are equal if and only if they coincide on sets of the 
form A x B, we obtain pı = Tı and p2 = 72 and, in turn, p = p1 + pj = Ti + Tj =T. 
Therefore, u x v is uniquely determined by (5.4). 


Remark 5.12. Note that it is also possible to define a commuted product measure u XV 
on (Q x Y, A ® B) that satisfies 


(uxev)\(A x B)=v(B)u(A), VACA BEB. 


This measure is different from the measure v x u that is defined on (Y x Q, B @ A) and 
satisfies 
(v x u)\(B x A) =v(B)u(A), VBE B AEA. 


Lemma 5.13. Let (Q, A, 1) and (Y, B, v) be quaternionic measure spaces. Then 
Ie x v| = |a] x vl: 
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Moreover, if du(x) = f(x) d|u|(x) and v(x) = g(x) d|v|(x) as in Corollary 5.7, then 
foranyCeEAxB 


TERI C)= f Fo t) dlu x v|(s, 2). 


Proof. Let f: Q — H and a Yo 7 with |f| = 1 a G = 1 be functions as in 


Corollary 5.7 such that (A) = f, f(t) d\u|(¢) and v(B) = fp g(s) d|v|(s) for all 
AEA ‘ , B. ee let r = (t, s) and let h(r) = ; (t) g(s). Then the eke 
Cre J. h(r) d(|u| x |v|)(7) defines a measure on (Q x T, A x B) and Fubini’s theorem 


for ue ple implies 


f rodde = f f roodo) 
= f roam N GOE, 


The uniqueness of the product measure implies u x v(C) = fe h(r)d(|ul x |v|)(r) for 
any C € A x B. Since |h| = |f| |g| = 1, we deduce a (5.1) 


|u x v|(C =f |h(r)| dle] x vD) = (el x WDCC) 


foral C € Ax B. 


Splitting the measure u into two complex components and applying the respective 
result for complex measures, we obtain the transformation rule for integrals with respect 
to a push forward measure stated in the following lemma. 


Lemma 5.14. Let (Q, A, u) be a quaternionic measure space, let (Y, B) be a measur- 
able space and let ¢ : Q — Y be a measurable function. If a function f : Y —> X 
with values in a quaternionic Banach space X is integrable with respect to the image 
measure u? (B) := 1(¢~1(B)) and f o ¢ is integrable with respect to u, then 


[fae Z [ toodu (5.5) 


Definition 5.15. We denote the Borel sets on a topological space X by B(X). In par- 
ticular, we denote the Borel sets on R, C and H by B(R), B(C) and B(H), respectively. 


We recall that, for any Borel set Æ € B(R), the set 


P(E) := {(u,v) ER? :u +v € E} 


is a Borel subset of R?. 


Definition 5.16. Let 1, v be quaternionic measures on B(R). The convolution u * v of 
u and v is the image measure of u x v under the mapping ¢ : R? > R, (u,v) œ> u +v, 
that is, for any Æ € B(R), we set 


(u *v)(E) = (u x v)(P(E)). 


The following corollary is immediate. 


102 


5.1. Preliminaries on Quaternionic Measure Theory 


Corollary 5.17. Let u,v, p E€ M(R, B(R), H) and let a,b € H. Then 


(i) (utv)*xp=puxpt+v«*pandux(v+p)=pxvt+pxp 
(ii) (ap) * v = a(n x v) and u x (va) = (u * v)a. 
Corollary 5.18. Let u,v E€ M(R, B(R), H). Then the estimate 
ex (BE) < (lul * PDB) 
holds true for all E € B(R). 


Proof. Let E € B(R) and let r € I(E) be a countable measurable partition of E. 


Then 
XO (u*v) (E)| = X (u x v)\(P(E))| 


EEn Eyer 


< Y Ju x v|(P(Eo)) = |u x v\(P(E)), 


EEn 


and taking the supremum over all possible partitions 7 € II(£) yields 


|u * v|(E) < |u x v|(P(E)) = (la| x |V) (P(E) = (lul * vŒ). 


Corollary 5.19. Let u,v E€ M(R, B(R), H) and let F: R —> V be integrable with 
respect to p * v and such that [$S pee |’ (s + t)|| d|u|(s) dlv|(t) < +00. Then 


[roe (u* v)( =f fF (s + t) du(s) dv(t). 


Proof. Because of our Ea vi Definition 5. A y can o WG) 5.14 with 
o(s,t) = s+t. If w(A) = Ja a , = f g(s)d|v|(s), then the 
product measures satisfies if xv) = fa F( F Iv|)(s, t) by a 5.13. 
Applying Fubini’s theorem -S 


I 


[ Fouse = 

= f Flo(s.t) d(w x v)(s, t) 

= f FDE ala x vist) 
- I F(s + t) f(s)g(t) diul(s) dlv|(t) 


5 [ [ FAA aie) a): 
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5.2 The Quaternionic Laplace-Stieltjes-Transform and Functions of the 
Generator of a Strongly Continuous Group 


Recall that we made the assumption (G), that is that T € K(V) is the infinitesimal gen- 
erator of the strongly continuous group (Ur(t)):e on operators V. By Theorem 2.74, 
there exist positive constants M > 0 and w > 0 such that ||2/7(t)|| < Me“! and such 
that the S-spectrum of the infinitesimal generator T lies in the strip 


W, := {s E H: —w < Re(s) < w}. 


Moreover, we have 
+00 
Sa (s T) = f e™ Ur(t) dt, Re(s) >w 
0 


and 


Definition 5.20. We denote by S(T) the family of all quaternionic measures u on B(R) 
such that 


fame etl < too 
R 


for some £ = e(u) > 0. The function 


Lle) = f de 


with domain 


Wate = {5 E H: -—(w +e) < Re(s) < (w+e)} (5.6) 


is called the quaternionic bilateral (right) Laplace-Stieltjes-transform of ju. 


Definition 5.21. We denote by V (T) the set of quaternionic bilateral Laplace-Stieltjes- 
transforms of measures in S(T). 


I 


Lemma 5.22. Let u,v € S(T) anda € 


(i) The measures ap and u + v belong to S(T) and 
Lap) =aLl(u), L(u+v)= Llu) + Lv). 
(ii) The measures u x v belongs to S(T). Ifv is real-valued, then 
L(p xv) = L(y) * L(y). 


Proof. Lete = min{e(u),e(v)}. Corollary 5.5 implies 


f don elt) — Ja] 1 d|u| ell&*9) < +00 
R R 


and 
f anve < falco + f ajy eMe < +00. 
R R R 
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Thus, au and u + v belong to S(T). The relations L(a) = aLl(u) and L(u + v) = 
L(u) + L(v) follow from the left linearity of the integral in the measure. 

The variation of the convolution of ju and v satisfies |u * v|(E) < (|u| * |V|) (E) for 
any Borel set Æ € B(R), cf. Corollary 5.18. In view of Corollary 5.19, we have 


| dlp x v|(rjeorl < f f dlul(s) div (tet 
R RJR 
< 1 d|yl(s) e+! ‘| dlv\(t) +9!" < 400, 
R R 


—st 


Therefore, u x v € S(T). If v is real-valued, then v commutes with e~*’ and Fubini’s 


theorem implies for s € W,,,. that 


eux ry(s)= f a= ff auto) antw ee 


2 [ dult) e fl dv(u) e™™ = L(y) (s) £)(s). 


Theorem 5.23. Let f € V(T) with f(s) = fg du(t)e~* for any s in the strip Wo+e 
defined in (5.6). 


(i) The function f is right slice hyperholomorphic on the strip W..+<. 
(ii) For any n € N, the measure u” defined by 


we) = f Aue" for E EBR) 


belongs to S(T) and, for s € Wo4s, we have 


as" f(s) = L du” (i) e" = dyi(t) (=e, (5.7) 


where Os f denotes the slice derivative of f as in Definition 2.12. 


Proof. In the proof of this results we will make use of the same kind of arguments as in 
[38, Lemma 2, p. 642]. For every n € N and every 0 < £ı < e there exists a constant 
K such that 


tre tenet < Ketat tER. 


Since u € S(T), we have 


faro elwtertle| = f amie |t| etten <K f dul ettall < 409 
R R R 


and so u” € S(T). 
The function f is a right slice function as 


Fle) = | auet = f Aue cosl) — f du(tye™ sin(si, 
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and 
a(So, $1) = | du(therMte™ cos(s1) 
R 
and 


B(S0, $1) := I sin(sı) 


satisfy the compatibility conditions (2.4). For any s = so + issı E€ W.,4-, we have 
ew Pt I est 


lim (fi(p) — f(s) (p-s) = lim} du(t) 


Ci, Dp>s Ci, Dp>s R p—s 


If p is sufficiently close to s such that also p € W,,+<, then the simple calculation 


1 
le” = e7] = 1 e 8-E(P-5) t(p = s) i < jt}e@tO |p =. s|, 
0 


yields the estimate 
| et — eo 
Ip — sl 
which allows us to apply Lebesgue’s theorem of dominated convergence in order to 
exchange limit and integration. We obtain 


ie Oe a= i u(t) (=t) = f dyul(t)e*. (5.8) 


Ci D>s R 


S pe 


Consequently, the restriction fi, of f to the complex plane Ci, is right holomorphic 
and, by Lemma 2.15, the function f is in turn right slice hyperholomorphic on the strip 
W.,+-- Moreover, (5.8) implies 


asf (s) = [ du (t) e" 


for s € W.,,-. By induction we get (5.7). 


Definition 5.24. Let T' be the quaternionic infinitesimal generator of the strongly con- 
tinuous group (Ur(t)):er on a quaternionic Banach space V. For f € V(7’) with 


f(s) = f du(t)e"" fors € Wo+e, 
R 


and u € S(T), we define the right linear operator f(T) on V by 


f(T) = f OUr: (5.9) 


Remark 5.25. In particular for p € H with Re(p) < —w the function s œ> S} (p, 8) 
belongs to S(T’). Set dup(t) = —X>0,400)(t)e” dt, where x4 denotes the characteristic 
function of a set A. If Re(p) < Re(s), then 


Llup(s) = f dute =~ f° creat = -35 (8,p) = SRP) 
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and 


a ™ Ut) dt = — f UO d= 550.7). 


For p € H with w < Re(p) set dup(t) = x(—-cooj(t)e dt. Similar computations 
show that also in this case S} (p,s) = L(up)(s) € S(T) if Re(s) < Re(p) and 
L(Hp)(T) = SR (p, T). 

Theorem 5.26. For any f € V (T), the operator f(T) is bounded. 
Proof. Let f(s) = fe du(t)e™* € V (T) with u € S(T). Since ||Up(t)|| < Me”, we 
have 


EDIS f djul) |Ur(—t)|| < M f diult) el < too. 


== 


Lemma 5.27. Let f = L(y) and g = L(v) belong to V (T) and let a € 
(i) We have (af)(T) = af (T) and (f + g)(T) = f(T) + g(T). 
(ii) If g is an intrinsic function, then v is real-valued and (fg)(T) = f(T)g(T). 


Proof. The statement (i) follows immediately from Lemma 5.22 and the left linearity 
of the integral (5.9) in the measure. In order to show (ii), we assume that g = L(v) is 
intrinsic. Then the measure v is real-valued and Lemma 5.22 gives fg = L(u * v) € 
V(T). We find 


(f9)(T)v = i d(x v)(r)Ur(—r) = i i dyi(s) du(t)Up(—(s + t) 
= f EAS ii dv(t)Ur(—t) = f(T)g(T), 


where we use that 7/7(—s) and v commute because v is real-valued. 


5.3 Comparison with the S-Functional Calculus 


A natural question that arises is the relation between the functional calculus introduced 
in Definition 5.24 and the S-functional calculus for closed operators. In this section we 
show that the two functional calculi coincide if the function f is slice hyperholomorphic 
at infinity. In order to prove this, we need a specialised version of the Residue theorem 
that fits into our setting. 


Lemma 5.28. Let O C H be axially symmetric and open, let f : O \ |p| — H be right 
slice hyperholomorphic and let g : O — V be left slice hyperholomorphic such that 
p = po + ip; € O isa pole of order n¢ > 0 of the H-valued right holomorphic function 
fi := fonc Ife > 0 is such that cl(U-(p) N Ci) C O, then 


1 ns—1 1 i f 
on a(Ue(p)nCy) f(s) ds; g(s) = >, 71 Resp (fi(s)(s — p) ) (ðs g(p)) . 
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Proof. Since f is right slice hyperholomorphic, its restriction f; is a vector-valued holo- 
morphic function on O N C; if we consider H as a vector space over C; by restricting 
the multiplication with quaternions on the right to C;. Similarly, since g is left slice hy- 
perholomorphic, its restriction gi := glonc, is a V-valued holomorphic function if we 
consider V as a complex vector space over C; by restricting the left scalar multiplication 
to C;. Consequently, if we set p = dist(p, 0(O N C;)), then 


+oo +00 


fi(s) = ` akls — p)" and gi(s) = 56s — p)*bp (5.10) 


k=—nf k=0 


for s € (B,(p) N Ci) \ {p} with a, € H and by € V. These series converge uniformly 
on O(B.(p) N Ci) for any 0 < £ < p. Thus, 


1 
== f(s) dsj g(s) = 
2T Ja(Be(p)nc;) 


1 ne . 
=— k-n; (S — nf | dsi (s — p)’ bj 
2T JoB: (£ i ) (5 
ae —j—ny (sf (s—p)o-™ ds; (=p) bj 
2T Ja(Be(p)nC;) 


I 

. 

o 
oD 
+ 
cz 

ao 

Q&Q 


since + Jaceetpyney (8 — p)*"f ds; equals 1 if k — ns = —1 and 0 otherwise. Finally, 


we observe that a- = Res, (fi(s)(s — p)*') and by = 40s*gi(p) by their definition 
in (5.10). 


In order to compute the integral in the S-functional calculus, we recall the definition 
of the strip 


W. := {s E€ H: —c < Re(s) < c} forc > 0 
and we introduce the set 0(W, N Ci) for i € S. It consists of the two lines s = c + it 
and s = —c—i7 with7 ER. 


Proposition 5.29. Let a and c be real numbers such that w < c < |a|. For any vector 
v € dom(T”), we have 


1 
Ur(t)v = — 
2T Jaw.ncy) 


Proof. We recall that 


e(a — s)? dsi SR (s, T)(aT — T)*v. (5.11) 


+00 
SpR (s, T) = f e™ Ur(t)dt, Re(s) >w. 
0 
Since ||Ur(t)|| < Me*", we get a bound for the S-resolvent operator by 
+00 
\|Sz'(s, T)|| = m f e(Rels))t dt, Re(s) >w (5.12) 
0 
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which assures that ||S}" (s, T)|| is uniformly bounded on {s € H : Re(s) > w +€} 
for any € > 0. A similar consideration gives a uniform bound of ||S}" (s, T)|| on 
{s € H : Re(s) < —(w + e)}. Thanks to such bound the integral in (5.11) is well 
defined since the (œ — s)~? goes to zero with order 1/|s|* as s —> o0. We set 


1 


F(t)v = — 
2T Jawency) 


e(a — s)? dsi Sp (s, T)(aT — T)*v 


for v € dom(T?). We show that F (t)v = Ur(t)v using the Laplace transform and we 
first assume t > 0. If Re(p) > c, then 


+00 
I e™™ F(t)v dt = 
0 


+00 
ue oy e(a — s) ° ds, Sp (s, T)(aT — T)*v dt 
2T Jo a(WeNC;) 
1 TeS 
= (/ ererat) (a — s)? dsi SR (s, T)(aT — T)*v. 
2T Jawane) \Jo 


Now observe that 
+00 
| ee" dt = SR (p, s), 
0 


so we have 


+00 
f e™™ F(t)v dt = A SpR (p, 8)(a — 8)? dsi Sp (s, T)(aT — T)’v. 
0 2T Jaw.nc,) 


We point out that the function s œ> S} (p, s)(a — s)~? is right slice hyperholomorphic 
for s ¢ [p] U {a} and that the function s + S} (s, T)(aT — T)?v is left slice hyper- 
holomorphic on ps(T). Observe that the integrand is such that (a — s)~? goes to zero 
with order 1/|s|? as s — oo. By applying Cauchy’s integral theorem, we can replace 
the path of integration by small negatively oriented circles of radius 6 > 0 around the 
singularities of the integrand in the plane C;. These singularities are a, pi = po + ip, 
and p if i ~ +i,. We obtain 


+00 
| e™™ F(t)v dt = 
0 


1 
FA Sp (p, 8)(a — 8)? dsi Sp (8, T) (aT — T)*v 
2T Ja(us(ayncy) 
1 
ee S5\(p, s)(a — s)? ds; Sg! (s, T)(aZ — T)?v 
2m Ja(us(p)nc) 
1 


— — Sr (p, s)(a — s)? dsi SpR (s, T)(aT — T)’. 
2T Jasin) 


Observe that the integrand has a pole of order 2 at œ and poles of order 1 at p; and 
pi (except if i = +i,). Applying Lemma 5.28 with f(s) = S} (p, s)(œa — s)~? and 
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g(s) = S} (s, T) (aT — T)?Vv yields therefore 


+00 
f e ™™ F(t)v dt = 
0 


= — Res, (Sp (p, s)(a — s)~7) SR (a, T)(aZ — T)?v 
— Resa (Sp (p, 8)(s — a)*) on )(aZ — T)’v) 
— Res, (Sp (p, 8)(a — 8)7) Sai (pi, T i T)?v 
— Resp (Sp (p, s)(a — s)°) SR' (m, T)(aT — T)’v 
We calculate the residues of the function f(s) = Sp (p, s)(œa — s)~?. Since it has a 


pole of order two at a, we have 


o o 
Resa(f) = lim 5 fils)(s— a)? = lim ZSR (P:s) = (p- a), 


where the last identity holds because a is real, and 


Resa(Jfi(s)(s — a)) = lim fi(s)(s — a)? = Sp (p, a). 


Cjas-a 


The point pi = po + ip, is a pole of order 1. Thus, setting si, = so + ips; € Ci, for 
s = Sọ + is; € Ci, we deduce from Theorem 2.9 that 


Resp (fi) = lim fi(s)(s— pi) = „lim Sp4(p, 8)(a — 8)?(s — pi) 


Cas p; Cas p; 
= lim, [SR es) ~ iis + SR OTA H (6— P)la~ 9) 
= lim (p= 5)" = y(n) 5(0 p 
+ lim (p— 5) 0 thi) — p50 -p 
=| i = 9,) 20 = p(s =] ze- 
We compute 
lim (p= s)! (I= hi) = p) 
= lim (Pp ~ 53.) "(1 ipi)(so — po) + (P — 8," — ipi)ils1 — p1) 
= im h — Sip) (80 — Po)(1 — ipi) + (p — 51,)~"(81 — p1) i + ip) 
ee — 8i,)” "(80 — Po)(1 — ipi) + (p — 81) "(81 — P1)ip(—ipi + 1) 
= lim (p ~ s)" (so — po + ipls1 — p1))(1 — ipi) 
= lim (p= 5) (s, = p)(1 = i) = —(1 = ipi) 
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and finally obtain 
1 d 2 
Res, (fi) = -301 — ii)(a— pi). 


Replacing i by —i in this formula yields 
1 one = 
Resp( fi) = -30 + pi) (@ — 7)”. 


Note that these formulas also hold true if i = +i,. In this case either Resp (fi) = 
—(a — pi)? and Res;( fi) = 0 because 7; is a removable singularity of fi or vice versa. 
Moreover, 


SR (a, T)(aT — T)*v = (aT — T) (aT — T)*v = (aT — T)v 


and 
ðsSz (a, T)(aT — Tv = —(aT — T)? (aT — T)*v = —v 


because a is real and so Sp (a, T) = (aZ — T)~1. Putting these pieces together, we 


get 
+00 
f e™ F(t)v dt = 
0 


= — (p—a)*S5(0,T)(aZ — T)?v 


+30- iia = p) ?SR (p T)(oT — T)?v 


sl +bi)(a— P) ?S R(T T)(aT — T)?v = 


(p-a) ’(aT -T)v + (p-a) v 
H (p - a)” SR (p, T)(aT - T)’v 


where that last identity follows from Theorem 2.9 because the mapping 
pir (ea py Sap TST 


is left slice hyperholomorphic. We factor out (p — a:)~? on the left and obtain 


+00 
f e ™™ F(t)v dt = 
0 


gs da ed a —a)v + SR (p, T)(aT — T} v) 
=(p — a)? (pv — 2av + Tv + SR (p, T)(aT — T)*v) . 


Recall that we assumed that v € dom(T?). Hence, Tv € dom(T) and so we can apply 
the right S-resolvent equation (2.28) twice to obtain 


SR (p, T)(aT — T)?v = Sp (p, T)(T?°v — 2aTv + a’v) 

= pS} (p, T)Tv — Tv — 2apSp (p, T)v + 2av + a° S} (p, T)v 

= p’ SR (p, T)v — pv — Tv — 2apSpR (p, T)v + 2av + a? SpR (p, T)v 
= (p — a)’ SR (p, T)v — pv + 2av — Tv. 
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So finally 


+00 
f Fv d =p- a)? - a) Sp. T)v = SR (p, T). 
0 
Hence, 
+00 tæ 
f e™™ F(t)v dt = Sg (p, T)v = i e™™ Ur(t)v dt, 
0 0 


for Re(p) > c, which implies F(t)v = U7(t)v for v € D(T?) andt > Oasa 
consequence of the quaternionic version of the Hahn-Banach theorem [36, Theorem 
4.10.1]. 

Applying the same reasoning to the semigroup (U(—t)):>o, with infinitesimal gen- 
erator —T', we see that 


1 
U(-t)v = — e(a — s)? ds, SpR (8s, -T)(aZ + T)?v 
2T Jacw.nc;) 
1 
== e "(a +s)? ds, Sp (s, T\(aZ +T), 
2T Jacw.nc;) 


where the second equality follows by substitution of s by —s because S,'(—s, -T) = 
— Sp (s, T). Replacing a by —a and —t by t, we finally find 


1 


U(t)v = — 
2T Ja(wenc;) 


e(a — s)? dsi Sp (s, T)(aZ — T)*v 


also for t < 0. 


Proposition 5.30. Let a and c be real numbers such thatw < c < |a|. If f € V(T) is 
right slice hyperholomorphic on cl(W,), then for any v € D(T?) we have 


1 


= = f(s)(a — s)? dsi Sg (s, T)(aZ — T)’. (5.13) 
2T Jacwenc;) 


f(D)v 
Proof. We recall that f can be represented as 
f(s) = f dutty e* 
R 


with u € S(T). Using Proposition 5.29 we obtain 
1 


2T Jawn) 


a f i du(t)e* (a — s)~? ds, SpR (s, T)(aT — T)?v 
2T JƏ(WenC) JR 


e 1 du(t) (- i ya ON da SRM, THOT — Tv) 
= f OUr = sD. 


f(s)(a — s)~* dsi Sp (s, T)(aT — T)*v 


112 


5.3. Comparison with the S-Functional Calculus 


Note that Fubini’s theorem allows us to exchange the order of integration as the S- 
resolvent S} (s, T) is uniformly bounded on 0(W..C;) because of (5.12) and so there 
exists a constant K > 0 such that 


Sh f hino ea- s)? dsi Sp (8, T)(aT — T)*v|| 
Ə(WeNCi) 
<x f [ dao “alls (s, T)lll(oZ — T)2vllds 
O(WeNC;) 


ae [auite) eo" as 
a(wenc,) JR (1+ |s|}? 


This integral is finite because, as u € S(T), we have 


fame ell < +00. 
R 


Theorem 5.31. Let f € V(T) and suppose that f is right slice hyperholomorphic 
at infinity. Then the operator f(T) defined using the Laplace transform equals the 
operator f(T] obtained from the S-functional calculus. 


Proof. Consider œ € R with c < |a| and observe that the function g(s) := f(s)(a — 
s)~* is right slice hyperholomorphic and, since f is right slice hyperholomorphic at 
infinity, tends to zero with order 1/|s|? as s tends to infinity. The S-functional calculus 
for unbounded operators thus satisfies 


g|T] = goz + | g(s) dsi Sp (s, T). 
Ə(WenC:) 
By Theorem 4.19, we have for v € V that 
fIT\(ef - T) ?v = — f(s)(a — s} dsi SpR (s, T)v. 


But by Proposition 5.30, it is 


f(Tyu= > 


f(s)(a — s)? dsi SR (s, T)(aT — T} u 
2T Jacw.nc;) 
for u € D(T?). Setting v = (aT — T}’u, we conclude 
flTiv =f), for v € D(T’). 


Since D(T?) is dense in V and since the operators f |T] and f(T) are bounded we get 


fT] = Ja 
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5.4 The Inversion of the Operator f(T) 


We study the inversion of the operator f(T) defined by the above functional calculus via 
approximation with polynomials P,, such that lim,-.4.. P,(s) f(s) = 1. In general the 
pointwise product P,,(s) f(s) is not slice hyperholomorphic and therefore we must limit 
ourselves to intrinsic functions. The main goal of this section is to deduce sufficient 
conditions such that 


lim P,(T)f(T)v =v, foreveryv E€ V. 


n—-+00 


Lemma 5.32. Let T € K(V) such that ps(T) NR € @. If dom(T) is closed, then 
dom(T") is dense in V for every n € N. 


Proof. If a € ps(T) OR, then dom(T”) = dom((aZ — T)") = (aT —T)"V. 
Therefore a continuous right linear functional v* € V* on V vanishes on dom(T”) if 
and only if the functional v*(aZ — T)~", which is defined as (v*(aZ — T)~",v) := 
(v*, (aT —T)~"v) for v € V, vanishes on the entire space V. 

We show the statement by induction. It is obviously true for n = 0, so let us 
choose n € N and let us assume that it holds for n — 1. By the above arguments, a 
functional v* € V* vanishes on dom(7”) if and only if the functional v*(aZ—T)~” = 
v*(aZ—T)~-- (aT — T)! vanishes on V, which is equivalent to v* (aZ —T)~("-» 
vanishing on dom(T). Now observe that by assumption dom(T’) is dense in V. Hence, 
Corollary 2.52 implies that a functional u* € V* vanishes on dom(T’) if and only 
if it vanishes on all of V. We conclude that v* € V* vanishes on dom(7™”) if and 
only if v*(aZ — T)~- vanishes on all of V*, which is in turn equivalent to v* 
vanishing on dom(T”~'). Since dom(T”~') is dense in V by the induction hypothesis, 
Corollary 2.52 implies again that a functional u* € V* vanishes on dom(7”~*) if and 
only if it vanishes on all of V. Therefore, we finally find that v* vanishes on dom(T”) 
if and only if it vanishes on all of V* and a final application of Corollary 2.52 yields 
that dom(T”) is dense in V. 


Lemma 5.33. Let P be an intrinsic polynomial of degree m and let f and P,,f both 
belong to V(T). Then f(T)V C dom(T™) and 


P(T)f(T)v =(Pf)\(T)v,  forallv € V. 


Proof. We first consider the case v € dom (T™+?). Let a,c € R with w < c < Jal 
and let i € S. The function Pf is the product of two intrinsic functions and therefore 
intrinsic itself. By Proposition 5.30, Lemma 5.27 and Remark 5.25, we have 


(al —T) "(Pf)(L)v = 
1 


7 (a — s)"™P(s) f(s)(a — s) ° ds, Sg (s, T)(aZ — T)?v. 
T JƏ(WenCi) 


We write the polynomial P in the form P(x) = X} akla — x)" with a, € R. In view 
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ofProposition 5.30, Lemma 5.27 and Remark 5.25 we obtain again 


(al —T) (Pf) (L)v 


= | (a — s)"™** f(s)(a — s)~? dsi Sg (s, T)(aT — T)*v 
Wen 


=X_ a(o — T)" f(T)u = (aT — T)™ X. ax(aE — T} f(L)v 
=(aT — T)” P(T) f(T)v. 


Consequently, (P f)\(T)v = P(T) f(T)v for v € dom (T™+?). 

Now let v € V be arbitrary. Since dom(T™7+?) is dense in V by Lemma 5.32, 
there exists a sequence v, € dom(T™+?) with lim,_,4.,Vn = v. Then f(T)v, > 
f(T)v and P(T)f(T)vn = (Pf)(T)vn > (Pf)(T)v as n — +00. Since P(T) is 
closed with domain dom(7"”), it follows that f(T)v € dom(T™) and P(T)f(T)v = 
(Pf)(T)y. 


Definition 5.34. A sequence of intrinsic polynomials (Pp )nen is called an inverting 
sequence for an intrinsic function f € V (T) if 


O Paf E€ VT), 


(ii) |Pa(s)f (s)| < M, n € N for some constant M > 0 and limp—s+o Pals) f(s) = 1 
in a strip W,,4. = {s E H : —(w +€) < Re(s) <w+e}, 


(iii) (PRAI <M, n € N for some constant M > 0. 


Theorem 5.35. If (Pa )nen is an inverting sequence for an intrinsic function f € V (T), 
then 


lim P(T) f(T)v =v Vv eV. 


n—>+00 


Proof. First consider v € dom(T?) and choose a € R with w < |a|. ThenProposi- 
tion 5.30 and Lemma 5.33 imply 


PATE (T)v = (Paf )T)v 
P,,(s) f (s)(a — s)° dsi Sp (s, T)(aT — T)}?v 


o1 


2T Ja(We,NC;) 


for arbitrary i € S and c„ € R with w < cn < |a| such that P, f is right slice hyper- 
holomorphic on cl(W,,,). However, we have assumed that there exists a constant M 
such that |P, (s) f (s)| < M for any n € N on a strip —(w+e¢) < Re(s) <w +e. 
Moreover, because of (5.12), the right S-resolvent is uniformly bounded on any set 
{s € Gi: |Re(s)| > w + e'} with ec’ > 0. Applying Cauchy’s integral theorem we can 
therefore replace O(W.,,NC;) for any n € N by O(W.NC;) where c is areal number with 
w < c< min{|a|,w +e}. In particular, we can choose c independent of n. Lebesgue’s 
dominated convergence theorem allows us to exchange limit and integration and we 
obtain 


P,(T) f(T)v = = 


— (a — s) ° ds; SR (s, T)(aT — T)*v =v. 
2T Jacw.nc;) 
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If v € V does not belong to dom(T”), then we can choose for any € > 0 a vector 
ve € dom(T”) with ||v — v.|| < £. Since the mappings (P„f)(T) are uniformly 
bounded by a constant M > 0, we get 


(Pa PAT) = vl] < 
< (PRAT = (Paf)(D)vell + RAT): = vell + Ilve = v| 
< M|lv = vell + I(Paf)T)ve = vell + Ilve — vll 


-=> M|iv — vell + |v- v|| < (M + De. 


Since £ > 0 was arbitrary, we deduce limn-,+.0 ||(Prf)(L)v—v|| = 0 even for arbitrary 
we V. 


Corollary 5.36. Let V be reflexive and let P,, be an inverting sequence for an intrinsic 
function f € S(T). A vector v belongs to the range of f(T) if and only if it is in 
dom(P,(T)) for all n € N and the sequence (P,(T)v) nen is bounded. 


Proof. If v € ran f(T) with v = f(T)u then Lemma 5.33 implies v € dom(P,,(T)) 
for all n € N. Theorem 5.35 states lim, ++. Ph(T)v = u, which implies that the 
sequence (P,,(T)V) nen is bounded. 

To prove the converse statement consider v € V such that (P,,(T)v)nen is bounded. 
Since V is reflexive the set {P (T)v : n € N} is weakly sequentially compact. (The 
proof that a set E in a reflexive quaternionic Banach space V is weakly sequentially 
compact if and only if & is bounded can be completed just as in the classical case 
when V is a complex Banach space, see [38, Theorem II.28].) Hence, there exists a 
subsequence (Pp, (T)v)ken and a vector u € V such that (v*, Pa, (T)v) > (v*, u) as 
k — +00 for any v* € V*. We show v = f(T)u. 

For any functional v* € V* the mapping v* f(T), which is defined by 


also belongs to V*. Hence, 
(vs FD) Pa (P)v) = WVST), Pa (P)v) > (v" (T), u) = (v", (Pu). 


Recall that the measure u with f = L(y) is real-valued since f is intrinsic. Therefore 
it commutes with the operator Pa, (T). Recall also that if w € dom(7™) for some 
n € N then Ur(t)w € dom(T”) for any t € Rand Ur(t)T”w = T”Ur(t)w. Thus, 
Pa, (T)Ur(t)v = Ur(t)Pa,(T)v because Pa, has real coefficients. Moreover, we can 
therefore exchange the integral with the unbounded operator Pa, (T) in the following 
computation 
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Theorem 5.35 implies for any v* € V* 


(v*,v) = lim (v*, Pa (L)f(L)v) = lim (v*, f(L) Pr, (L)v) = (2*, f(L)u) 


k- oo k-oo 


and so v = f(7’)u follows from Corollary 2.52. 
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CHAPTER 


The H~-Functional Calculus 


The H°°-functional calculus was originally introduced in [67] by McIntosh in 1986. 
His approach was generalized to quaternionic sectorial operators that are injective and 
have dense range in [8] by Alpay, Colombo, Qian, and Sabadini. The H°°-functional 
calculus stands out among all holomorphic resp. slice hyperholomorphic functional 
calculuses because it allows to define functions of an operator such that f(T) is un- 
bounded. 

We shall now define the H°°-functional calculus for arbitrary sectorial operators 
following the strategy of [59], which will provide the techniques to introduce fractional 
powers of quaternionic linear operators in Section 7.2. This approach requires neither 
the injectivity of 7’ nor that T has dense range. Several proofs do not need a lot of 
additional work and the strategies of the complex setting can be applied in a quite 
straightforward way. We shall therefore, in particular focus, on the proof of the chain 
rule and of the the spectral mapping theorem, where more severe technical difficulties 
appear. These results are part of the article [19]. 


6.1 The S-Functional Calculus for Sectorial Operators 


In order to define the notion of a sectorial operator, we introduce the sector X, for 
yp € (0, 7] as 


Ly := {s € H: arg(s) < p}. 


Definition 6.1. Let w € [0, 7). An operator T € K(V) is called sectorial of angle w if 
(i) we have os(T) C ce (£4) and 


119 


Chapter 6. The H~-Functional Calculus 


(ii) for every y € (w, 7) there exists a constant C > 0 such that for s € cl(X,) 
C C 
lsz (s, T)|| < al and = ||SR (s, T)|| < Ei (6.1) 
S s 
We denote the infimum of all these constants by Cy resp. by Cy,r if we also want 
to stress its dependence on T. 


We denote the set of all operators in K(V) that are sectorial of angle w by Sect(w). 
Furthermore, if T is a sectorial operator, we call wr = min{w : T € Sect(w)} the 
spectral angle of T. 

Finally, a family of operators (TJy)cea is called uniformly sectorial of angle w if 
T; € Sect(w) for all £ € A and supye, Cyr, < +00 for all y € (w, 7). 


Definition 6.2. We say that a slice hyperholomorphic function f has polynomial limit 
c € Hin X}, at 0 if there exists a > 0 such that f (p) — c = O (|p|*) as p > Oin £, and 
that it has polynomial limit oo in Xy at 0 if f~*” resp. f~*® has polynomial limit 0 at 
0 in dy. (By (2.18) this is equivalent to 1/|f(p)| € O(|p|*) for some a > 0 as p > 0 
in Uy.) 

Similarly, we say that f has polynomial limit c € Ha at oo in Uy if p œ> f(p-') 
has polynomial limit c at 0. If a function has polynomial limit 0 at 0 or oo, we say that 
it decays regularly at 0 resp. oo. 


Observe that the mapping p++ p~' leaves X, invariant such that the above relation 
between polynomial limits at 0 and oo makes sense. 


Definition 6.3. Let y € (0, 7]. We define SHY (2) as the set of all bounded functions 
in SH;(X,) that decay regularly at 0 and oo. Similarly, we define SHR (Xp) and 
SH > (£o) as the set of all bounded functions in SH p(X) resp. SH(X,,) that decay 
regularly at 0 and oo. 


The following Lemma is an immediate consequence of Corollary 2.7. 
Lemma 6.4. Let p € (0, 7]. 


(i) If f,g E SHE (X_) anda € H, then fa +g E€ SHZ,(X,). If in addition even 
f € SHX (Ło), then also fg € SHY (£o). 


(ii) If f,g © SHRo(U,) anda € H, thenaf +g E€ SHR o(L,). If in addition even 
g E SH (Ło), then also fg E SHY (X,). 


(iii) The space SHẸ (Ug) is a real algebra. 


Definition 6.5 (S-functional calculus for sectorial operators). Let T € Sect(w). For 
f € SHT (29) with w < p < 7, we choose y’ with w < y’ < ọ andi € S and define 


1 e 
f(T) := = — Se (s, T) dsi f(s). (6.2) 


Similarly, for f € SHR (2) with w < p < 7, we choose y’ with w < y’ < ọ and 
i € S and define i 


On 


f(T): f(s) ds; Sp'(s, T). (6.3) 
aE Nti) 
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Remark 6.6. Since T is sectorial of angle w, the estimates in (6.1) assure the conver- 
gence of the above integrals. A standard argument using the slice hyperholomorphic 
version of Cauchy’s integral theorem show that the integrals are independent of the 
choice of the angle y’ and standard slice hyperholomorphic techniques based on the 
representation formula as in the proof of Theorem 4.5 show that they are independent 
of the choice of the imaginary unit i. For further details we also refer to the proof of 
Theorem 4.9 in [8]. Finally, computations as in the proof of Theorem 4.12 show that 
(6.2) and (6.3) yield the same operator if f is intrinsic. 


If T € Sect(w), then f(T) in Definition 6.5 can be defined for any function that 
belongs to SHF o(2ọ) for some y € (w, 7]. We thus introduce a notation for the space 
of all such functions. 


Definition 6.7. For w € (0,7), we define SH79[Su] = Uveper SHE (Uy) and simi- 
larly also SHR [Xu] = U SHR (Uy) and SHY [Eu] = U SHF (Bia) 


w<psnr w<pcnr 


The following properties of the S-functional calculus for sectorial operators can be 
proved by standard slice-hyperholomorphic techniques as, see. Theorem 4.19 or see 
also [8, Theorem 4.12]. 

Lemma 6.8. [fT € Sect(w), then the following statements hold true. 


(i) If f € SHE |X] or f E€ SHR o[Uu], then the operator f(T) is bounded. 


(ii) If f,g € SHE o[%.] and a € H, then (fa + g)(T) = f(T)a+ g(T). Similarly, if 
fg E SHE o[%.] anda € H, then (af + g)(T) = af (T) + g(T). 


(iii) If f € SHEE] and g € SHEo[X.], then (fg)(T) = f(T)g(T). Similarly, if 
f € SHR [Xu] and g E SHF [Zv], then also (fg)(T) = f(T)g(T). 


We recall that a closed operator A € K(V) is said to commute with B € B(V), if 
BAC AB. 


Lemma 6.9. Let T € Sect(w) and A € K(V) commute with Q,(T)~' and TQ,(T)~! 
for any s € ps(T). Then A commutes with f(T) for any f € SH°[%.,|. In particular 
f(T) commutes with T for any f € SHX |Ev]. 


Proof. If f € SHX [E], then for suitable y € (w, 7) and i € S, we have 


1 


K= f(s) dsSq'(s,T) 
2T JaEynci) 
=> i f (—te'”) (—e'”) (—i) (—te“¥ = T) Osa saa di 
aS EEA (E) (i) (62° =T) Quel T) at 


After the changing t +> —t in the first integral, we find 
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o1 
On 


f(D) f 7 ¢ (tel?) (elt) (te™ — T) Qael T) di 


S a 


+ on Ih f (te) (-e7¥i) (te — T) Q,.-ie(T)~* dt 


/  aRe [F (tel) it] Quae T)2 at 


1 ee 


=i 
(OT 


2Re Lf (te?) ie"? ] T Qiie (T) dt, 


e 


where the last identity holds because f(5) = f(s) as f is intrinisic and Q,.i.(T)~! = 
Oey (T) a 

If now v € dom(A), then the fact that A commutes with Q,(T)~' and TQ,(T)~! 
and any real scalar implies 


f(T)Av = Ti 2Re [f (te'”) it] Qio (T) Av dt 


On Jo 
E prs TRIE 
2Re [f (te) ie] T Qais (T) | Av dt 


o 


+00 
=A f 2Re |f (te) it] Qiie (T) v dt 
27 Jo 
[pees 


SA 2Re [f (te) ie'”] T Qie (T) "v dt = Af (T)v. 
0 


We thus find v € dom(Af(T)) with f(T) Av = Af(T)v and in turn f(T)A C Af(T). 


Lemma 6.10. Let T € Sect(w). If A € (00,0) and f € SHE [Xu], then s œ> 
(A — s) f(s) € SH&4|[X.] and 


(A = 8) F (8)) (T) = (A -= T) S(T) = SPA, TIFT). 


Similarly, if A € (—0o,0) and f € SHR [Du], then s œ f(s)(A — s)7! € SHP lE] 
and 


(FA) TAAST =S AT): 


Proof. Let A € (—oo,0) and observe that, since À is real, the S-resolvent equation 
(2.30) turns into 


(A—T)*Sz*(8,T) = SR’, T)Sz"(s,T) = (Sz (A, T) — S77(8,T)) (8 — A). 
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If now f € SHZ [Xu], then for suitable y € (w, 7) andi € S, we have 


(AZ —T)-1f(T) = 


= (AZ — T)-1871(s,T) ds; f(s) 
T JA(DLNCi) 
=~ (Sq1(A,T) — Sz1(s,T)) (s — A)7? ds: f(s) 
A(Zy~NCj) 
7 AU ie nC) EAR 
> S7 (s, T) dsi (à — 8)" f(s) = ((A— 8)! £ (8)) (T), 
A(Z~NC}) 


where the last equality holds because + Jaca nc) dsi (s — \)~ f(s) = 0 by Cauchy’s 
integral theorem. 


Similar to [59], we can extend the class of functions that are admissible to this 
functional calculus to the analogue of the extended Riesz class. 


Definition 6.11. For 0 < y < 7, we define 


ELE) = { fe) = FP) + (+p) ta +b: f E€ SHE(E,), a,b E H) 


and similarly 


Enl) = {£(e) = fly) + a(1 +p)! +b: F E€ SHE(D,),a,0 E H}. 


Finally, we define €(%,,) as the set of all intrinsic functions in Ez (£), i.e. 


E(Dp) = {f(@) = Fle) + (1+ p) a+b: F E€ SHP Ep) a,b ER}. 


Keeping in mind the product rule of slice-hyperholomorphic functions, simple cal- 
culations as in the classical case show the following two corollaries, cf. also [59, 
Lemma 2.2.3]. 


Corollary 6.12. Let 0 < p < 7. 


(i) The set E,(X,) is a quaternionic right vector space and it is closed under multi- 
plication with functions in E(X.) from the left. 


(ii) The set Ep(X,) is a quaternionic left vector space and it is closed under multipli- 
cation with functions in E(%,) from the right. 


(iii) The set E(X:,) is a real algebra. 


Corollary 6.13. Let 0 < p < a. A function f € SHL(£ẹ) (or f E SHr(X,) or 
f E SH(X,)) belongs to Er (Xe) (resp. Er(Uy) or E(X,)) if and only if it is bounded 
and has finite polynomial limits at 0 and infinity. 
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Definition 6.14. For w € (0,7), we denote €7[5u) = Uu<yp<r Ex(%y) as well as 

Eala = Uncyen Ex(Ep) and EE.) = Un epen & Ep). 

Definition 6.15. Let T € Sect(w). We define for any function f € €,[%,,] with f(s) = 

f(s) + (1+ s)7‘a + b the bounded operator 
[Msg 


and for any function f € Ep{%.] with f(s) = f(s) + a(1 + s)~! + b the bounded 
operator 


~ 
a 
+ 

Ww 
oa 


f(T) := f(T) +a(1 +T)! +57, 
where f(T’) is intended in the sense of Definition 6.5. 


Lemma 6.16. Let T € Sect(w) and let f € ELEn]. If f is left slice hyperholomorphic 
at 0 and decays regularly at infinity, then 


1 
RCS eats 
2m Jau(r)ncy) 
withi € S arbitrary and U(r) = X U B, (0), where p E€ (w, T) is such that f € Er (Xe) 
and r > 0 is such that f is left slice hyperholomorphic on cl(B,(0)). Moreover, if f is 
left slice hyperholomorphic both at 0 and at infinity, then 


es | S-1(s,T) ds; f(s), (6.5) 
2T JƏ(U(r,R)NC;) 
with i € S arbitrary and U(r, R) = U(r) U (H \ Br(0)), where y € (w, T) is such 
that f € EL(£ p), r > 0 is such that f is left slice hyperholomorphic on cl(B,(0)) and 
R > r is such that f is left slice-hyperholmorphic on Ħ \ Br(0). 

Similarly, if f € Er|X.|, is right slice hyperholomorphic at 0 and decays regularly 
at infinity, then 


SF (s, T) dsi f(s), (6.4) 


1 


= f(s) ds, SR (s, T), 
2T Jau(r)ncy) į 


f(T) 
with i € S arbitrary and U(r) chosen as above. Moreover, if f € Ep|X..| is right slice 
hyperholomorphic both at 0 and at infinity, then 


= Es Sz! 
ID= Hotta fH) SRT), 


with i € S arbitrary and U(r, R) is chosen as above. 


Proof. Let us first assume that f € €&;,|%.,] is left slice hyperholomorphic at 0 and 
regularly decaying at infinity. Then f(s) = f(s) + (1+.s)~‘a, where f € SHE 9(Uy’) 
with w < y < vy’, and the function f is moreover also left slice hyperholomorphic at 0. 
For i € Sand w < ọ < y’, we therefore have 


1 
a Sz (s, T) ds; f(s) 
aU (r)NC;) 
1 ~ 1 
=e SF (s, T) ds; f(s) + =f ST (s, T) dsi (1 + s)'a. 
T Ja(U(r)NC:) T JAa(U(r)NCG) 
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If r’ > r > 0 is sufficiently small such that f is left slice hyperholomorphic at 
cl(B,-(0)), then Cauchy’s integral theorem implies that the value of the first integral 
remains constant as r varies. Letting r tend to 0 we find that this integral equals f (T) 
in the sense of Definition 6.5. For the second integral we find that 


1 
— S7 (s, T) dsi (1 +8) 'a 
2T JAUEN) 
1 
= lim — | SF (s, T)dsi (1 +s) 4a = (1 +T) 'a, 
R=>+œ 2T a(U(r,R)NC:) z 


where the last identity can be deduced either from the compatibility of the S-functional 
calculus for closed operators with intrinsic polynomials in Lemma 4.21 and Theo- 
rem 4.19 or as in the complex case in [59, Lemma 2.3.2] from the residue theorem. 
Altogether, we obtain (6.4). 

If f € Erlo] is left slice hyperholomorphic both at 0 and at infinity, then f(s) = 
f(s) +(1+s)~la+ 6 where f € SH (Uy) with w < y’ < 7 is left slice hyperholo- 
morphic both at 0 and infinity and a,b € H. We therefore have 


1 i 
ES dsi 
f(oo)Z + = T, Sz (s, T) dsi f(s) 


= S3 (s, T) dsi f(s) 
2T JaUm RA) 


1 
+AT f Sz (s, T) dsi (1+ s)`*a +b). 
a(U(r,R)NG) 


As before, because of the left slice hyperholomorphicity of f at 0 and infinity, Cauchy’s 
integral theorem allows us to vary the values of r and R for sufficiently small r and suf- 
ficiently large R without changing the value of the first integral. Letting r tend to 0 and 
R tend to oo, we find that this integral equals f(T) in the sense of Definition 6.5. Since 
f (co) = b, the remaining terms however equal (1+7)~ta+Zb, which can again either 
be deduced by a standard application of the the residue theorem and Cauchy’s integral 
theorem as in [59, Corollary 2.3.5], or from the properties of the S-functional calculus 
for closed operators since the function s ++ (1+ s)~ta+Dis left slice hyperholomorphic 
on the spectrum of T and at infinity. Altogether, we find that also (6.5) holds true. 

The right slice hyperholomorphic case finally follows by analogous arguments. 


Corollary 6.17. The S-functional calculus for closed operators and the S-functional 
calculus for sectorial operators are compatible. 


Proof. Let T € Sect(w). If f € €&,[%X,] is admissible for the S-functional calculus 
for closed operators, then it is left slice hyperholomorphic at infinity such that (6.5) 
holds true. The set U(r, R) in this representation is however a slice Cauchy domain 
and therefore admissible as a domain of integration in the S-functional calculus for 
closed operators. Hence, both approaches yield the same operator. 


Definition 6.15 is compatible with the algebraic structures of the underlying function 
classes. 
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Lemma 6.18. [fT € Sect(w), then the following statements hold true. 


(i) If f, g € Ex|X,] and a € H, then (fa + g)(T) = f(T)a + g(T). If f, g € Er[Xa] 
and a € H, then (af + g)(T) =af(T) + g(Z). 


(ii) If f € EEn] and g € €,[%,], then (fg)(T) = f(L)g(T). If f € Ep[dX.] and 
g € EEn], then also (fg)(T) = f(L)g(Z). 


Proof. The compatibility with the respective vector space structure is trivial. In order 
to show the product rule, consider f € €[,,] and g € €,[%,] with f(s) = f(s) + 
(1+ s)-1a + b with f € SH°[D,] and a,b € Rand g(s) = g(s) + (1+s)e+d 
with g € SHF,|%..] and c,d € H. By Lemma 6.8, Lemma 6.10 and the identity 
(T+T)? = (T+T) —T(T+T)?, we then have 


FTIT) =F(T)HT) + ÄTT +T) c+ FT) + (Z+T)'G(T)a 
+(T+T)?ac+ (T+T) 'ad+ g(T)b+ (T+T) tbe + bdT 
= (fa + f(lts)te+ fd+(1+s)7lgat+ 3b) (T) 
—-T(T +T) ?ac+ (£+T) (ad + ac + bc) + bdT. 


Since —s(1 + s)? € E,[™.,] is left slice hyperholomorphic at zero and infinity, Corol- 
lary 6.17 and the properties of the S-functional calculus imply (—s(1 + s)?)(T) = 
—T(Z+T)~ such that 


f(T)g(T) = fa i fa Es) tcṢ fd4 (14s) tga + gb- s(1 +8) 7ac| (T) 
+ (T+T) (ad + ac + be) + bd = (fg)(T) 
since 


(f9)(s) =f(s)G(s) + F(s) +s)" + f(s)d + (1+ s)TG(s)a 
+ @(s)b — s(1 +s) act (1 + s) (ad + ac + bc) + bd. 


The product rule in the right slice hyperholomorphic case can be shown with analogous 
arguments. 


Lemma 6.19. [fT € Sect(w), then the following statements hold true. 
(i) We have (s(1+s)"')(T) = T(T +T). 


(ii) If A is closed and commutes with Q,(T)~! and TQ,(T)~' for all s € ps(T), then 
A commutes with f(T) for any f € E[%.,|. In particular T commutes with f(T) 
for any f € E[X,]. 


(iii) Ifv € ker(T) and f € Ep[™,,], then f(A)v = f(0)v. In particular this holds true 
if f € E[d.]. 


Proof. The first statement holds as 
(s(1+s)")(T)=(1-(14+8)")() =Z-(£+T)' =T(L+T)* 
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and the second one follows from Lemma 6.9. Finally, if v € ker(T), then 
Q.(T)v = (1° — 2sol + Isl?) Vac |s|?v 


and hence 
SpR (s, T)v = ET = TOC) ysis) °v Sar 


For f € SHR |X], we hence have 


z 1 y 
f(T)v => f f(s) dsi Sp (s, T)v 
2T JanC) 
Ta f(s) dsi stv = 0 
2T JA(EpNC:) 


by Cauchy’s integral theorem such that for f(s) = f(s)+a(1+s)~!+band v € ker(T) 


f(D)v = f(T)v +a(Z + T)~'v + bIv = av + bv = f(0)v. 


Remark 6.20. If f € E(X), then we cannot expect (iii) in Lemma 6.19 to hold true. 


In this case i 


f(T)v S7 (s, T) ds; f(s)v, 


2T JASN) 
but v and ds; f(s) do not commute. So we cannot exploit the fact that v € ker(T) to 
simplify S;'(s,T)v = s™tv. Indeed, also this identity does not necessarily hold true 
as S7 (s, T) = Q,(T)-'(8 —T)v = Q(T) -tzv for v € ker(T). But the kernel of T 
is in general not a left linear subspace of T and hence we cannot assume Sv € ker(T). 
The simplification O,(T)~1(s,T)3v = |s|?5v = sv is not possible. 


6.2 The H~”-Functional Calculus 


The H°°-functional calculus for complex linear sectorial operators in [59] applies to 
meromorphic functions that are regularisable. Defining the orders of zeros and hence 
also of poles of slice-hyperholomorphic functions properly is a not our goal and goes 
beyond the scope of this thesis. We hence use the following simple definition, which is 
sufficient for our purposes. 


Definition 6.21. Let s € H and let f be left slice hyperholomorphic on an axially 
symmetric neighbourhood [B,.(s)] \ {s} of s with |B,(s)] = {x € H : dist([s], x£) < r} 
and assume that f does not have a left slice hyperholomorphic continuation to all of 
[B,.(s)]. We say that f has a pole at the sphere [s] if there exists n € N such that x > 
Q(x)” f(x) has a left slice hyperholomorphic continuation to [B,(s)] if s ¢ R resp. 
if there exists n € N such that x +> (x — s)” f(x) has a left slice hyperholomorphic 
continuation to |B,(s)] if s € 


æ 


Remark 6.22. If |s] is a pole of f and £ẹ is a sequence with limn—+oo dist (£n, [s]) = 0, 
then not necessarily lim, _,+.0 |f (£n)| = +00. One can see this easily if one restricts f 
to one of the complex planes Ci. If i,j € S with j L i, then the function fj := f|;2,(s)jnc, 
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a meromorphic function with values in the complex (left) vector space H = C; + Cij 
over C;. It must have a pole at si = so + is; or 5; = so — isı. Otherwise we could 
extend fi to a holomorphic function on B,.(s) N C;. The representation formula would 
allow us then to define a slice hyperholomorphic extension of f to B,(s). However, si 
and 5; are not necessarily both poles of fi. Consider for instance the function f(x) = 
ST (s, £) = (2? — 2sog + |s|?) 71 (5 — £), which is defined on U = H \ [s]. If we choose 
i = i,, then f|unc; = (s — x)~', which does obviously not have a pole at 5. Hence, if 
In € Ci tends to 5, then | f(z,,)| remains bounded. 

However, the representation formula implies that there exists at most one complex 
plane Ci such that only one of the points 5; and s; is a pole of fi. Otherwise we could use 
it again to find a slice hyperholomorphic extension of f to B,.(0). For intrinsic functions 
both points s; and 5; always need to be poles of fi as in this case f,(¥) = fi(x). 

In general we therefore do not have limgist(x,[s})-+0 |f (x)| = +00, but at least for the 
limit superior the equality 


limsup |f(x)| = +00 
dist (x,[s])—0 


holds. If f is intrinsic, then even limaist(z,{s}) +0 |f (x)| = +00 holds true. 


Definition 6.23. Let U C H be axially symmetric. A function f is said to be left 
meromorphic on U if there exist isolated spheres [x,,] C U for n € ©, where © is a 
subset of N, such that f|,, € SH,(U) with U = U \ U,,<o[#n] and such that each 
sphere [pn] is a pole of f. We denote the set of all such functions by M,;(U) and the 
set of all such functions that are intrinsic by M(U). 

For U = &,, with 0 < w < 7, we furthermore denote 


Mz [Xulr = Un<gerM 1 (Xy) and M[Xu]r = Un <penM (dy). 


Definition 6.24. Let T € Sect(w). A left slice hyperholomorphic function f is said to 
be regularisable if f E€ M;,(X.,) for some w < p < m and there exists e € E(X) such 
that e(T) defined in the sense of Definition 6.15 is injective and ef € €,(%X,). In this 
case we call e a regulariser for f. 

We denote the set of all such functions by M,|%.,|r. Furthermore, we denote the 
subset of intrinsic functions in M7|%.,])r by M[Xu|r. 


Lemma 6.25. Let T € Sect(w). 


(i) If f,g E MilEolr and a € H, then fa+g E€ Mz[Sulr. If furthermore f € 
M([dXiu|7, then also fg E€ Mz[Xu]r. 


(ii) The space M[|».,,|7 is a real algebra. 


Proof. If e, is a regulariser for f and e> is a regulariser for g, then e = e1e% is a 
regulariser for fa + g and also for fg if f is intrinsic. Hence the statement follows. 


Remark 6.26. If T is injective, then f does not need to have finite polynomial limit at 0 
in X. Indeed, the function p ++ p(1 + p)~? or the function p +> p (1 + p?) ’ and their 
powers can then serve as regularisers that may compensate a singularity at 0. Choosing 
the latter as a specific regulariser yields exactly the approach chosen in [8], where the 
H% -functional calculus was first introduced for quaternionic linear operators. 
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Definition 6.27 (H®-functional calculus). Let T € Sect(w). For regularisable f € 
M_|X.)r, we define 


f(T) = e(T) > (ef)(T), 


where e(7')~! is the closed inverse of e(T) and (ef)(T) is intended in the sense of 
Definition 6.15. 


Remark 6.28. The operator f(T) is independent of the regulariser e and hence well- 
defined. Indeed, if é is a different regulariser, then e and € commute because they both 
belong to €[&,|. Hence, é(T)e(T) = (€e)(T) = (eé)(T) = e(T)é(T) by Lemma 6.18. 
Inverting this equality yields e(T)~'é(T)~* = €(T)~te(T) such that 


e(T) ENT) = e(L)*e(T) (TD) (ef) (L) = e(T) (1) eera) 
=Ee(T) eT) eef T] = e(T) eT eT (Ef) (L) = ET EINT): 


If f € E,[%.,,], then we can use the constant function 1 with 1(T) = Z as a regulariser 
in order to see that Definition 6.27 is consistent with Definition 6.15. 


Remark 6.29. Since we are considering right linear operators, Definition 6.27 is not 
possible for right slice hyperholomorphic functions. Right slice hyperholomorphic 
functions maintain slice hyperholomorphicity under multiplication with intrinsic func- 
tions from the right. A regulariser of a function f would hence be a function e such 
that e(T) is injective and fe € Er(£p). The operator f(T) would then be defined 
as (fe)(T)e(T)~*, but this operator is only defined on ran e(T) and can hence not be 
independent of the choice of e. If we consider left linear operators, the situation is of 
course vice versa, which is a common phenomenon in quaternionic operator theory, cf. 
for instance also Remark 6.20. 


The next lemma shows that the function f needs to have a proper limit behaviour at 
0 if T is not injective. 


Lemma 6.30. Let T € Sect(w) and f E€ Mz,[%.)|r. If T is not injective, then f 
has finite polynomial limit f(0) € H in X, at 0. If furthermore f is intrinsic, then 
f(L)v = f(0)v for any v € ker(T). 


Proof. Assume that T is not injective and let e be a regulariser for f. Since e(T)v = 
e(0)v for all v € ker(T) because of (iii) in Lemma 6.19, we have e(0) # 0 as 
e(T) is injective. The limit e(0)f(0) := lim,4oe(p)f(p) of e(p)f(p) as p tends to 
0 in £, exists and is finite because ef € E&;,(%X,,). Hence the respective limit of 
f(p) = e(p)'(e(p) f (p)) exists too and is finite. Indeed, it is f(0) = lim, 49 f(p) = 
e(0)~*(e(0) f(0)). We find that 


F(p) — f(0) = el(p)™ [(e() fp) — e(0) £0) — (elp) — e(0)) F)] = O(IpI*) 


as p tends to 0 in », because both ef and e have polynomial limit at 0. Hence, f has 
polynomial limit f(0) at 0 in Xu. 

If f is intrinsic, then ef is intrinsic too and e(0), (ef)(0) and f(0) are all real. 
Hence, for any v € ker(T), we have (ef)(0)v = v(ef)(0) € ker(T). As ker(T) is 
a right linear subspace of V, we conclude that also (ef)(0)v € ker(Z’) and so (iii) in 
Lemma 6.19 yields 
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f(T)v = e(T)"(ef) (Dv = eT) (ef) O)v = e(0) (ef) (O)v = F(0)v. 


The proof of the following lemma is analogue to the one of the corresponding com- 
plex results, Proposition 1.2.2 and Corollary 1.2.4 in [59], and does not employ any 
specific quaternionic techniques. For the convenience of the reader, we nevertheless 
give the detailed proof as this result turns out to be crucial for what follows. 


Lemma 6.31. Let T € Sect(w). 


(i) If A € B(V) commutes with T, then A commutes with f(T) for any function 
f € M|Xu|r. Moreover, if f € M|X.|r and f(T) € B(V), then f(T) commutes 
with T. 


(ii) If f,g € Mz[Sulr, then 
TIFI yved rg): 
If furthermore f € M[X.u| 7, then 


FT) T) C (f9)(P) 
with dom(f(T)g(T)) = dom((fg)(T)) A dom(g(T)). In particular, the above 
inclusion turns into an equality if g(T) € B(V). 
(iii) Let f € M|E-]r and g E€ M|E_] be such that fg = 1. Then g E€ M[E lr if and 
only if f(T) is injective. In this case f(T) = g(T)71. 


Proof. If A € B(V) commutes with T, then it commutes with Q,(T)~' and TQ,(T)~! 
for any s € ps(T). Hence it also commutes with e(T) for any e € E[&.,] by Lemma 6.19. 
If f € M[E;]r and e is a regulariser for f, we thus have 


Af(T) = Ae(T)*(ef)(L) c e(T) Alef )(T) = e(T)*(ef)(T)A = f(T)A 


such that the first assertion in (i) holds true. Because of (i) in Lemma 6.19, the function 
(1 + p)~! regularizes the identity function p +> p and we have p(T) = T. Once we 
have shown (ii), we can hence obtain the second assertion in (i) from 


FOTE (F(p)p)(L) = (wf (p))(L) = THT). 


In order to show (ii) assume that f,g E€ Mz,[%.|7 and let e; be a regulariser for f 
and e> be a regulariser for g. Then e = eez regularises both f and g and hence also 
f + g such that 


F(T) EAT = e(T) (ef) (1) FT NT E eT ENT eE] 
= e(T)*(e(f + 9))(T) = (f + 9)(T). 
Applying this relation to the functions f + g and —g, we find that (f +g)(T)—g(T) € 
f(T) and so (f + g)(T) = f(T) + g(T) if g(T) is bounded. 
If even f € €[%.]r, then f and ez are both intrinsic and hence commute. Thus 
e(l fg) = (e1 f)(e29) € Ex[%|r by Corollary 6.12 and so e regularises fg. Because of 
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(ii) in Lemma 6.19 the operator (e1 f)(T) commutes with e2(T) and hence also with 
the inverse e2(T')~'. Because of (6.18), we thus find that 


F(T) g(L) = e(T) (ex. f)(L)ea(T)*(e29)(T) 
C e,(T) *ea(T) (ex f)(T) (e29)(T) 
= [eo(T)er(T)]" (e1fe29)(T) = e(L) "(ef 9)(T) = (f9)(7). 


In order to prove the statement about the domains, we consider 
v € dom((fg)(T)) A dom(g(T)). 


Then w := (e€29)(T)v € dom (e2(T)~'). Since (e: f) 
we conclude that also (e1 f)(T)w € dom(e2(T)~!). Since v € dom((fg)(T)) and 
ae jv € dom(e(T)~1). As 


T)v € dom(e;(T)~'). From 


) commutes with e2(T)~t, 


e 
). 
(fg)(T)v = e(T)~*(efg)(T)v, we further have (e 
e(T)~! = e;(T)~e2(T)~* this implies e2(T)~'(efg 
the identity 


(T 
) 


(exf)(T)g(T)v = (e1f)(T)e2a(T) w 
=e,(T)"'(e,f)(T)w = eo(T) “(ef 9)(T)v 


we conclude that (e;f)(T)g(T)v € dom (e;(T)~+). Thus, g(T)v € dom(f(T)) and 
in turn v € dom(f(T)g(T)). Therefore 


dom(f(T)g(T)) > dom((fg)(7)) A dom(g(T)). 


The other inclusion is trivial such that altogether we find equality. If g(T) is bounded, 
then dom(g(T)) = V and we find dom(f(T)g(Z)) = dom((fg)(T)) such that both 
operators agree. 

We show now the statement (iii) and assume that f, g € M[%.,| with fg = 1 and that 
f is regularisable. If g is regularisable too, then (iii) implies g(T) f(T) c (gf)(T) = 
1(T) = T with dom(g(T)f(T)) = dom(Z) N dom(f(T)) = dom(f(T)). Hence 
f(T) is injective and interchanging the role of f and g shows that f(T)g(T) = T on 
dom(g(T’)) such that actually f(T) = g(T)~'. Conversely, if f(T) is injective and e is 
a regulariser for f, then (fe)g = e(fg) = e € E{X,,|r. Moreover (fe)(T) is injective 
as f(T) and e(T) are both injective and (fe)(T) = f(T)e(T) by Gi). Thus fe is a 
regulariser for g, i.e. g € M[X.|r. 


Intrinsic polynomials of an operator T are defined as P[T] = )°;_, T*a, with 
dom (P[T]) = dom (T”) for any polynomial P(x) = S77, x*ay. We use the squared 
brackets to indicate that the operator P|’ is defined via this functional calculus and not 
via the H°°-functional calculus. However, as the next lemma shows, both approaches 
are consistent. 


Lemma 6.32. The H°-functional calculus is compatible with intrinsic rational func- 
tions. More precisely, if r(p) = P(p)Q(p)~* is an intrinsic rational function with 
intrinsic polynomials P and Q such that the zeros of Q lie in ps(T), then r E€ M[Xu|r 
and the operator r(T) is given by r(T) = P[T|Q[T]“". 
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Proof. We first prove compatibility with intrinsic polynomials. For intrinsic polynomi- 
als of degree 1 this follows from the linearity of the H°°-functional calculus and from 
(i) in Lemma 6.19, which shows that (1 + p)~' regularises the identity function p > p 
and that 


A(T) = (+2) 72)" 0 +AT) = C4 TNT E+ 7) =T. 


Let us now generalise the statement by induction and let us assume that it holds 
for intrinsic polynomials of degree n. If P is a polynomial of degree n + 1, let us 
write P(x) = Q(x)x + a with a € R and an intrinsic polynomial Q of degree n. 
The induction hypothesis implies that Q € M[%X,,]7, that Q(T) = Q[T], and that 
dom(Q(T)) = dom(T”). Since M|%.,,|r is a real algebra, we find that P also belongs 
to M|&.,|7 and we deduce from (iii) in Lemma 6.31 that 


PT) OUT tel SQ ir Fat =P] 


with dom(P[T]) = dom (T"*!) = dom(Q(T)T) = dom(P(T)) N dom(T). Hence, 
if we show that dom(T) C dom(P(T)), the induction is complete. In order to do 
this, we consider v € dom(P(T)). Then (Z + T)~'v does also belong to dom(P(T)) 
because (Z + T)~'P(T) C P(T)(Z +T)! by (i) in Lemma 6.31. But obviously also 
(Z+T)~!v € dom(T) and hence (Z+T)~!v € dom(P(T))Ndom(T) = dom (T"*"), 
which implies v € dom(T”) C dom(T). We conclude dom(T) C dom(P(T)). 

Let us now turn to arbitrary intrinsic rational functions. If s € ps(T) is not real, 
then Q,(T) is injective because Q,(T)~' € B(V) and hence Q,(p)~* € M[Nu]r by 
(iii) in Lemma 6.31. Similarly, if s € ps(T) is real, then x +> (s — x)! € M[Xy |r 
because (s — x)(T) = (sT — T) is injective as (sZ — T)! = S7'(s,T) € B(V). If 
now r(x) = P(x)Q(x)~1 is an intrinsic rational function with poles in ps(T), then we 
can write Q(x) as product of such factors, namely 


N M 
Q(x) = [JQc-2)™T] 2.,(2)", 
l=1 K=1 
where A1,..., Aw E€ ps(T) are the real zeros of Q and [s,],..., [Sar] C ps(T) are the 


spherical zeros of Q and ng and m, are the orders of A, resp [sx]. Since M[%.,]r is a 
real algebra, we conclude that Q € M[™.,]r and because of (iii) we find Q7!(T) = 
Q(T)! = Q[T|~'. Moreover, (ii) in Lemma 6.31 implies 


QHT) = [ [A2 -T [| 2T) € BV) 


because each of the factors in this product is bounded. Finally, we deduce from the 
boundedness of Q~'(T) and (ii) in Lemma 6.31 that 


r(T) = (PQ) (T) = P(T)Q™ (T) = PIFQ(Z]~ = r[T]. 


6.3 The Composition Rule 


Let us now turn our attention to the composition rule, which will occur at several oc- 
casions when we consider fractional powers of sectorial operators. As always in the 
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quaternionic setting, we can only expect such a rule to hold true if the inner function 
is intrinsic since the composition of two slice hyperholomorphic functions is only slice 
hyperholomorphic if the inner function is intrinsic. 


Theorem 6.33. Let T € Sect(w) and g E M[%..|r be such that g(T) E€ Sect(w’). 
Furthermore assume that for any y! € (w', T) there exists some y E€ (w, T) such that 
g E M(Xy) and g(Xy) C cl(Xy). Then fog E M[X.|r for any f E Mr[Su] gr) 


and 
(fo 9)(T) = flg(T))- 


Proof. Let us first assume that g = c is constant. In this case g(T) = cZ. Since g is 
intrinsic, we have € = g(s) = g(5) = cand soc € R. Since g maps £, into Xy for 
suitable y € (w, T) and y’ € (w’, 7), we further find c € Xy N R = [0,+00). If c £0, 
then (f o g)(p) = f(c) and we deduce easily, for instance from Corollary 6.17, that 
(f og)(T) = f(dZ = f(g(Z)). If on the other hand c = 0, then Lemma 6.30 implies 
that f(0) := limpo f(p) as p tends to 0 in Xu exists. Hence f o g is well defined. It 
is the constant function f og = f(0) and so (f o g)(T) = f(O)Z. If f is intrinsic, 
then Lemma 6.30 implies f(g(T)) = f(0)Z = (f o g)(T). If f is not intrinsic, then 
f= fo+ DS feee with intrinsic components fe. Since ker g(T) = ker(0Z) = V, for 
any vector v also the vectors ev, £ = 1, 2, 3 belong to ker g(T) and we conclude, again 
from Lemma 6.30, that 


F(g(T))v = folg(T))v + X felg(L))eev = fo(0)v + X fe(O)eev 
= (ao F > soy v= f(0)v = (fog)Z)v. 


In the following we shall thus assume that g is not constant. 

Let y’ and y be a couple of angles as in the assumptions of the theorem. Since g is 
intrinsic, g|c;ins, is a non-constant holomorphic function on C; N X. Hence, it maps 
the open set g(X,, N Ci) to an open set. The set g(X,) = [g(2, N C;)| is therefore also 
open and so actually contained in Xy, not only in cl(%,,). In particular, we find that 
f o g is defined and slice hyperholomorphic on iy. 

We assume for the moment that f € €,(X,/) with y’ € (w, m) and we choose 
p E (w,7) such that g E M(X,) and g(X,) C Ly. Since f is bounded on Ey, 
the function f o g is a bounded function in SH;(X,). If T is injective, then e(x) = 
x(1 +x)? € &€(X,) such that e(T)T(Z + T)~? is injective. Moreover, the function 
x +> e(x)(f o g)(x) decays regularly at 0 and infinity in X, and hence belongs to 
€,(X,). In other words, e is a regulariser for f o g and hence f og E€ M_;[%.|r. If 
T is not injective, then g has polynomial limit g(0) at 0 by Lemma 6.30. Since g is 
intrinsic, it only takes real values on the real line and so g(0) € R. It furthermore maps 
Ly to Ly and so g(0) € cl(Xy) OR = [0,+00). Therefore f has polynomial limit 
at g(0): if g(0) = 0 this follows from Corollary 6.13, otherwise it follows from the 
Taylor expansion of f at g(0) € (0,00), cf. Theorem 2.14. As a consequence, f o g 
has polynomial limit at 0. Therefore the function x ++ (1+ x)~'(f o g)(zx) belongs to 
E,(Xy). Since (I + T)~! is injective because —1 € ps(T), we find that (1+ x)™* isa 
regulariser for f o g and hence f og E M;|% |r. 
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We have f(x) = f(a) +(1+2)~'a+6 with f € SHX (£p) and a, b € H. Because 
of the additivity of the functional calculus, we can treat each of these pieces separately. 
The case that f = b has already been considered above. For f(x) = (1 + x)~1a, 
the identity (f o g)(T) = (Z + g(T))~! follows from (iii) in Lemma 6.31 because 
p+ 1+(p) and p > (f og)(p) = (1 + g(p))~' do both belong to Mz[Eu]r. Hence 
let us assume that f = f € SHP) with vy’ € (w’, T). 

We choose 6’ € (w’,y’) andi € S and set T, = (£o N Ci). We furthermore 
choose p’ € (w’, 6’) and by our assumptions on g, we can find y € (w,7) such that 
g(Xy) C Uy | Ne. We choose 0 € (w, y) and set T's = (£ N Ci). The subscripts 
s and p in I’, and I’, refer to the corresponding variable of integration in the following 
computations. 

For any p € T,, the functions s ++ Q,(g(s))~' = (g(s)? — 2pog(s) + |p|?)~* and 
s ++ S7 (p, g(8)) do then belong to £,(¥,) and [Q,(9(-)) 4] (T) = Qp(9(T))~* and 
[ST (p, 9(-))] (T) = S7" (p, g(T)). Indeed, by (ii) in Lemma 6.31, we have 


[Q,(9(-))] (T) =(9° — 20g + |p|) (7) 
D9(T)* — 2pog(T) + |plPZ = Q,(9(T)). 


Taking the closed inverses of these operators, we deduce from (iii) in Lemma 6.31 that 


[Q,(9(-))~*] T) = [Q,(9(-))] (D > Qll). (6.7) 
Since p € ps(T), the Q,(g9(T))~! is a bounded operator and hence already defined on 
all of V. Hence, the inclusion D in (6.7) and (6.6) is actually an equality and we find 
[Q,(g(-)) 1] (T) = Qp(g(T)) ~t. From (ii) we further conclude that also 
[Sp *(p,9(-))] (T) = [Qo(90)) "B — 9) Qe(9)) ] T) 
=Q,(g(T)) P — 9(T) Q,(9(T))* = Sr" (p, 9(T)). 


(6.6) 


We hence have 


1 


FOT) =5- | STIT) a fo) = z f [5700] O) d: FO) 


Let us first assume that T is injective. Since f and in turn also f o g are bounded, 
we can use e(x) = x(T + x)~? as a regulariser for f o g. As e decays regularly at 0 and 
infinity, also the functions s ++ e(s).S7'(p, g(s)) decays regularly at 0 and infinity for 
any p € Ip. Hence it belongs to SHo(X,) and so 


FOTY) = (T) eT) UT) 
| elT)S (p, 9(T)) dpi F(p) 


1 


pret (6.8) 
20 


=e(T) | le(-)Sz1(p,.9(-))] (T) dp: f (p) 


=en a | ( f_ STT) dsis(1 + 8S7 (pg) ) daif): 


s 


We can now apply Fubini’s theorem in order to exchange the order of integration: 
estimating the resolvent using (6.1), we find that the integrand in the above integral is 
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bounded by the function 


F(s,p) = Co [p57 (p s0) pe E. 69) 


Since p, s and g(s) belong to the same complex plane as g is intrinsic, we have due to 
(2.18) that 


Pe oe ee ieee = max l l 
A eaa 


Since g([,) C Ey NCI G Xo NC; and T, = (£o NC;:), these expressions are bounded 
by a constant depending on 0’ and p’ but neither on p nor on s. Hence | poz (p, g(s))| 
is uniformly bounded on IT’, x T, and F(s, p) is in turn integrable on T, x I, because 
f has polynomial limit 0 both at 0 and infinity. 


After exchanging the order of integration in (6.8), we deduce from Cauchy’s integral 
formula that 


f(g(T)) =e) aps r (8,1) dsjs(1 +s)? (/ Sros) dns) 


oe (s, T) dsj e(s) f(9(s)) 
Selli ae 9)(T) = (f ° 9)(T). 


Let us now consider the case that T is not injective. By Lemma 6.30, the function 
g has then finite polynomial limit g(0) € R in X, and hence the function g(p) = 
g(p)—g(0) € M(X,)r has finite polynomial limit 0 in at 0. Let us choose a regulariser 
e for g with polynomial limit 0 at infinity. (This is always possible: if € is an arbitrary 
regulariser for g, we can choose for instance e(s) = (1 + s)~'€(s).) We have then 
eg € SHE,(N,). Since g(0) is real, we have S7"(p, g(0)) = (p — g(0))~!. Moreover 
g(s) and Q,(g(s))~' commute for any s € T.. For p ¢ cl(X,,) we find thus 


e(s)S7*(p, g(s)) — e(s)Sz"(p, g(0)) 
=! [P — 9(s))(p — 9(0)) — Q,(g9(s))] (p — g(0)) ~ 


"|= 4(s))p - 9(0)(B - 9(s)) 
+ 9(5)(B— 9(s)) — (P — 9(s))p] (p — 9(0))7 


=e(s)(9(s) — g(0))ST* (p, 9(s))(p — 9(0))* 
=e(s)9(s)57,"(p, 9(s)) Sz, (p, g(0)). 


(6.11) 


Hence, e regularises also the function s œ S7'(p, g(s))—$7'(p, g(0)) and the function 
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e(-) (Sz (p, 9(-)) — ST (p, g(0))) does even belong to SHZ (£p). We thus have 


FT) = eT) eT) f(9(T)) 


J. EOST 090) (T) dn fo) 


8 


=e(T) z |. [EOIS P, 9087", 90)] (T) drat) 


T [ D500) dpi f (p). 


For the second integral, Cauchy’s integral formula yields 


oe e(T)ST (p, g(0)) drif (p) = e(T)*e(T)f(g(0)) = F(g(0))Z (6.12) 


2T Jrp 


as f decays regularly at infinity in “ig. For the first integral, we have 


Ber oy f l S7'(8s, T) ds; ( i e(s)9(s)Sz \(p, 9(s)) Sz (p, 9(0)) instr) 


Sr (s, T) dsi e(s) (/ Sr (p, 9(8)) — s'es) dnt) 


IS 
m 
— 
mg 
Mi 
A 
ec 
N 
y| = 
teat: 
N 
F 


Dri | S7 (s, T) ds; (e(s) f(g(s)) — f(g(0))) 


=e(T)"*(e(T)f o 9(T) — e(T) f(9(0))Z) = f © 9(T) — f(9(0))Z, (6.13) 
where the identity (A) follows from Fubini’s theorem, the identity (B) follows from 
(6.11) and the identity (C’) finally follows from Cauchy’s integral formula. Altogether, 
we have 

F(g(L)) = fo g(T) — F(gO))Z + F(g(0))Z = fo g(T). 
In order to justify the application of Fubini’s theorem in (A), we observe that the inte- 
grand is bounded the function by 


F(s, p) = Co |pS7'(, 9(s))| ee Lu |p a 


where we used (6.1) in order to estimate the S-resolvent S7'(s, T). 
If g(0) Æ 0 then |p — g(0)|~! is uniformly bounded in p. Just as before, also 
|pS;,'(p, g(s))| is uniformly bounded on F, x T,. Since ĝ decays regularly at 0, since 
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e decays regularly at infinity and since f decays regularly both at 0 and infinity, the 
function F' is hence integrable on I’, x I’, and we can apply Fubini’s theorem. 
If on the other hand g(0) = 0, then g = g and we can write 


Ps, p) =Co|8;'(p,9(0))| <M 


(s)9(s)*| |F (p)| 


Is] [ple 


=Co|p*Sz*(p, 9(s))9(s)-4 [© (6.14) 


with a € (0,1) such that | f(p)|/|p|!*° is integrable. This is possible because f decays 
regularly at 0. Just as in (6.10), we can estimate the first factor in (6.14) by 


|p*S7*(p, 9(s))g(s)**| < 
< max l lg(s) 7" l lg(5)| 1° 1 ) 


pe |1 — pmtg(s)| Jp |1 — p=tg(5)| 


where we used that |g(s)| = | JC) = |g(5)| because g is intrinsic. This expression is 


as before uniformly bounded on T, x T, because g(I’,) C Uy N Ci. Hence, F is again 
integrable and it is actually possible to apply Fubini’s theorem. 

Altogether, we have so far shown that f(g(T)) = (f o g)(T) for any f € Ex[Suy]. 
Finally, we consider now a general function f € Mz[2w]ger) that does not necessarily 
belong to Ez |Ev]. If e is a regulariser for f, then e and ef both belong to €;,|w’]. By 
what we have just shown, we hence have e, := eog € M[,,|7 and (ef), := (ef)og € 
M,[Dulr with e,(T) = e(g(T)) and (ef),(T) = (ef)(g(T)). 

Let 7, and 72 be regularisers for e, and (ef) g- Then T = 7172 regularises both of 
them and hence 

e,(T) = 7 (L)(re,)(2). 


Since e,(T) = (e o g)\(T) = e(g(T)) is injective because e is a regulariser for f, 
the operator (Te,)(Z’) is injective too. Moreover, for f := f o g, we find (Te,)f, = 
T(egfg) = T(ef)g € Erlw] because r was chosen to regularise both e, and (ef),. 
Therefore Te, is a regulariser for fọ and hence fọ © Mz [X..|r. Finally, we deduce 
from Lemma 6.31 that 


Corollary 6.34. Let T € Sect(w) be injective and let f E€ M,|%.,|. Then we have 
f € M,[“ulr if and only ifp > f(p~'!) € M_,[%.,| 7-1 and in this case 


F(T) = fe" )(T). 


Proof. Since T is injective, the function p~' belongs to M[%X.,}r and the statement 
follows from Theorem 6.33. 
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6.4 


Extensions According to Spectral Conditions 


As in the complex case, cf. [59, Section 2.5], one can extend the H°°-functional calcu- 
lus for sectorial operators to a larger class of functions if the operator satisfies additional 
spectral conditions. We shall mention the following three cases, which are relevant in 
the proof the spectral mapping theorem in Section 6.5. In order to explain them, we 
introduce the notation 


Xorg = (Uy Br(0)) \ B,(0) 


for0 <r < R< œ. (We set B,(0) = H for R = oo.) 


(i) 


(ii) 


If the operator T € Sect(w) has a bounded inverse, then B:(0) C ps(T) for 
sufficiently small £ > 0. We can thus define the class 


EL (Dy) = {f = f +a € SHL(£ọ) : a € H, f E€ SHz(D,) dec. reg. at co}, 


and €°(%i,,) as the set of all intrinsic functions in Ez (X), where dec. reg. is 
short for decays regularly. For any function f € €,°(X,) with y > 0, we can 
define f(T) as 


1 


= — Sz (s, T) ds f(s) + aZ, 
2T JƏ(So r NC) 


f(T) 

with 0 < r < e€ arbitrary. It follows as in Lemma 6.16 from Cauchy’s integral 
theorem that this approach is consistent with the usual one if f € €,(%,,), but the 
class of admissible functions Ez% (X) is now larger. We can further extend this 
functional calculus by calling a function e € E(X) a regulariser for a function 
f € Mz(%,), if e(T) is injective and ef € €;~(X,). In this case, we define 
F(T) = e(T)= (ef)(T). 
Obviously all the results shown so far still hold for this extended functional cal- 
culus since the respective proofs can be carried out in this setting with marginal 
and obvious modifications. Only in the case of the composition rule we have to 
consider several cases, just as in the complex case, namely the combinations 


a) T is sectorial and g(T) is invertible and sectorial 
b) T is invertible and sectorial and g(T`) is sectorial 


c) T and g(T) are both invertible and sectorial. 


In the cases a) and c) one needs the additional assumption 0 ¢ cl(g(%,,)) on the 
function g. 


If the operator T € Sect(w) is bounded, then H \ B,(0) C ps(T) for sufficiently 
large p > 0. We can thus define the class 


Er? (£o) = {f = f +a € SHL) : a € H, f € SHz(%,) dec. reg. at 0} 


and €°(%),) as the set of all intrinsic functions in €,°(%,). For any function 
f € Er? (£p) with y > 0, we can define f(T) as 


1 


27 (Zp, 0,RNCi) 


f(T) S7'(s,T) ds; f(s) + aZ, 


138 


6.5. The Spectral Mapping Theorem 


with 0 < p < R arbitrary. As before this approach is consistent with the usual one 
if f € Ex (%,), but the class of admissible functions £z? (£) is again larger than 
E,(X,). We can further extend this functional calculus by calling e € €,°(%,) 
a regulariser for f € M,(%,), if e(T) is injective and ef € €,°(%,) and define 
again f(T) = e(T)~'(ef)(T) for such f. 

As before, all results shown so far hold also for this extended functional calculus 
because the respective proofs can be carried out in this setting with marginal and 
obvious modifications. For showing the composition rule, we have to consider 
again several cases and distinguish the following situations: 


a) T is sectorial and g(T) is bounded and sectorial 
b) T is invertible and sectorial and g(T) is bounded and sectorial 
c) T and g(T) are both bounded and sectorial 
d) T is bounded and sectorial and g(T’) is sectorial 
e) T is bounded and sectorial and g(T) is invertible and sectorial. 
In the cases a), b) and c) one needs the additional assumption oo ¢ cl(g(X,,))"~ 


and in the case one needs the additional assumption e) 0 ¢ cl(g(X.,)) on the 
function g. 


(iii) If finally T € Sect(w) is bounded and has a bounded inverse, then we can set 
EL” (2p) = SH,(N,) and €°°(X,) and define for such functions 


a 
= S3 (s, T) ds; f(s) 
2m JADonRC) 


for sufficiently small r and sufficiently large R. Choosing regularisers in E°™°(X,) 
gives again an extension of the H°°-functional calculus and of the two extended 
functional calculi presented in (i) and (ii). All the results presented so far still hold 
for this extended functional calculs, where the composition rule can be shown 
again under suitable conditions on the function g. 


f(T) 


6.5 The Spectral Mapping Theorem 


Finally, let us now show the spectral mapping theorem for the H°°-functional calculus. 
We point out that a substantial technical difficulty appears here that does not occur in 
the classical situation: the proof of the spectral mapping theorem in the complex set- 
ting makes use of the fact that f (T|v,) = f(T)|y, if o is a spectral set and V, is the 
invariant subspace associated with o, i.e. the range of the spectral projection y,(T) 
defined in Lemma 2.66. However, subspaces that are invariant under right linear opera- 
tors are in general only right linear subspaces, but not necessarily left linear subspaces. 
Hence, they are not two-sided Banach spaces and we cannot define f (T|y,) because 
the S-functional calculus as introduced in Definition 2.65, Definition 2.68 resp. Defi- 
nition 4.6, and Definition 6.5 requires the operator to act on a two-sided Banach space. 
The S-resolvents can otherwise not be defined. Instead of using the properties of the 
S-functional calculus for T|y, we thus have to find a workaround and prove several 
steps directly, which is essentially done in Lemma 6.39. 
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We start with two technical lemmas that are necessary in order to show the spectral 
inclusion theorem. 


Lemma 6.35. Let T € Sect(w) and let s € H. If Q,(T) is injective and there exist 
e € M[X,|7 and c € H, c # 0 such that 


f(x) = Qe(e(z)) Qs(2) € M[Eu]r 
and such that e(T) and f(T) are bounded, then e(T)Q.(T)™ = Q,(T)~'e(T). 


Proof. By assumption the operator Q,(7') is injective and hence (iii) in Lemma 6.31 
implies that Q7! € Mļ|w]r. Since e(T) is bounded, it commutes with T and so also 
with Q,(T)~'. We thus have 


e(T)Q (T) c Q(T) te(T). 


In order to show that this relation is actually an equality, it is sufficient to show that 
v € dom(Q,(T)~') for any v € V with e(T)v € dom(Q,(T)~'). This is indeed 
the case: if e(T)v belongs to dom(Q,(T)~'), then there exists u € dom(Q,(T)) with 
e(T)v = Q,(T)u. Hence 


Q.(e(T))v = e(T)?v — 2cpe(T)v + |c|?v 


6.15 
= e(T)9,(T)u — 2c9Q,(T)u + |cl?v = O,(T)(e(T)u — 2cou) + |c|?v, nn 


where the last identity follows again from (i) in Lemma 6.31 because e(T) is bounded 
and commutes with T and in turn also with Q,(T). Since f(T) € B(V), we conclude 
on the other hand from (ii) of Lemma 6.31 that 


Q.(e(T)) = Q(T) [Q-(e(-))Qs(-)~*] (T) = Q(T) f(T). 
Due to (6.15), we then find 


7 -e e(e(T))v - Q,(T)(e(T)u — 2cou)) 
= Q;(T) 5 (f(T)v — e(T)u + 2eou)). 


Jel? 


Hence, v belongs to dom(Q,(7')~') and the statement follows. 


Lemma 6.36. Let T € Sect(w) and let f E€ Mz|X.,|r. For any s € cl(%,,) \ {0} there 
exists a regulariser e for f with e(s) # 0. 


Proof. Let č be an arbitrary regulariser of f such that č € EEn], éf € ELEn] and é(T) 
is injective. If €(s) A 0, then we can set e = č and we are done. Otherwise recall that 
[s] is a spherical zero of č and that its order is a finite number n € N since e Æ 0 as 
e(T) is injective. We define now e(x) := Q7” (x)e(x) with O,(x) = x? — 2sox + |s|?. 
Then e € €[%,] with e(s) A 0 and ef = Q,"éf € E,[X.,]. Furthermore, by (ii) in 
Lemma 6.31, we have é(T’) = Q,(T )e(T). Since é(T) is injective, we deduce that also 
e(T) is injective. Hence e is a regulariser for f with e(s) # 0. 
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Lemma 6.37. Let T € Sect(w) and let s € cl(%,,) with s 4 0. If f(T) has a bounded 
inverse for some f € M[X.,|r with f(s) = 0, then s € ps(T). 


Proof. Let f be as above and let us first show that Q,(T) = T? — 2s9T + |s|*Z is 
injective and hence invertible as a closed operator. By Lemma 6.36, there exists a 
regulariser e for f with c := e(s) # 0. We have ef € €[%.,] with (ef)(s) = 0. Since 
all zeros of intrinsic functions are spherical zeros, we find that also h = ef Q7! = 
O-'ef € E[X,,]. The product rule (ii) in Lemma 6.31 implies therefore 


h(T)Q.(T) C (hQs)(T) = (ef )(L) = (fe)(T) = £(T)e(T), 
where ef = fe because both functions are intrinsic. Since e(T) and f(T) are both 
injective, we find that also Q,(T) is injective. Moreover, e is also a regulariser for 


Q` f. 
Now observe that the function 
g(x) := Q.(e(x))Qs(#)~* = (e(x)? — 2coe(x) + |e?) (2? — 2sox + |s|?) 

belongs to €[%,,]. Indeed, by Corollary 6.12, the space €[%,,] is a real algebra such 
that Q.(e(x)) = e(x)? — 2cye(x) + |c|? belongs to it as e does. The function Q.(e(z)) 
however has a spherical zero at s because e(s) = c such that g(x) = O.(e(x))Q71(z) 
is bounded and hence belongs to €|%,| by Corollary 6.13. In particular this implies 
that g(T) is bounded. 

We deduce from Lemma 6.35 that e(T)Q,(T)~' = Q,(T)~‘e(T) and inverting both 
sides of this equation yields Q,(T)e(T)~' = e(T)~!Q,(T). The product rule in (ii) 
of Lemma 6.31, the boundedness of h(T) = (eQ;1f)(T) and the fact that Q>1 and e 
commute because both are intrinsic functions imply 


f(T) = e(T) “(ef )(L) = e(T)™ (QseQ;* f) (T) = e(T)*Q,(T) (eQ5"f) (T) 
= Q,(T)e(T)""(eQ5' f)(T) = Qs(T)(Q5"f) (7). 
Since f(T) is surjective, we find that Q,(T) is surjective too. Hence Q,(T)~! is an 


everywhere defined closed operator and thus bounded by the closed graph theorem. 
Consequently s € ps(T). 


Proposition 6.38. [fT € Sect(w) and f E€ M|%.,|r, then 


flos(L) \ {0}) C osx(F(P)). 


Proof. Let s € og(T) \ {0} and set c := f(s). Ifc Æ œœ, then Lemma 6.37 implies 
that O.(f(T))? = f(T)? — 2cof (T) + [c| T does not have a bounded inverse because 
g = f? — 2cof + |c|? belongs to M[X.,|r and satisfies g(c) = 0. Hence c = f(s) 
belongs to os( f (T)) for s € os(T) \ {0} with f(s) 4 co. 

If on the other hand c = ov, then suppose that c € ogx(f(T)), i.e. that f(T) is 
bounded. In this case there exists p € H such that Q,(f T » has a bounded inverse. 
By (iii) in Lemma 6.31, this implies g(x) = Q,(f(x))~' € M[X.,]r. The operator 
g(T) is invertible as g(T)~' = O,(f(T)) belongs to B(V) poe f(T) is bounded. 
Since moreover g(s) = 0 as f(s) = ov, another application of Lemma 6.37 yields 
s € ps(T). But this contradicts our assumption s € os(T) \ {0}. Hence, we must have 
c € osx(f(T)). 
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We have so far shown the spectral inclusion theorem for spectral values not equal 
to 0 or co. These two values need a special treatment. They also need additional 
assumptions on the function f for a spectral inclusion theorem to hold as we shall 
see in the following. (The assumptions presented here might however not be the most 
general ones that are possible, cf. [58].) 

First we however have to show a technical lemma. We recall that if o C o5x(T) is 
a spectral set, then Es := Xo(T) is by Theorem 4.33 a projection that commutes with 
T, i.e. it is a projection onto a right-linear subspace of V that is invariant under T. If 
oo É a, then we can choose a bounded slice Cauchy domain Us C H such that o C Us 
and such that (os(T) \ o) N Us = Ø. The projection EF, is then given by 


1 1 
pa f dasz eT) = — | S7! (p, T) dp. (6.16) 
2T a(UsNCi) 27 O(UsNC;) 


If on the other hand oo € ø, then we can choose an unbounded slice Cauchy domain 
U, C H such that o C U, and such that (os(T) \ o) NU, = Ø. The projection Es is 
then given by 


eS Be CRATE S7 (p, T) dpi. 
2T Ja(Usnc;) 2T Ja(usnc;) 
Lemma 6.39. Let T € Sect(w) be unbounded and assume that os(T) is bounded. 
Furthermore let E~ be the spectral projection onto the invariant subspace associated 
with oo. If f € M|X.,|r has polynomial limit 0 at infinity, then { f(T) } 0. := f(T) E% 
is a bounded operator that is given by the slice hyperholomorphic Cauchy integral 


LPP = | f(s) dsi SpR (s, T), (6.17) 
A(Zy\ Br (0))NC; 

where B,(0) is the ball centered at 0 with r > 0 sufficiently large such that it contains 

os(T) and any singularity of f. Moreover, for two such functions, we have 


{F(T }ootg(T) boo = 1F9)(T) foo: (6.18) 


Proof. Let us first assume that f € E[X.|, ie. f € E(Xy) with w < y < a. Since 
f decays regularly at infinity, it is of the form f(s) = f(s) + a(1+s)~' witha € R 
and f E€ SH>°(X,). The operator f(T) is given by the slice hyperholomorphic Cauchy 


integral 


x 1 


f(T) f(s) ds, S} (s, T) (6.19) 


7 Qn A(X NC) 
with i € S and y’ € (w,y). Let now rı < rz be such that og(T) C B,(0). Cauchy’s 
integral theorem allows us to replace the path of integration in (6.19) by the union of 
Esi = oly N Br (0)) N Ci and Ps2 = oy \ Br (0)) N Ci such that 
3 1 2 1 A 
f= f(s) ds; SR (s, T) + — f(s) dsi SR (8s, T). (6.20) 
21 T.i 27 Pg 2 
Let us choose R € (ri,r2). Since ogx(T) = os(T) U {co}, we have Ey = 
T — Ess(r) and the spectral projection £,,(7) is given by the slice hyperholomorphic 
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Cauchy integral (6.16) along T, = 0(Br(0) N Ci). The subscripts s and p in Fs, U's,2 
and I’, are chosen in order to indicate the corresponding variable of integration in the 
following computation. 7 

If we write the operators f(T) and E,,(r) in terms of the slice hyperholomorphic 
Cauchy integrals defined above, we find that 


s 2 1 

AT) Enni | Foda (Tz f Sr 0T) dp 
a E (6.21) 

+a | Podase Tz | S1 P,T) dp 


If we apply the S-resolvent equation (2.30) in the first integral, which we denote by Y, 
for neatness, we find 


s) dsi Sp (s, nj» (p? — 2sop + BAr dp; 


(27)? P fejden an! (p° — 2sop + Gow dpi 


Pp 


i ; (6.22) 
a f(s) dsi Sr P, T P 
E Je, (Jp TOEO 
— 3857 (p, T)) (p* — 2sop + s=) dpi. 
For s € I., the the functions p > (p? — 2sop + |s|2) | and p > p (p? — 2sop + |s|2) | 


are rational functions on C; that have two singularities, namely s = so + isı and 5 = 
Sọ — is,. Since we chose rı < R, these singularities lie inside of Bg(0) for any s € Ty. 
As T, = 0(Br(0) N Ci), the residue theorem yields 


1 2 =i 
= =) 2) dp = li sa eil =a S] 
a 7B sop + |s|’) dp clim pip — 3)" + lim po- s) 
and 
1 2 2y -1 
on =) dp, = li | gy eE 
Fe (p? — 2sop + |s|?) dpi = lim (p-3) + lim (p—s)*=0, 


where lime,3p-+s F(p) denotes the limit of f(p) as p tends to s in C;. If we apply the 
identity (2.31) with B = S;'(p,7) in the third integral in (6.22), it turns into 


E eae f iy E f(s) ds; (s? — 2pos + Ip?) S7 (p, arn dp, = 0. 


The last identity follows from Cauchy’s integral theorem because f (s) is right slice 
hyperholomorphic and the functions s ++ (s? — 2poọs + |p|) 1S7 (p, T) and s > 
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s(s? — 2pos + |p|?) 1S; '(p, T) are left slice hyperholomorphic on £y N B,., (0) for any 
p € I, as we chose R > r1. Hence, we find 


1 : 
= ~ f(s) ds; Sr (p, T). 


The second integral in (6.21), which we denote by Yə for neatness, turns after an ap- 
plication of the S-resolvent equation (2.30) into 


s) dsi Sp (s, r) f» (p — 2s + |s)" 


P 


f(s) dsi5SR (s, r) | (p? — 2sop + |s|?)~ dp; 
Tis r 


P (6.23) 
A ( | fo s) ds, (S7 (p, T)p— 
Ts; 2 Tp 


- 3S7" (p, T)) (p? — 2sop + s~) dp. 


Y = 


2 


Since we chose R < ro the singularities of p +> (p? —2sop + |s|?)' and p 6 
p (p? — 2sop + |s|2) lie outside of cl(Br(0)) for any s € I.2. Hence, these func- 
tions are right slice hyperholomorphic on cl(Bpr(0)) and so Cauchy’s integral theorem 
implies that the first two integrals in (6.23) vanish. Since f decays regularly at infinity, 
since (6.1) holds true and since T`, is a path of finite length, we can apply Fubini’s theo- 
rem and exchange the order of integration in the third integral of (6.23). After applying 
the identity (2.31), we find 


1 7 -1 
1 oa f, ( [Flats (3 — 2ps + be) 


-(sS7*(p,T) =S E, np) ) dpi. 


However, also this integral vanishes: as f decays regularly at infinity, the integrand 
decays sufficiently fast so that we can use Cauchy’s integral theorem to transform the 
path of integration and write 


f F(s)ds; (8? — 2pos + |p|?) (sSz*(p, T) — 397 (p, T)Ð) 


= lim f(s) ds; (5? — 2pos + Ipa (s57 (p, T)— 5; (p, T)Ð) =0 
PTO JA(U,NC) 
where U, = (X \ Ur) N Up. The last identity follows again from Cauchy’s integral 
theorem because the singularities p and p of the functions s +> (s? — 2pos +|p|?)~+ and 
s ++ (s? — 2pos + |p|?)~'s lie outside of cl(U,) because we chose R < ro. 
Putting these pieces together, we find that 


as 1 2 
FD) Ensen) = z; | Fo) daS OT) (6.24) 
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We therefore deduce from (6.20) and Eœ = Z — Ess(r) that 


FT)Es = F(T) - FT) Boxer) = 5 | £0) dp Sr (p, T). (6.25) 


Let us now consider the operator a(Z + T)~'. Since it is slice hyperholomorphic on 
os(T) and at infinity, it is admissible for the S-fuctional calculus. If we set y4..}(5) := 
XH\Up(0)—that is X {00} (5) = lifts ¢ UR(0) and X {00} (8) = 0ifs € cl(Ur(0))—then 
X{œ}(T) = Exo via the S-functional calculus. The product rule of the S-functional 
calculus yields a(Z + T) E = g(T) with g(s) = a(1 + s)x400}(s). If we set 


Upa = (Sy \ Br,(0)) U CH \ B,(0)) and Up2 = (£o N Bn (0)) U B.(0) 


with 0 < € < 1 sufficiently small, then U, = Up U U, 2 is an unbounded slice 
Cauchy domain that contains os(T) and such that g is slice hyperholomorphic on 
cl(U,). Hence, 


1 
a(Z + T) E% =g(oo)Z + = dpi SR (p, T) 
T Ja(UpnC:) 


1 


=— a(1 +s) dpi SR (p, T) 
2T Ja(U,anC:) 


and letting p tend to infinity, we finally find 


1 
a(T +T) E% = 7 a(l + s) dpi Sp (p, T). (6.26) 
Ts,2 


Adding (6.25) and (6.26), we find that (6.17) holds true for f € €[%.,] 

Now let f be an arbitrary function in M|%,,|7 that decays regularly at infinity and let 
e be a regulariser for f. We can assume that e decays regularly at infinity—otherwise, 
we can replace e by s ++ (1 + s)~'e(s), which is a regulariser for f with this property. 
We expect that 


f(T) Exo =e" (T)(ef)(T) Boo = €'(T){(ef)(T) foe 
Del) {e(T)}aof f(T) poo = OUT) C(T) Bool f(T)}o0 627) 
=Ex{f(T)}o0 = {f(T)}oc 


such that (6.17) holds true. The boundedness of f(T’) E follows then also from the 
boundedness of the integral { f(7")}... The second and the fourth of the above equal- 
ities follow from the above arguments since ef and e both belong to €[%:,] and decay 
regularly at infinity. The equalities marked with (*) and (xx) however remain to be 
shown. 

Let w < p2 < yi < y be such that e, f € E(X,) and let rı < rz be such that 
B,.,(0) contains os(T) and any singularity of f. We set Us = Ny, \ Br (0) and U, = 
Ly, \ B,.(0), where the subscripts s and p indicate again the respective variable of 
integration in the following computation. An application of the S-resolvent equation 
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(2.30) shows then that 


1 eee ao 
EF huno O EST OT) -S10 T)) 


| (p? — 2sop + |s|?) dpf (p). 
O(UpNG) 


Because of our choice of U, and U,, the singularities of p > (p? — sop + |s|?)~* 
lie outside U, for any s € O(U, N C;) such that p ++ (p° — 2sop + |s|)~' and p > 
píp? — 2sop + |s|)~! are right slice hyperholomorphic on cl(U,) for any such s. Since 
f also decays regularly in U, at infinity, Cauchy’s integral theorem implies that the first 
two of the above integrals equal zero. The fact that e and f decay polynomially at 
infinity allows us to exchange the order of integration in the third integral, such that 


1 
{eM De = Ba cy TAKO 
- (587 (p, T) — ST" (p, T)p) (p? — 2sop + |s|?)7+ | dpi f (p). 


If p € O(U, N Ci), then p lies for sufficiently large p in the bounded axially symmet- 
ric Cauchy domain U,, = Us N B,(0). Since f is an intrinsic function on cl(Us p), 
Lemma 4.18 implies 


1 _ _ 
= e(s) ds; (597 ' (p, T) — S7" (p, T)p) (p° — 2sop + |s|?)~" 
T JƏ(UsNCi) 
i 1 ae z = 
= lim = | e(s) ds; (5857 (p, T) — S7" (p, T)p) (pP? — 2sop + |s|?)~" 
poo 2T Ja(U:nB,(0)NC:) 


= w,T)elp): 


Recalling the equivalence of right and left slice hyperholomorphic Cauchy integrals for 
intrinsic functions, c.f. Remark 4.14, we finally find that 


telT) foot f(T) oo = z Sz (p, T) dpie(v) f (p) = {(ef)(T) foo, 


1 
T JA(UpNC) 


Hence, the identity (x) in (6.27) is true. 
Similar arguments show that also (**) holds true. We choose 0 < R < r such that 
Bpr(0) contains os(T) and all singularities of f(T) and we choose w < y’ < p such 
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that f € €(X,) and set U, := Uy \ B,(0). An application of the S-resolvent equation 
(2.30) shows that 


Esm T) too = 


1 p 1 s 
=>- ds SRT f SOT) dp FO) 
T JƏ(BRONCI) (UpNCi) 


-aa dasa T) flo? 2sop + |s?) dp F0) 
(277)? JacBp (onc) A(UpnC;) 


1 < = 
ma a dsi357}(s,T) f (p? — 2sop + |s|?) dpi FP) 
(27) Ə(BR(O)NCI) O(UpNCi) 


+ ik f dsi (3S7+(p,T) — S7! (p, T)p 
(27)? Jaren) L Jaun) (Pon P= (pa) 


- (p? — 2sop + |s|?) 7} | dp; f (p). 


Again, the first two integrals vanish as a consequence of Cauchy’s integral theorem 
because the poles of the function p ++ (p° — 2sop + |s|*)~* lie outside of cl(Up) for any 
s € O(Br(0) N Ci) and f decays regularly at infinity. Because of (6.1) and the regular 
decay of f at infinity, we can however apply Fubini’s theorem to exchange the order of 
integration in the third integral and find 


1 
<== ds, 
Fos f(T) (27)? S ens 5 
(s? — 2pos + |p|?) (s57 (p, T) — S3 (p, T)P) | dp; f (p). 


As the functions s +> (s? — 2pọs + |p|?) =t and s ++ (s? — 2pos + |p|?) ts are right slice 
hyperholomorphic on Bg(0) for any p € O(U, N Ci), also this integral vanishes due to 
Cauchy’s integral theorem. Consequently, the identity («*) in (6.27) holds also true as 


Bott (P)}oo = {f(T) boo — Bf (DT) hoo = {f (T) foo. 

Finally, we point out that the above computations, which proved that {(ef)(T) }o = 
{e(T) }o{ f(T) }.. did not require that e € €[%,|. They also work if e belongs to 
M|%.,|7 and decays regularly at infinity. Hence the same calculations show that (6.18) 
holds true. 


Theorem 6.40. Let T € Sect(w) and s € {0,oo}. If f €e M[u|r has polynomial 
limit c at s and s € ogx(T), then c € ogx(f(T)). 


Proof. If c # oo, then c € R because, as an intrinsic function, f takes only real 
values on the real line. We can hence consider the function f — c instead of f because 
osx(f(T)) = osx( f(T) — cT) + c so that it is sufficient to consider the cases c = 0 or 
c= œ. 
— H 
Let us start with the case c = 0 and s = œ. If oo € øs(T) \ {0} , then 


0 € Flas(T)\ T cza 
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because f(os(T) \ {0}) C osx(f(L)) by Proposition 6.38 and the latter is a closed 
subset of Ha. In case 00 ¢ cl(as(T))"~, we show that 0 é osx(f(T)) implies that T 
is bounded, i.e. that even co ¢ ogx(T). Let us hence assume that œo ¢ cl(os(T))"#~ 
and that 0 ¢ ogx(f(7)). In this case, there exists R > 0 such that os(T) is contained 
in the open ball Bp(0) of radius R centered at zero. The integal 


1 


-27 JaBRONC) 


Ess(T) 3 ds; Sr ef) 

defines then a bounded projection that commutes with 7’, namely the spectral projection 
associated with the spectral set os(T) C osx (T) that is obtained from the S-functional 
calculus, cf. Lemma 2.66. The compatibility of the S-functional calculus with polyno- 
mials in 7’ moreover implies 


1 z 
TEn = ST) = 35 f oa SRST) € BV), 
R i 


where Xos(r)(s) denotes the characteristic function of an arbitrary axially symmetric 
bounded set that contains cl(Br(0)). 

Set By := Z — Ess(r) and let Væ := EV be the range of Ea. Since T commutes 
with Es, the operator Ta := T|y,, is a closed operator on V,, with domain dom(T),,) = 
dom(T’) N V. Moreover, we conclude from Lemma 2.66 that 


osx(Tx) =osx(T) \os(T) c {oo} 


and so in particular 

Now observe that f(T) commutes with E» because of (i) in Lemma 6.31. Hence, 
f(T) leaves V,, invariant and f(T). := f(T)|v,, defines a closed operator on V,, with 
domain dom(f(T)..) = dom(f(T)) NV... (Note that f(T) intuitively corresponds to 
f (Ls). The S-functional calculus is however only defined on two-sided Banach spaces. 
As Væ is only a right-linear subspace of V and hence not a two-sided Banach space, 
we can not define the operator f (Too), cf. the remark at the beginning of Section 6.5.) 
Since f(T) is invertible because we assumed 0 ¢ osx f(T), the operator f(T) is 
invertible too and its inverse is f(T) tv, € B(Vac). 

Our goal is now to show that T. is bounded. Any bounded operator on a nontrivial 
Banach space has non-empty S-spectrum and hence we can then conclude from (6.28) 
that V = {0}. Since f decays regularly at infinity, there exists n € N such that 
sf"(s) € M[w]r decays regularly at infinity too. Because of Lemma 6.31, the oper- 
ators T f” (T) and (s f”)(T) both commute with Æa. Hence, they leave V,, invariant 
and we find, again because of Lemma 6.31, that 


TH" (T)lv.. C (sf"\(T) lv. E€ BVa) 
with 
dom (T f"(T)|y,,) = dom (T f"(T)) A Vac 
= dom ((s f”)(T)) N dom (f"(T)) A Væ 
= dom ((sf”)(T)|v..) 0 dom (F”(T)|v) - 
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But since sf” and f” both decay regularly at infinity in ©, Lemma 6.39 implies that 
f"(L)\v,, and (sf")(T)|v,, are both bounded linear operators on Væ. Hence their 
domain is the entire space V,, and we find that 


THT) |v. = (8f" VP) lv. € B(Vo). 


Finally, observe that Lemma 6.39 also implies that f"(T)|vy., = (f(T)|v.)”. As 
f(T)|v,, has a bounded inverse on Væ, namely f(T')~'|y,,, we find that Tœ € B(V) 
too. As pointed out above, this implies V,, = {0}. 

Altogether we find that V = V,.(7) := Eogcr)V such that T = T Veg es belongs to 
B(Vo<(r)) = B(V) and in turn œ € ogx(T) if 0 = f(oo) € ogx(f(T)). 

Now let us consider the case that s = 0 and c = 0, that is f(0) = 0. If 0 does 
not belong to osx(f(7)), then f(T) has a bounded inverse. Let e be a regulariser 
for f such that ef € E[X,,]. Since f(T) = e(T)~'(ef)(T) is injective, the operator 
(ef)(Z) must be injective too. As the function ef has polynomial limit 0 at 0, we 
conclude from Lemma 6.30 that even T is injective. If we define f(x) := f(a~'), 
then f has polynomial limit 0 at co and f(T~') is invertible as f(T~!) = f(T) by 
Corollary 6.34. Hence, 0 = f(oo) € ogx(f(T~')) and arguments as the ones above 
show that oo € osx(T~') such that T~' € B(V). Thus, T has a bounded inverse and 
in turn 0 ¢ osx(T) if 0 = f0) ¢ osx(f(T)). 

Finally, let us consider the case c = f(s) = œo with s = 0 or s = o and let us 
assume that co ¢ ogx(f(T)), that is that f(T) is bounded. If we choose a € R with 
la| > || f(Z)||, then a € ps(f(T)) and hence aZ — f(T) has a bounded inverse. By 
(iii) in Lemma 6.31, the function g(x) := (a — f(x))~! belongs to M[¥.,|r. Moreover, 
g(T) is invertible and g(T) has polynomial limit 0 at s. As we have shown above, this 
implies s ¢ agx(T), which concludes the proof. 


O 
Combining Proposition 6.38 and Theorem 6.40, we arrive at the following theorem. 


Theorem 6.41. Let T € Sect(w). If f € M[Xu|r and f has polynomial limits at 
osx(T) A {0, oo}, then 
f(osx(T)) C osx(f(T)). 


Let us now consider the inverse inclusion. We start with the following auxiliary 
lemma. 


Lemma 6.42. Let T € Sect(w) and let f E€ M[%,,|r have finite polynomial limits at 
{0,00} Nogx(T) in Uy for some y € (w, T). Furthermore assume that all poles of f 
are contained in ps(T). 


(i) If {0,co} C ogx(T), then f(T) is defined by the H™-functional calculus for 
sectorial operators. 


(ii) If0 € ogx(T) but co € ogsx(T), then f(T) is defined by the extended H®- 
functional calculus for bounded sectorial operators. 


(iii) If co € ogsx(T) but 0 € ogsx(T), then f(T) is defined by the extended H®- 
functional calculus for invertible sectorial operators. 
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(iv) If0,co ¢ ogx(T), then f(T) is defined by the H® -functional calculus for bound- 
ed and invertible sectorial operators. 


In all of these cases f(T) € B(V). 


Proof. Let us first consider the case (i), i.e. we assume that {0,co} C ogx(T). 
Since f has polynomial limits at 0 and oo in &,,, the function f has only finitely 
many poles [s;],...,[S,] in cl(%X,,). Moreover, for suitably large m, € N, the func- 
tion fi(z) = (1 + 2)~-?™Q,, (x)™ f(x) has also polynomial limits at 0 and oo and 
poles at [s2], . . . , [sn] but it does not have a pole at [s1]. Moreover, if we set rı(x) = 
(1 + 2)-?"Q,, (x), then rı(T) is bounded and injective because [s1] C [ps(T))]. 
We can now repeat this argument and find inductively mz2,...,™m,, such that, after set- 
ting relz) = (1 + £) ?™™ Q, (x)™ for l = 2,...,n and r := r,---711, the function 
f=rf belongs to M[%.,|7, has polynomial limits at 0 and oo and does not have 
any poles in cl (£u). Hence it belongs to €[%,,]. Moreover, r belongs to €[%.,,] too and 
since r(T) = ra(T) - - -r1(T) is the product of invertible operators, it is invertible itself. 
Hence r regularises f such that f(T) is defined in terms of the H™-functional calcu- 
lus. Moreover, f(T) = r(T)~'f(T) is bounded as it is the product of two bounded 
operators. 

Similar arguments show the other cases: in (ii) for example, the function f has 
polynomial limit at 0 but not at oo, such that the poles of f may accumulate at oo. 
However, we integrate along the boundary of Xu o,r = £u N BpR(0) in Ci for sufficiently 
large R when we define the H°-functional calculus for bounded sectorial operators. 
Hence, only finitely many poles are contained in &,9,2 and hence relevant. Therefore 
we can apply the above strategy again in order to show that f is regularised by a rational 
intrinsic function and that f(T) is hence defined and a bounded operator. Similar, we 
can argue for (iii) and (iv), where the poles may of f accumulate at 0 resp. at 0 and oo, 
but only finitely many of them are relevant. 


Proposition 6.43. Let T € Sect(w). If f € M[Xu|r has polynomial limits at any point 
in os(T) N {0, co}, then 


f(osx(T)) > osx(f(T)). 


Proof. Let s € H with s ¢ f(osx(T)). The function z ++ Q,(f(a))~! belongs then to 
M|%.|r and has finite polynomial limits at 75 (T)N{0, oo}. Moreover the set of poles 
of Q,(f(-)) as an element of M[%.,|, which consists of those spheres [x] in cl(,,) \{0} 
for which f(|x]) = [f(x)] = [s], is contained in the S-resolvent set of T as we chose 
s ¢ f(osx(T)). From Lemma 6.42 we therefore deduce that O,(f(T'))~! is defined 
and belongs to B(V). Hence Q,(f(T)) has a bounded inverse and so s € ogx(f(7)). 
If finally s = oo € f(asx(T)), then the poles of f are contained in the S-resolvent 
set of T. Hence, Lemma 6.42 implies that f(T) is a bounded operator and in turn 


s =œ ¢ ogx(f(T)). 


Combining Theorem 6.41 and Proposition 6.43, we obtain the following spectral 
mapping theorem 
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6.5. The Spectral Mapping Theorem 


Theorem 6.44 (Spectral Mapping Theorem). Let T € Sect(w) and let f E€ M[|X,|r 
have polynomial limits at {0,00} N ogx(T). Then 


f(osx(T)) = osx(f(T)). 
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CHAPTER 


Fractional Powers of Quaternionic Linear 
Operators 


Fractional powers of operators arose the interest of mathematicians in the 1960s in [14, 
62, 63, 65, 88, 89] and have been extensively studied since then. They have applica- 
tions in the theory of semi-groups [57], allow to define interpolation spaces [39] and 
provide the theoretical background for defining fractional evolution equations [18]. In 
this chapter, we generalise three classical approaches for defining fractional powers of 
operators to the quaternionic setting. 


Definition 7.1. The slice hyperholomorphic logarithm on H is defined as 


log x := ln |z| +i, arg(x) = In |x| + i, arccos(xo/|2]) (7.1) 


for x € H \ (—o0, 0]. 


Note that for x = xo € |0,00) we have arccos(29/|x|) = 0 and so logg = Inz. 
Therefore, log x is well defined also on the positive real axis and does not depend on 
the choice of the imaginary unit i,. It is 


e8? — 7 forz eH 


and 


loge” =x forx€H withj|z|< r. 


The logarithm is real differentiable on H \ (—oo,0]. Moreover, for any i € S, the 
restriction of log x to the complex plane C; coincides with the principle branch of the 
complex logarithm on C; and is therefore holomorphic on C; \ (—oo, 0]. Since log z = 
log x, the function log x is intrinsic slice hyperholomorphic on H \ (—oọ, 0]. 
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Remark 7.2. Observe that there exist other definitions of the quaternionic logarithm in 
the literature. In [56], the logarithm of a quaternion is for instance defined as 


|x| 


In |x| +i, (arccos zo + 2kr) , z| #0 or |z| = 0, zo > 0 
log, ¢ £ := 
In |x| + eer, [ae = 0, zo < 0 


where k € Z and ey is one of the generating units of H. This logarithm is however 
not continuous (and therefore in particular not slice hyperholomorphic) at the real line, 
unless k = 0. But for k = 0 this definition of the logarithm coincides with the one 
given in Definition 7.1. Even more, the identity principle implies that (7.1) defines the 
maximal slice hyperholomorphic extension of the natural logarithm on (0, +00) to a 
subset of the quaternions. 


Definition 7.3. For a € R, we define the fractional power x“ of x € H \ (—oo, 0] as 


re sa et ost — e2% |2|+ic arg(x)) (7.2) 


Remark 7.4. The function x ++ x“ is by Corollary 2.7 intrinsic slice hyperholomorphic 
on its domain H \ (—oo, 0] as it is the composition of two intrinsic slice hyperholomor- 
phic functions. Observe however that this is only true for real a: if a ¢ R, then the 
inner function x ++ a log x is not intrinsic. Since the composition of two slice hyper- 
holomorphic functions in in general only slice hyperholomorphic if the inner function 
is intrinsic, defining x“ as in (7.2) does in this case not yield a slice hyperholomorphic 
function. 


Since x“ is a slice hyperholomorphic function for a € R, our setting provides suit- 
able techniques for defining fractional powers of quaternionic linear operators. In the 
complex setting, several approaches for defining fractional powers of sectorial opera- 
tors are known and they make different assumptions on the respective operator. In this 
chapter, we generalise three of these approaches to the quaternionic setting. 


1) In Section 7.1 we follow the approach of [39] and define fractional powers of in- 
vertible sectorial operators directly via a slice hyperholomorphic Cauchy integral. 
This approach allows to define interpolation spaces, but the theory of interpolation 
spaces in the quaternionic setting does not show any significant difference to the 
complex one. The results presented in this section can be found in [21]. 


2 


x 


In Section 7.2, we follow [59] and develop the most general approach to fractional 
powers in the quaternionic setting. We use the H°°-functional calculus introduced 
in Chapter 6 in order to introduce fractional powers of arbitrary sectorial operators 
and show several of their properties. The results in this section are part of [19]. 


3 


ww 


In Section 7.3, we finally follow [63] and introduce fractional powers of expo- 
nent a € (0, 1) indirectly. We first find integral representations for operators that 
should correspond to the S-resolvents of T°. Then we show that there exists actu- 
ally an operator such that these integral coincide with its resolvent. In particular, 
this implies that the famous Kato-formula for the resolvent of the fractional power 
of an operator has an analogue in the quaternionic setting. The results in this 
section can again be found in [21]. 
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7.1 A Direct Approach to Fractional Powers of Invertible Sectorial Oper- 
ators with Negative Exponent 


In the following we assume that T is a densely defined closed quaternionic right linear 
operator such that (—oo,0] C ps(T) and such that there exists a positive constant 
M > 0 such that 


ISR (s, D| < L for s € (—o0, 0]. (7.3) 


= 14 |s| 
Obviously this is the case if T is a sectorial operator in the sense of Definition 6.1 and 
has a bounded inverse. In order to show that also the converse is true we recall the 
notation 


Ly = {s € H: arg(s) < p} 
for the sector of angle y € (0,7) around the positive real axis. 


Lemma 7.5. The estimate (7.3) implies the existence of constants a > 0, p € (0,7) 
and M,, > 0 for n € N such that os(T) is contained in the translated sector 


Ly +a:= {s € H: arg(s — a) < p} 


and such that, for any s ¢ X, + a and any n € N, we have 


M 
IBRET S A ES T (7.4) 
i (1+ [s|)” (1+ |s|)” 
Proof. By Proposition 4.42, we have 
3 Sz (s, T) = (—1)*k! Sp (s, T) for k EN. (7.5) 


Hence, by Lemma 2.61 and Remark 2.13, the map s +> SpR (s, T) is a left slice hyper- 
holomorphic function on ps(T) with values in B(V) for any n € N. From the identity 
(7.5) we deduce 


(p 


ðs SR” (s, T) =t"! (n Fi D! SpR (s, T) 
—1)F(k+n— 1)! kan 


When we apply Theorem 2.14 in order to expand S}”(s,T) into a Taylor series at a 
real point a € ps(T), we therefore get 


SR” (s, T) ` als — a)*s*S5"(a,T) 
_ y = (s—a)t ee 1)! SE T) 1.6) 
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on any ball B,(a) contained in ps(T). Since a is real, Sp"(a,T) = (SR (a, T))” 
and thus || SR” (a, T)|| < ||Sz'(a,T)||". The ratio test and the estimate (7.3) therefore 
imply that this series converges on the ball with radius (1 + |a|)/M centered at a for 
a € (—oo, 0]. In particular, considering the case n = 1, we deduce from Theorem 3.12 
that any such ball is contained in ps(T). Otherwise the above series would give a 
nontrivial slice hyperholomorphic continuation of Se (s, T), which cannot exist by 
Theorem 3.12. 

Set a = min { 7, 1}. Then the closed ball cl(B,(0)) is contained in ps(T) and for 
any s € cl(B,(0)), we have the estimate 


ISa"(s, 7) < 0 en i si*s" ® (0, D) 


+00 ae 
_ 1 (1 + |s|)" 

< EES io eee EA 
>, ( k (4M )* ale ert 
2n M” 5 (" Spies ‘ 1 4n M” 


(1+ |si) kJ A+ [sir 


k=0 


where the last equation follows from the Taylor series expansion 


+00 
k-1 
a-ar =p (tt P for |z| < 1. 


k=0 


Now set pọ = 7 — arctan(5;,) and consider the sector Xg. If s = so + i,81 ¢ Xpo» 
we have 0 < sı < |so|/(2/) and from the power series expansion (7.6) of SR” (s, T) 
at so, we conclude 


pee n+k—-1 E : M pink 
== k=0 k 2M 1 -+ | So| 


n +00 nafn 
<( M > Gree 2” M 
1+ [sol k 2k (1+ |s0|)” 


k=0 
Since |s| < |so| + s1] < (1 + 347)|sol, we get 
an Mn 1+7) 2M” 
lSR”(s, DI < EE a 
(1+ (1+ sh) Isl) (1 + [sl 
Hence, the estimate 
M, 
SR (s, D| << ———_ (7.7) 
lsz DI < aiy 


with 
1 n 
M, := | 1+ — | 4M” 
(m) 
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holds true for any s ¢ Q := Xo) \ Ba(O). Now observe that the sector X, + a with 


:= arctan gango 
R a(—1+ cos Yo) 


is contains the set V. Hence, if s € X, + a, then s ¢ Q and so s € ps(T) and (7.7) 
holds true. 

Since S7! (s, T) = S} (s, T) for s € (—oo, 0], the estimate (7.3) applies also to the 
left S-resolvent. Thus we can use analogous arguments to prove that the the estimate 
for the left S-resolvent in (7.4) also holds true with these constants. 


Definition 7.6. Let i € S and let X, + a be the sector obtained from Lemma 7.5. Let 
0 € (p, T) and choose a piecewise smooth path T in H \ (£, + a) that goes in C; from 


ooe? to coe” and avoid the negative real axis (—oo, 0]. For a > 0, we define 
pia -= dsi Sp (s, T) (7.8) 
=> — S Si S, K . 
27 Jp R 


Theorem 7.7. For any a > 0, the operator T~° is bounded and independent of the 
choice of i € S, of 0 € (8,7) and of the concrete path T in C; and therefore well- 
defined. 


Proof. The estimate (7.4) assures that the integral in (7.8) exists and that it defines a 
bounded right-linear operator. Since s ++ s~® is right slice hyperholomorphic and 
S b> Sp Gt ) is left slice hyperholomorphic, the independence of the choice of 0 
and the independence of the choice of the path I in the complex plane C; follow from 
Cauchy’s integral theorem. 

In order to show that T7% is independent of the choice of the imaginary unit i € S, 
we consider an arbitrary imaginary unit j € S withj ¢ i. If X, + a is the sector 
obtained from Lemma 7.5, then let y < 6, < 0p < 7 and set Us := X4, \ Ba/2(0) and 
Up := Xo, \ Bay3(0). (The indices s and p are chosen in order to indicate the variable of 
integration over the boundary of the respective set in the following calculation.) Then 
U, and U, are slice domains that contain o s(T) and 0(U,C;) and 0(U,,C;) are paths 
that are admissible in Definition 7.6. 

Observe that s +> s~® is right slice hyperholomorphic on cl(U,) and that, by our 
choices of U, and U,, we have s € U, for any s € O(U,NC;). If we choose r > 0 large 
enough, then s € U, N B,(0) and we obtain from Theorem 2.30 that 


1 
s% = lim =f 
r=>+ 2T a(UpNB,(0)NC;) 


1 


-2r Jaune) 


p “dp; Sp (p, $) 
p “dp; Sp (p, $), 


where the second equations holds since p™™ — 0 uniformly as p — oo in Up. For the 
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operator 77%“, we thus obtain 
peas P ds, RT 
-n s Si S, 
2T JƏUNC:) í 


1 
r} A c) i so] dsi Spi(s,T). 9 
sNCi pOCj 


We now apply Fubini’s theorem, but we postpone the estimate that justifies this to 
the end of the proof as is very technical and quite long. By exchanging the order of 
integration, we get 


1 1 
PR p ° dp; (sf Sp (p, s) ds; sle, T) ) 
2T A(UpNC;) 1 \ Qn A(UsNC}) 4 á 


1 1 
+ ae p ° dp; Op (p, T), 
2T JapnC;) ST 


where the last equation follows as an application of the S-functional calculus since 
SpR (p, 00) = lims 40 Sp (p, s) = 0. Hence, the operator T° is also independent of 
the choice of the imaginary unit i € S provided that it is actually possible to apply 
Fubini’s theorem in (7.9). In order to show that the integrand in (7.9) is absolutely 
integrable, we consider the parametrisations T, and T, of 0(U, N C;) and O(U, N C;) 
that are given by 


[t(r):=re*!, r € [a/2, +00) 
20s 


T.(r) = ¢T8(r) = See" r € (—a/2,a/2) 


[er re Fe (—00,-a/2] 
and 
re) = teri, te [a/3, +00) 
y(t) = 4 T90) = ge t € (—a/3, 0/3) - 
Tp (t) = tefi, t € (00, —a/3] 
Then 
1 er f 
o À |p% dp; SR (p, $) dsi SR (s, T)| 
= es / |p= dp; Sp" (p, 8) dsi Sq'(s,T)| (7.10) 
7T,vE{—,0,+} 3 yT% 


and it is sufficient to estimate each of the terms in the sum separately. Applying Theo- 
rem 2.9 allows us to estimate 


1 2 


— < ; (7.11) 
Di — s| 7 [pi — sil 


$ W a Ñ 1o -g 
ISR (p, s)| < =|1 — ij| + =|1 + ijl 
|pi 


2 -s| 2 
where pi = po + ip; for p = po + ippı. By applying (7.4), we find for any T, v € {+, —} 
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that 


Js einsi osda sD] 


Ea Fit oii 
|te%! — resi r 


ii i 2M, 
z ; dtd 
jh j t — re(s—%)i] 1 +r 4 


2 3 
to pre (H| 1 2M 
a | t — el®s—0p)i| dt rita 1 a dr 
ae kc eee a 1 2M, 
F -d dr. 
| J. u — el®s—0p)i| A ATE r 
(0 


The modulus of u — e'%s~%)! can be estimated from below by the absolute value of its 
real part or by the absolute value of its imaginary part, and therefore, 


l |p% dpi Sp (p, 8) dsi SR (8, T)| 
3 yT% 

+00 +00 ey 
<| f H 2M a 

4 2 p—cos(é,—6,)  rel+r 

+œ 2 =," 
H 1 2M, 
d d 
a | m= NALET $ 


eas p” +œ 1 2M, 
du — dr 
ə  p—cos(6, — 0p) a TELT 
— 


=:C1 <+00 =:C09<+00 
a 1 91-a qi-@ 1 1 2M, 
: = dr 
a sin(0p = 0s) l-a (1 = aoe eo pl-a} pal ir 
2M, gl-a +00 ro 
=C\C24 — d 
= Do igre 


o E L dude 
" sin, —8,) (1—a)3* Je rr)” 


where each of these integrals is finite. 
For 7 = 0 and v = +, we can again use (7.11) to estimate 


? J. |p“ dp; Sp (p, s) dsi Sp (s, T) || 


+00 
sf foes 
a Je 


ee 1 dt dr 


_ 20s eta) | 6,M, 
i+ 
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en 2 M.: 
J ro nN iiy 
g tei — Gert 1 5 5 


20,M, f? ft? i? 
= zi a, dt dr. 
3 t — T pJi 


Since 0 < 6, < 0p < 7, the distance ô of the set 
apt 
15° pr 35 


to the positive real axis is greater than zero, and hence, 


J [eran S70, 9) ds 53D 


Qa4—-a@ +oo 
goes 4 ff f i dt dr 4 20s aa fÉ i te =a 
1+3 J-aJg ô 3 Ja -3 


20,aM, f° 2a M; ft 
| pege f dt, 
a) J$ a 


= 


where again these integrals are finite. A similar computation can be done for the case 
T = 0 and v = — 
For 7 = + and v = 0, we apply once more (7.11) and obtain 


j To le dp; Sr (p, s) dsi Sp (5, T) I 


EKOL 


—a +00 z. 
<2 (5) pan f f = : eee 
3 a -$ Zea t — rei l+r 
za +00 3 1 
=2 (2) “om, | f i dt dr 
3 g Js á eae 
3 Ir — 3€ 


Estimating the modulus of the denominator from below with the modulus of its real 
part, we obtain 


= i |p? dp; Sp (p, s) dsi Sp (s, T)|| 
+00 1 
<2( oan | f dt dr 
+ cos ( “et — 0.) | [+r 
+00 
<2( oan j [= z E dr 
g l+r 


ae 
4 T4 ij A 

ee A “ua dr, 
3 NƏ g r= A l+r 
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and this last integral is finite. The estimate of the case 7 = — and v = 0 can be done in 
a similar way. 

Finally, the summand for 7 = 0 and v = 0 consists of the integral of a continuous 
function over a bounded domain and is therefore finite. 

Putting these pieces together, we obtain that the integrand in (7.9) is absolutely 
integrable, which allows us to apply Fubini’s theorem in order to exchange the order of 
integration. 


If a € N, then s™® is right slice hyperholomorphic at infinity. The following Corol- 
lary then immediately follows as an application of the S-functional calculus. 


Corollary 7.8. [fa € N, then the operator T’ © defined in (7.8) coincides with the a-th 
inverse power of T. 


If we follow the arguments of the proof of Theorem 5.27 in [39, Chapter II], we 
obtain an integral representation of 7’~° that is almost identical to the one derived for 
the complex case: the only difference is the different constant in front of the integral. 
This is due to the different choice of the branch of the logarithm that is used in [39] in 
order to define the fractional powers. As pointed out in Remark 7.2, it is not possible 
to define different branches of the logarithm in a quaternionic slice hyperholomorphic 
setting. In Corollary 7.11 we however obtain an integral representation that is clearly 
different from any integral representation known from the classical complex setting. 


Theorem 7.9. Letn € N. Fora € (0,n + 1) witha ¢ N, the operator T™® defined in 
(7.8) has the representation 


T- = (-1)"41 sin(ar) n! 


+00 
n—a a—(n+1) 
t —t,T)dt. (7.12 
T oaa) Sr (=t, T)dt. (7.12) 


Proof. Let a and ọ be the constants obtained from Lemma 7.5. For b € (0,a) and 
0 € (y,7), we can choose U = Nog + b and integrate over the boundary 0(U N C;) of 
U in C; for some i € S in the integral representation of T 7%. The boundary consists of 
the path 


ix f tel, te (—00,0] | 


b+te-®, t€ (0,00) 
and hence 
i : : 
eS EF (b — te) (—i)(—e) SR (b — te”, T) dt 
T —Co 
gC ee . ; 
+— (b + te~”)-*(—i)e“".975'(b + te”, T) dt 
2T Jo 
. +00 
=L | (b+ tel) S51(b + te, T) dt 
2T 0 
x +00 
: (b + te`) -%e- S71 (b + te“ T) dt. 


o 


161 


Chapter 7. Fractional Powers of Quaternionic Linear Operators 


Integrating n times by parts yields 


i te . 
mie a0 ax | (bate hee ate Thai 
a = 0 


n! i bass —i0\n—a ,—i0 QN —i 
aara Ta A + te #,7) at 


Because of the estimate (7.4), we can apply Lebesgue’s dominated convergence theo- 
rem with dominating function 


» [Care ifts1 
|) Cte} ift>1, 


where C > 0 is a sufficiently large constant. Taking the limit b — 0, we obtain 


! i F . : 
Te = a — z “ ‘i — 5 = | pew E E T) dt 


n! i +00 pene er ee —(n+1) —i0 
= o ee ens (te, T)dt 


and then, taking the limit 0 > 7, we get 


(7.13) 


p-o = n! i i pra in(n—a) gi (n+l) t T) dt 
© (n—a)---(1—a) 20 


n! / OT pao) gt) dt 
f x k 
(n-a) (1-a) 2r Á 


: | +oo 
= —1 ny Sinlar) n: J n-a —(n+1) — T d 
n ma r A e 


where the last equation follows from the identity 


iet") 4 je 0-A) — sin((n — a))r = (—1)"*' sin(ar). 


Corollary 7.10. /t is Z~° = T for a > 0, where T denotes the identity operator on V. 


Proof. If a € N, this follows immediately from Corollary 7.8. For a ¢ N, we consider 
n € N witha € (0,n + 1). Since S} (s, 7 = (s — 1)~'Z, we then have 


a n41 Sin(a7) TOS poe 
sci a e =a a a Gear 


_ sin(a7) Ce HL. 
— m (n—a)---—-a) Jo (+1) 


By [55, p. 3.194], we have 


woe Co = _(n-a)---(l-a) a 


where B(x, y) denotes the Beta function, and hence Z~° = T. 
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Corollary 7.11. Let œ € (0,1). Then 


sin(ar 


+00 
Ap Ores f tSr (t, T) dt. (7.15) 
0 


T 


Corollary 7.12. Fora € (0,n + 1), the operators T™® are uniformly bounded by the 
constant M,,., obtained from Lemma 7.5. 


Proof. From (7.12), Lemma 7.5 and (7.14), we obtain the estimate 


j ! +% Mn 
IT] < a Å if pro eH t= n+l- 
7 aaeh * Ort 


Corollary 7.13. Assume that og(T) C {s € H: Re(s) > 0} and that p in Lemma 7.5 
can be chosen lower or equal to 7/2. For a € (0,1), we then have 


ME 
( J TEA (cos (Z) T + sin (=) rT) (T? +°) dr. 
0 


Proof. By our assumptions, we can choose n = 0 and 0 = m/2 in (7.13). Since e? = i 
and e~'2 = —i, we then have 


7 +oo . +oo 
(aes ite ha gE (it, T) dt — = f wee rig (eT) ae. 
T Jo 


= z À 


We observe that 
Sp (tti, T) = —(T + tiZT)(T? + °), 


Teas f (-e =T tips (r= tiZ)) (T? +6) dt. 
T Jo 


Some easy simplifications show 
sera ACh +tiZ) + aT — tiZ) = —2i [cos (>) T + 2sin (>) ‘z| ; 


and in turn 


1 pte 
Tez ~/ {4 (cos (>) T +sin (>) i) (T? +)! dt. 
0 


Observe that s ++ s~“ is intrinsic slice hyperholomorphic. Hence, we could also 
use the left S-resolvent operator to define fractional powers of T. Indeed, this yields 
exactly the same operator. 


Proposition 7.14. Let a > 0 and let I be an admissible path as in Definition 7.6. The 
operator T’ © satisfies 


1 
T = — | S(s, T)dsis™®. : 
JE (s,T)dsis (7.16) 
16 
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Proof. We can proof this statement in two different ways. We can either perform com- 
putations as (4.12) in order to show that the slice hyperholomorphic Cauchy integral in 
(7.16) equals the one in (7.8). 

As an alternative approach, we can perform computations analogue to those in the 
proof of Theorem 7.9 to show that, for n € N and a € (0,n + 1) with a ¢ N, one has 


1 -1 -—a 
zfs (s,T)dsis 


2 n+18in(am) n! m —(n+1) 7 n—-a 
0 SS ee ee ee 


But for real t one has S;'(—t,T) = (-t—T)~! = S} (—t, T), and in turn this integral 
equals 


(-1y""1 sin(aT) n! 


+00 
peg O+D (Lt, T) at = TF, 
T oaa) s ( ) 
where the last equation follows from Theorem 7.9. If œ € N, the statement follows 
immediately from the S-functional calculus and Corollary 7.8 because s™® is intrinsic 
slice hyperholomorphic at infinity. 


Theorem 7.15. The family {T~°} 30 has the semigroup property TT} = T-(¢+°), 


Proof. Let y and a be the constants obtained from Lemma 7.5. We choose 0, and 4, 
such that max{y, 7/2} < 6, < 0s < T and we choose a, and a, with O < as < ap < a 
and a, sufficiently small such that cl(B,,(0)) N cl (£p) + a = Ø. Then the sets 


Gp = Xo, \ (Ba (0)) and G, = Xo, \ cl(Ba,(0)) 


satisfy os(T) C G, and cl(G,) C G, and fori € S their boundaries 0(G, N C;) and 
O(G,M Ci) are admissible paths as in Definition 7.6. The subscripts p and s refer again 
to the respective variables of integration in the following calculation. 

The S-resolvent equation (2.30) and Proposition 7.14 imply 


1 
repo = a std SateT)f Sr, T) dnp 
(27) A(GsNC;) O(GpNC) 


=a pi ds | Sp (s, T)plp? — 2sop + |s|’) dpi p’ 
(27)? Jaan) Ə(GprC;) 
1 a Z nthe (xe 
2 | s as f S3 (p, T)p(p? — 2sop + |s|) "dpi p~? 
(277)? Jaan) 3(GpNCi 


1 
— 3 f STS ds f S55 (s, T)(p? — 2sop + |s|?) dp; p? 
(27)? Jaca.ne,) a(GpnC; 


1 = — OPTREE 
pa I stile | 357! (p, T)(p? — 2sop + |s|?) "dpi p”. 
(27)? Jacg.ncy) a(GpnC; 


But since the functions p +> p(p? — 2sop +|s|?)~'p-8 and p > (p? —2sop + |s|?) tp? 
are holomorphic on an open set that contains cl(G,, N C;) and since they tend uniformly 
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to zeros as p —> oo in Gp, Cauchy’s integral theorem implies 

1 
z | s as f Sai (s,T)p(p? — 2sop + |s|?) 'dpi p? = 0 
(27)? Jara.ncy) (GNC) 


and 


1 = 7 ae 
-gg daf B55 5, TP? — 2sop + |s) dpp = 0. 
(27)? Jacg.ncy) A(GpNC}) 


It follows that 
TESTE 
1 
OR =° ds; Qel “IR 2_ 9 KA 2)-ldp; —£B 
(27)? T í = z (p, T)plp ae (7.17) 
d (27)? R Ci) ee i” ph Te’ =e sf") "dp Be 
sNCi pN i 


Let us assume that we can apply Fubini’s theorem in order to exchange the order of 
integration. We then find that 


1 
TT? = f s ° ds; 
(27)? Janca 


I [5S7 (p, T) — S7 (p, T)p|(p” — 2sop + |s|?) dpi p°. 
O(GpNG) 


Applying Lemma 4.18 with B = S;'(p,T), we obtain 


Tepe as 
2T Ja(GpnC;) 
1 


-2m Jaan) 


Sz (p, T)dpi p° p} 
or Tipp AE, 

What remains to show is that we can actually apply Fubini’s theorem in (7.17). For 
T € {s,p} we therefore decompose 0(G, N Ci) = T7 U Fra U T} with 


r7 = {-re”,r € (—00, —a-]} 
BiS {a,e~", 0 € (—0,,6,)} 
Tt = {rer € [a,, +00) } 


such that 
eae aa 
1 a 7 7 7 
= D -gp | seas [570,70 - 2500+ sP) dn r 
aoet oj T vT t? (7.18) 
1 E Wea E E 
ee ys a sds, | 357'(p,T)(p? — 2sop + |s|?) "dpi p°. 
u,ve{+,0,—} s Tp 
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Since p and s commute, we have (p? — 2sop + |s|?)~' = (p — s)~1(p — 5)~1 and thus 
for u = + and v = + 


ik d J S3 (p, T)plp? — 2sop + |5|?) "dp; p~? 
rt r 


P 


+oo + 
=f E D 


P 
iter (te — re™®:) ~t (te — ress) ep (—i)t Fel dt dr. 


Using the estimate 


Mı 
ST (s, D| < —— 7.19 
ISES DI S oy (7.19) 
obtained from Lemma 7.5 and setting 
Mt 
C := sup Sa ePOS, (7.20) 


te[0, +00) 1+t 


we find that the integral of the norm of the integrand is lower or equal to 


+00 +oo 1 1 4 
[ Le i r t : — rei(9r—4s) It — ETAN dt dr 


+œ p+too —(1+a) t- (1+8) 
<o f 1 = - = dt dr. (7.21) 


z— e~i(0s+4)| 


Since 1/2 < 6, < 6, < T, we have 0 < 6, — 0p < mand T < 6,+ 4, < 27. Therefore 
f |E — e1s*%)| < inf |Im (£ — e~1*%)| = inf |sin(@, + 0 0 
inf | — e7 | inf | m(f—e )| inf |sin(@, + 0,)| # 


EER 
and so 
K 1 j 
1:= sup Loo 
ro) E OH) 
celo. ' i E 
Kə:= sup Hoo. 
€€[0,-+00) |z — e- Ea] ~ 
As a, P > 0 and as, ap > 0, we conclude from (7.21) that 
+00 +00 Mit 1 1 
—a —B 
a [ ag |t — rei@r—9s)| |t — reilp+8s) Pe ber 
+00 +00 
aOR Ks f p+) dr / t0) dt < +00. (7.23) 


p 


The second integral in (7.18) with u = + and v = + is 


[cas f 5STD = 250p + sP app” 
r; rý 

TOO . . +00 . . 
= peente) | pes. (ter, T). 


p 


- (te? — a ie (te — res) e 1 (—i)t Pel? dt dr. 
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With (7.19) and (7.22), we can estimate the integral of the norm of the integrand by 


Pee res M 1 1 
—a+1 1 =p 
- - t” dtd 
[ [ "TE [te 8) — r| [te r] i 


< —(1+a) 
<M, [ r f 1+t E = ei(0.-%)| E iG, 18.) dt dr 


P 


1+t 


a 


+oo +oo —B 
<M KK, | p_ Oto) ar f ——dt< +00. 


For u = + and v = 0, we have 


J = ds | S=\(p,T)p(p? — 2sop + |s|?) dp; p° 
ry T 


0 
P 


+oo r . fy i i 
= / reet eis (i) i Ir lae T) dye: 
ds mas 


- (ape ™® — re™'®s) Sa (ape ™ — re'®s) g aye" (—i) az’ e’ dé dr 


and, again using (7.19), we find that the integral of the absolute value of the integrand 
is lower or equal to 


e = [ Mia?’ 1 1 PE 
: i : 7: 
ae -0p 1+ ap |r — apei4-8s)| |r — a,eWO+4s) 


Since 77/2 < 6, < 0, < 7, the distance ô between the set 


faye), 6 E [—-O5, Oy] } U Lape), 6 E [—Op, Op] } (7.24) 


and the positive real axis is greater than zero and hence the above integral can be esti- 


mated by 
as+2ap %» M. 2—8 
I E o L dr db 
Be 9, 1+ ap 6? 


+oo —a Op M,a2-8 
+f —— | ae ee eee 


s+2ap (T — ap)? ge Lr Gp 


For the second integral in (7.18) with u = + and v = 0, we have 


|! sds | 3S7 (p, T)(p? — 2sop + |s|?) dpi p’ 
ry T 


0 
P 


+00 . . Op . . 
=) peente (i) | res S7 (ape ®, T) 
as = 


Op 


- (ape ™® — re“) = (ape ™ — rel*’) z ape” (—i) az Pel”? dé dr. 
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Using (7.19), we can estimate the integral of the absolute value of the integrand by 


toe i2 Op a, PM, 1 1 
I i00) Zi(0F0;) dé dr 
te -op 1+ ap |ape s) — r| |ape s) — r| 
as +2ap Op a, PM, 1 
al ee) T3 dé dr 
fa: o, 1+ 4p ô 
+00 l-a Op at EM. 
+f | 1 ddr < +00, 
as+2ap (T — Op)? J_g, 1+ ap 
where ô > 0 is again the distance between the set in (7.24) and the positive real axis. 


Similar estimates hold true if u = — and v = 0. 
If u = 0 and v = +, then 


J 5 ds f S7 (p, T)p(p? — 2sop + |s|?) dp: p? 
yo + 


Tp 


Os . . T . . 
-f Gee St)? I ST (te, Tite” 
—6s a 


P 


- (tei? — a (teir — ae) e (it Pel? dt dé: 


Once more (7.19) allows us to estimate the integral of the absolute value of the inte- 


grand by 
~X " tê dt d0 
/ a ja. Gere = — a,eir—9)| |t — asé o] 


Os +00 — 
<c f al a. ——; dt dé < +00, 
-4s (t — as) 


ap 


where C is again as in (7.20), and the second inequality follows because a, < ap. For 
the second integral in (7.18) with u = 0 and v = +, we similarly have 


[reas f 35-1(p, T)(p? — 2sop + |s|2)2dp, pF 
T? rt 


Os 4 ‘ +00 5 í 
= azea, (i)? | ases S7 (te™? ,T)- 
a 


= a 
- (tei? — ase“) TR (te — ase) T e195 (_j)¢-F el dt do. 


As above, we can estimate the integral of the absolute value of the integrand by 


Li zi l i t° dt do 
—Os 1+t|t — a,c |t — a,elt9)| 


+00 4—(1+8) 
<o a a3 ——; dt dé < +00, 


(t-a) 


where the last inequality follows again because as < ap. Similar estimates hold for the 
case u = 0 and v = — 
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Finally, the integrals in (7.18) with u = 0 and v = 0 are absolutely convergent since, 
in this case, we integrate a continuous and hence bounded function over a bounded 
domain. 

Putting these pieces together, we obtain that we can actually apply Fubini’s theorem 
in (7.17) in order to exchange the order of integration. 


Lemma 7.16. Since dom(T) is dense in V, the semigroup (I~ “)q>0o is strongly con- 
tinuous. 


Proof. We first consider v € dom(T’). For a € (0,1), we have 


Sz (t,T)v — Sp (t,T)v = Sp (t, T)Sp (t, T)(Tv — Tv) 


if t € R. Hence, we deduce from Corollary 7.11 that 


T °v -T °v = 
n +oo : +00 
= er) / ras -t T)v dt + me) / t-°S5,1(-t,Z)v dt 
T 0 T 0 
_ -1an | Szi, TYS T) (Tv — Iv) dt 228 0 
T 0 


because sin(ar) — 0 as a — 0 and the integral is uniformly bounded for a € [0, 1/2] 
due to (7.3). Since Z~° = Z by Corollary 7.10, we get T7“v — v as a — 0 for any 
v € dom(T). 

For arbitrary v € V and £ > 0, there exists v, € dom(T) with ||v — v.|| < € 
because dom(T `) is dense in V. Corollary 7.12 therefore implies 


lim |Tv — v|| < lim |Tv — T°v,]|| + |Tv: — vell + |v — v|| 
a0 a0 
< (M+ Illy — ve|| < (Mı + De. 


Since ¢ > 0 was arbitrary, we deduce that T~°v — v as a — 0 even for arbitrary 
v € V. This is equivalent to the strong continuity of the semigroup (T°) q>o. 


Proposition 7.17. The operator T™® is injective for any a > 0. 


Proof. For a > 0 choose 8 > 0 with n = a+ 8 € N. Then T-°T-°% = T™ and in 
turn T”T~-°T~° = T, which implies the injectivity of T°. 


The previous proposition allows us to define powers of T also for a > 0. 


Definition 7.18. For a > 0 we define the operator T° as the inverse of the operator 
T~°, which is defined on dom(T) = ran(T~°). 


Corollary 7.19. Let a, 3 € R. Then the operators T°T® and T°** agree on dom(T”) 
with y = max{a, B,a+ P}. 
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Proof. If a, 8 > 0 and v € dom(T°**) then, since T~'°+) = T-°T-° by Theo- 
rem 7.15, we have 


POP ey = PTL RE OT ye SPE PE) Perey = Tv. 


The other cases follow in a similar way. 


With these definitions it is possible to establish a theory of interpolation spaces for 
strongly continuous quaternionic semigroups analogue to the one for complex operator 
semigroups. Since the proofs follow the lines of this classical case and the quater- 
nionic theory does not show any significant difference to the complex one, we refer to 
Chapter II in [39] for an overview on these results. 


7.2 Fractional Powers via the H~-Functional Calculus 


The most general strategy for introducing fractional powers of complex linear operators 
is via the H°°-functional calculus. It applies to arbitrary sectorial operators and does 
not require further assumptions on the operator. Following [59], we show now that this 
is also possible in the quaternionic setting. 

Let T € Sect(w) and let a € (0,+00). The function s +» s® does then obvi- 
ously belong to M|%.,|7 and we can define T° using the quaternionic H®-functional 
calculus introduced in Chapter 6. Precisely, we can choose n € N with n > a and find 


T* := s(T) = (Z+T)" (s%(1+s)~”) (1), (7.25) 


where (s°(1 + s)~”) (T) is defined via a slice hyperholomorphic Cauchy integral as in 
(6.2) or (6.3). 


Definition 7.20. Let T € Sect(w) and a > 0. We call the operator defined in (7.25) 
the fractional power with exponent a of T. 


The following properties are immediate consequences of the properties of the H°°- 
functional calculus. 


Lemma 7.21. Let T € Sect(w) and let a € (0, +00). 


(i) If T is injective, then (T~!)° = (T°)*. Thus 0 € ps(T) if and only if 0 € 
ps(T°). 


(ii) Any bounded operator that commutes with T commutes also with T®. 
(iii) The spectral mapping theorem holds, namely 
os(T*) = {8% : s € os(T)}. 
Another important property is analyticity in the exponent. Observe that, although 
in the complex case the mapping œ ++ T® is holomorphic in a, we cannot expect 


slice hyperholomorphicity here because the fractional powers are only defined for real 
exponents, cf. Remark 7.4. 
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Proposition 7.22. [fT € Sect(w), then the following statements hold true. 
(i) If T is bounded, then T° is bounded too and the mapping A : a — T° is analytic 
on (0, +00) and has a left and a right slice hyperholomorphic extension to H* = 
{s € H : Re(s) > 0}. In particular, for any ay € (0,+00) the Taylor series 
expansion of fa at ag converges on (0, 2a). 
(ii) Ifn € Nand0 <a < n, then dom(T”) C dom(T®). For each v € dom(T™), the 
mapping Ay : œa ++ Av is analytic on (0,n) and the power series expansion of 
Ay at ag € (0, n) converges on (—Tay +A,A+T a.) With Ta, = min{ao,n — ao}. 
Hence, ^, has a left and a right slice hyperholomorphic expansion to the set 
sseton) Broo (ao). 
Proof. Let us first show (ii). If n € N and a € (0,7), then 
T* = (T + T)” (s*(1+s)”) (T). 
If v € dom (T”), then T” and (s°(1 + s)~”) (T) commute because of Lemma 6.31 (i) 
such that T°v = (s°(1+ s)~") (T)(Z + T)”v and hence v € dom(T®). 
Let now ao € (0,n) and set r := ra, = min{ao,n — ao}. The Taylor series 


expansion of a ++ s® at ag is s* = X, 20 (e-a0)" 5 0 Jog(s)* and converges on (0, 2a). 
Ife € (0,1) anda € (0,n) with |a — ag| < (1 — £)r, then we have after choosing 
yp € (w, T) that 


Tv = (s*(1+s)") (T)(Z+T)"v 


1 
=— s*(1 + s)” dsi SR (s, T)(T + T)”v 
2T JƏ(SorC:) 
1 < (a —a o)" 5% n 
Sii — 8 ° log(s \e (1+s) "ds SR t(s, T\(T+T)”v. (7.26) 
27 A(U_NC;) k=0 k! 


We want to apply the theorem of dominated convergence in order to exchange the 
integral and the series. Using (6.1) we find that ¥ (s) = M || (T + T)"v|| U(s) with 


-5 eel = ol as ı |log(s)|* log(s)|* 
Jise 


is a dominating function for the oy in (7.26). In order to show the integrability of 
W(s) along 0(% N Ci), we choose Cest > 1 such that (1 — £€)Cest < 1 and O < to < 1 
and 1 < tı such that 


|In(t) + [0] < Cest| In(t)| Vt € (0, to] U [t1, +00). (7.27) 
We then have 


rs (s) d|si| = Lo f your lint) tie g 
2 Jars nc) i 0 |1 + te? |” 


+00 to 
aye eon (c eum l t71 (— In(t))* dt 
! 0 


k=0 


ti +20 
+ CoC? y t1 dt + C20% i peo (nt1) Int) dt) 
t t 


0 1 
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with the constants 


1 
Co := max ———, C,:= max |In(t)+i 
0 te [0,t1] |1 + telv|” re tejto. tı] AU 
and a constant Cy > 0 such that 
1 Co 
am eae Vt € |ti, +4 ; 
[I + teie] ipte) 


Since 

ti a k! 
i OLES As a 
0 —oo 


Qo 
and similarly 


+00 24) +00 ( \e ok k! 
420-01) In (t)¥ dt < ‘i eo BOISE dE = —— 
[ otas | aoa 
we can further estimate 
1 


l f (s) dlsi| < 
2 Ja(enC;) 


+00 
|a = a|" p K! kf t ato k k! 
< ` T CoCo a arti + CoC} ae | + OC es Te oT R 


k=0 Og 
As |a — ao| < (1 — e)r = (1 — £) min{ap, n — ao}, we finally find 


+00 


sf Co k 
= V(s) dls) < — X ((1—€)Cest) 
2 Jas nc;) (aas a0 2 j 
Co Ge = tt) +00 ole: = -aop Gs S $ 
| S | ((1—€)Cest)*. 
k=0 o k=0 


Since (1 — £)C; < 1 these series are finite and hence W is an integrable majorant of the 
integrand in (7.26). We can thus exchange the series and the integral in (7.26) such that 


Ae * (a >= ao)" 1 g2 n n 
Toys. log(s)*(1 + s)-" ds, Spi(s,T)(Z + T)"v 
so Fl 2a Jasne) 


where this series converges uniformly for |œ — ao| < (1 — e)r. Since e € (0,1) was 
arbitrary, we obtain the statement. 

If T is bounded, then (7.25) is the composition of two bounded operators and hence 
bounded. With arguments as the ones used above one can show that the power series 
expansion of A at ag converges in B(V) on (0, 2a9). If we write the scalar variable 
(a — ao) in the power series expansion on the left or on the right side of the coefficients 
and extend a to a quaternionic variable, we find that A has a left resp. a right slice 
hyperholomorphic extension to B,,(ao). Finally, any point in H* is contained in a 
ball of this form, and hence we find that we can extend A to a left or to a right slice 
hyperholomorphic function on all of H*. 
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We show now that the usual computational rules that we expect to hold for fractional 
powers of an operator hold true with our approach. 


Proposition 7.23 (First Law of Exponents). Let T € Sect(w). For all a, > 0 the 
identity T°+® = T°T® holds. In particular dom(T”) C dom(T°) for 0 < a < 7. 


Proof. Because of (ii) in Lemma 6.31, we have T°T® C T°*? with dom (T°T’) = 
dom (Ttf) N dom (T°). We choose n € N with a, 8 < n and define the bounded 
operators 


Aa := (s*(1+8)) (T) and Ag = (8°(1+)~) (T). 
If now v € dom (T are ) , then (ii) in Lemma 6.31 implies 
Tate, =(T L T)”(T te T\ ATA Py = (T J TATOHET, ee T) ety 
=O bs (ae +s) ") (T)v = (T + T)” A Apv 


and hence A,Agv € dom ((Z + T?")) = dom (T?”"). Since (s”~*(1 + s)~”) (T) com- 
mutes with T?” because of (i) in Lemma 6.31, we thus find 


T P(T +T)” Apv = (s"*?(1 + 8)™) (T)v = (s74 (1 + s)™) (T)AgAgy 


belongs to dom (T?”). Since T and T(Z + T)~' commute, we have T (T + T)~!Tv = 
T? (T +T)v and hence v € dom(T) implies T(Z + T)~'v € dom(T). If on the other 
hand T(Z + T)~'v € dom(T), then the identity 


T(T+T)'v=v-(Z+T) v 


implies v € dom(T) and hence v € dom(T) if and only if T (Z + T)~!v € dom(T). 
By induction, we find that v € dom(7”) if and only if T”(Z + T)-"v € dom(T”). 
We thus conclude that (Z + T)” Apv € dom(T?"), which in turn implies that Agv € 
dom(T”)) = dom((Z + T)"). Thus, T’v = (Z + T)”"Agv is defined, such that in turn 
v € dom (TP) for any v € dom(T°*?). We conclude that 


dom (T°T") = dom (Lene N dom (T?) = dom (T) 


and so TT? = Te+8, 


Proposition 7.24 (Scaling Property). Let T € Sect(w) and let A = [61,62] C (0, m/w) 
be a compact interval. Then the family (T°) ae is uniformly sectorial of angle ôw. In 
particular, for every a € (0, n /wr), the operator T° is sectorial with wra = awr. 


Proof. The second statement obviously follows from the first by choosing A = [a, a]. 
Because of (iii) in Lemma 7.21, we know that os(T®) = (o5(T))® C Naw C Ysw for 
a € A. What remains to show are the uniform estimates (6.1) for the S-resolvents. 

We choose y € (dw, T). In order to show that ||, 97 '(s, T%)s|| is uniformly bounded 
for s ¢ X, anda € A, we define for a € A and s ¢ X, the function 


Vaa(P) =57" (8, p°) s+ S7? (—[s|*,p) [s|* 
= 2, (p°)! Gi +p) (v(s — p*)s + p*(5 — P°)is|* ) 
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This function belongs to SHf?[X.,|: as s ¢ Uy, it is left slice hyperholomorphic on 
Yo with 6) := min{a~'y,7} > w. The first line in (7.28) implies that Y, a has 
polynomial limit 0 at infinity because S7' (s, p“) and S7' (|s|1/ %, p) have polynomial 
limit 0 at infinity and the second line in (7.28) implies that Y, «œ has polynomial limit 
0 at 0 because Q,(p%)~! and (|s|!/* — p) are bounded for p sufficiently close to 0. 
Since the function S7' (|s|!/°,p) = (|s|!/* — p) ~" belongs to £z [£u], we find that also 
Sr'(s,p*)s = Ys alp) + Sz (|s|!/*, T)|s|+/% belongs to Ez [£u] and that 


5;1(8,T*)s = Sz (1817; T) |sl* + Ysa(T). 


The function WV, a satisfies the scaling property Vjo, altp) = Vs,.(p) and so we have 
Y s a(|sl"*,p) = W,.(p). If we choose 0 € (w,min{r, ô, 'p}) and i = i,, we 
therefore find that 


ETET 


1 E =! 
f ST (p, T) ds Ys/isla (Is! ap) | 
O(VeNC;) 
Co 


<Cor + — 
iT os 
<Co 7 + f Ip|~*d|p| |Vs/1s|,0 (p)| , 
2T Ja(z—nci) 


2T 


where Cor is the respective constant in (6.1) for some 6’ € (w, 0), which is indepen- 
dent of s anda € A. Hence, if we are able to show that 


sup y lp|~*d|p| |Ysa (p)| : |s| = 1,8 ¢ Dy,a € a} < +œ, (7.29) 
O(VeNC;, ) 


then we are done. Since we integrate along a path in the complex plane C;,, we find 
that p and s commute and Y, œ (p) simplifies to 


Ysa (p) = (8p) (p + |s|)" (ps + [s|"°p°). 
As |s| = 1, we can therefore estimate 


E B 


E E € 
|p |p| | |p lp] <K lp] 
Sp) Lae p< |s- p| |l + pl [1 + pl 


[Ysa (p)| < i 


with £ € (0,6,), because |p|!~*/|s — p®| and |p|*~*/|s — p®| are uniformly bounded 
by some constant K > 0 for our parameters s, œ and p. Thus we have an estimate for 
the integrand in (7.29) that is independent of the parameters such that (7.29) is actually 
true. 

With analogous arguments using the right slice hyperholomorphic version of the 
S-functional calculus for sectorial operators, we can show that also ||sS7'(s,7°)|| is 
uniformly bounded for s ¢ “i, and a € A. Since y € (dow, m) was arbitrary, the proof 
is finished. 


As immediate consequences of Proposition 7.24 and the composition rule Theo- 
rem 6.33, we obtain the following two results. 
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Proposition 7.25. Let T € Sect(w) for some w E€ (0,7) and let a € (0,7/w) and 
yp E€ (w, t/a). If f E€ SHE o(Nay) (or f E€ Mi[Xau)ra), then the function p > f (p*) 
belongs to SHY (£) (resp. Mz|%.,|7) and 


f(T") = Ff (e")) (2). 


Corollary 7.26 (Second Law of Exponents). Let T € Sect(w) with w € (0,7) and let 
a € (0,7/w). For all 6 > 0, we have 


(Ee 


Corollary 7.27. Let T € Sect(w) and y > 0. For any v € dom(T”), the mapping 
Ay : œa => T°v defined on (0, y) is analytic in a. Moreover, the power series expansion 
of Ay at any point œg € (0, y) converges on (—r+ao, ao+r) with r = min{y— ao, ao}. 


Proof. Letn > y and set A := T7/". Because of Corollary 7.26, we have T® = A°”/”, 
If v € dom(Z”), then v € dom(A”) and the mapping T(8) := A®v is analytic on 
(0, n) by Proposition 7.22. The radius of convergence of its power series expansion at 
Bo € (0, n) is greater than or equal to r’ = min{ 60, n— bo}. Hence, Ay(a) = T(na/y) 
is also an analytic function and the radius of convergence of its power series expansion 
at any point ag € (0, y) is greater than or equal to min{ag, Y — ao}, which is exactly 
what we wanted to show. 


We conclude this section with the generalisation of the famous Balakrishnan repre- 
sentation of fractional powers and some of its consequences. This formula was intro- 
duced in [14] as one of the first approaches for defining fractional powers of sectorial 
operators. 


Theorem 7.28 (Balakrishnan Representation). Let T € Sect(w). For0 < a < 1, we 
have 


. +oo 
peg Balen) f tit +T) Tvdt, Vv € dom(T). (7.30) 
0 


T 
More general, for < a < n < m, we have 


['(m) 


t= Fann a 


+00 
j | teI +T) Hv dt, Yv € dom(T”). (7.31) 
0 
Proof. We first show (7.30) and hence assume that a € (0,1). For v € dom(T), we 
have because of (ii) in Lemma 6.31 and with arbitrary y € (w,7) and € > 0 that 


Tey = (p°(p + €)') (T)(T + eD)v 
= (p° (p te) *) (T)Tv +e (p™(p +€) (1 + p)') (T)(T + T)v 


1 
=— s*'s(s +e)" dsi Sp (s, T)Tv 
2T JOEN) 
1 
+ s*e(s +e) (1+ s) dsi Sp (s, T)(Z + T)v. 
2T Jaen) 
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Now observe that there exists a positive constant K < +00 such that 
ape K 
le(s +e) 5 Ve > 0,8 € A(X N Ci). 
S 


Together with the estimate (6.1), this implies that the integrand in the second integral is 
bounded for all € > 0 by the functions s œ KCyr|s|1(|1 + s|) (7 +T)v||, which 
is integrable along 0(,, N Ci) because of the assumption œ € (0,1). Hence, we can 
apply Lebesgue’s theorem in order to exchange the integral with the limit and find that 
the second integral vanishes as £ tends to 0. In the first integral on the other hand, we 
find that 


Sr (s, T)Tv = (5T — T)Q.(T) “Ty 
=sT Q, (T) v —T’Q,(T)'v 
=5T Q,(T) * — Q.(T)Q,(T) v + (—2s0T + |s| T) Q(T) v (7.32) 
= — v + 5T Q(T) v — 5T Q.(T) tv + s(sZ — T)Q,(T) tv 
= — v + sSp (s, T)v. 


Hence, the function s ++ S} (s, T)Tv for s € (£, N Ci) is bounded at 0 because 
of (6.1). Since it decays as |s|~' as s — œo and since the function s œ> s(s + €)~' is 
uniformly bounded in £ on O(X, N Ci), we can apply Lebesgue’s theorem also in the 
first integral in order to take the limit as € — 0 and obtain 


1 


Tov = — 
2T Jacspnc) 


So dsi Sp (s, T)Tv. 


Choosing the standard parametrisation of the path of integration, we thus find 
1 f° EEE ; 
Ty =— | (zte?) eiS! (te, T) Tv dt 
1 E -ip\o-l i n o—1 /4_—i 
+ — (te ™) e ™(—i) SR" (te, T) Tv dt. 
0 


Once more (6.1) and the fact that S} (s, T)Tv is bounded at 0 allow us to apply 
Lebesgue’s theorem in order to take the limit as y tends to 7. We finally find after 
a change of variables in the first integral that 
Lh. yor ; ; 
T°v =— t — e'™*) (-i) Sp" (te, T) Tv dt 
2T Jo 
if = a—l „irta *\a-1 —in 
+ — t-te" (_i)Sp* (te ™, T) Tv dt 
2T Jo 
. +oo 
=— er) | tt Sr (-t, T)Tv dt, 
0 


T 


which equals (7.30) as SR (—t, T) = (-t2 - T)! = -(t£+T) "1 fort € R. 
Let us now prove (7.31) and let us for now assume that n — 1 < a < n and n = m. 
For v € dom(T”), we then have 
sin((a — n+ 1)r) 
T 


Tey = Te-a- pn-ly, = 


+00 
| te (tI +T) Tv dt. 
0 
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Integrating n — 1 times by parts, we find 


a (n—1)!sin((a-n+1r) fF? 24 -nmn 
Tv = EE EE A EN / ti (tI +T) "Tv dt 
= T(n) bie a—1 —nmn 
= T | tt + T) Tv dt, (7.33) 


where the second identity follows from the identities sin(z7)/a = 1/([(z)P( — z)) 
and zT (z) = T(z + 1) for the gamma function. Hence, the identity (7.31) holds true 
ifn-—-l<a<n=™m. 

Now observe that, because of (6.1) and because (t{2+7T)-"T"v = ((t2 + T)“'T) v 
is bounded near 0 due to (7.32), the integral (7.33) defines a real analytic function in a 
on the entire interval (0, n). From Proposition 7.22 and the identity principle for real 
analytic functions, we conclude that (7.31) holds also if0 <a<n=™m. 

Finally, let us show by induction on m that (7.31) holds true for any m > n. For 
m = n we have just shown this identity, so let us assume that it holds true for some 
m > n. We introduce the notation 

T(m a is 
om = Ti Sa and In := | t°! [T(t +T) ']” vdt 

so that Tv = CmIm. We want to show that T“v = Cm+1{m+1. By integration by parts, 
we deduce 


lys (= [T(t + E 


+00 +00 
+ =f [TL+] (tL + 7) vat 
0 a Jo 


=Z p t [TI +T) |" T+T) vdt 
eee 


0 
1 E ma): 
Q 


roO 


t (POT +T] v- [TUT +T] v) ae 


Hence Im = Im+1 and so 


Snt 
m—a 
m 
a 
TeV = Crim = Cm Im+ = Cm+1 m41: 
m— gQ 


The induction is complete. 


7.2.1 Fractional Powers with Negative Real Part 


If œ < 0 the fractional power p“ has polynomial limit infinity at 0 in any sector X, 
with y > m. Because of Lemma 6.30, it does therefore not belong to M,|%.,|r if T is 
not injective. If on the other hand T is injective, then it is regularisable by some power 
of p (1 + p)? such that p° € M,[%.,]r. We can thus define T° for injective sectorial 
operators via the H°°-functional calculus. 


Definition 7.29. Let T € Sect(w) be injective. For any a € R, we call the operator 
T° := (p*%)(T) the fractional power with exponent a of T. 


177 


Chapter 7. Fractional Powers of Quaternionic Linear Operators 


The properties of the fractional powers of T’ in this case are again analogue to the 
complex case, cf. [59]. We state the most important properties for the sake of com- 
pleteness, but we omit the proofs since they are either immediate consequences of the 
preceding results or can be shown with exactly the same arguments as in the complex 
case without making use of any quaternionic techniques. 


Proposition 7.30. Let T € Sect(w) be injective and let a, p € R. 
(i) The operator T° is injective and (T*)-! = T~* = (T71)*. 
(ii) We have T°T® Cc T°? with dom (rer) = dom (T°) N dom (TP). 


(iii) If dom(T) = V = ran(T), then T°? = T°T®. 
(iv) If0 <a < 1, then 


. +00 
jeg or) f (tI +T) vdt Yv € ran(T). 
0 


7 


(v) Ifa €R with |a| < m/w, then T” € Sect(\a|w) and for all 8 € 
TOSTE 


A 


(vi) If0 < ay, az, then dom(T°?)Nran(T™) C dom(T") for each a € (—ay, a2), the 
mapping a ++ Tv is analytic on (—a1,Q2) for any v € dom(T~°?) Nran(T). 
Remark 7.31. Observe that (iv) of Proposition 7.30 and Corollary 7.11 together with 


the semigroup property imply that the direct approach in Section 7.1 and the approach 
via the H°°-functional calculus are consistent. 


Proposition 7.32 (Komatsu Representation). Let T € Sect(w) be injective. For any 
v € dom(A) N ran(A) and any a € (—1, 1), one has 

j 1 1 
sin(ar) | 2 pl 


Loy — 
a l+a 


vV 
T 


1 FOG 
aD i os + T\ Tv dt + T EL -+ T) Tv a| 
0 1 


1 1 
= | v4 i: rece ery Tvd- | D (T+T) Tv at. 
0 0 


7.3 Kato’s Formula for the S-Resolvents 


Kato showed in [63] that certain fractional powers of generators of analytic semigroups 
are again generators of analytic semigroups. Analogue results can be shown for quater- 
nionic linear operators, but therefore we need a modified definition of fractional powers 
of an operator. 


Definition 7.33. A densely defined closed operator T is of type (M,w) with M > 0 
and w € (0,7) if T € Sect(w) and M is the uniform bound of ||tS} (—t, T)|| on the 
negative real axis, that is 


tSt, TD) < M, for t € (—oo, 0). (1.34) 
R 
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Proposition 7.34. Let T be of type (M,w) with M > Oandw E (0,7). Let0<a<1 
and let x > ġo > max(ar, w). The parameter integral 


; +oo 
Falp, T) = elon) l t° (p — 2pt* cos(ar) + t°) SR (—t, T) dt. (7.35) 
0 


T 


defines a B(V )-valued function on H \ ¥ig, in p that is left slice hyperholomorphic. 


Proof. For any compact subset K of H \ £g, we have minpex arg(p) > am and thus 
there exists some ôg > 0 such that 


|p’ — 2pt* cos(am) + | = |p — tetrar] |p — tre an] > ôk (7.36) 
for p € K and t > 0. For the same reason, we can find a constant Cg > 0 such that 


1 1 


sup |p? — 2pt* cos(am) + ollie °= sup z : : < Ck 
tE[0,+00) Sere) Z = elvan | 2 = ew ina] 
pEek pEK 
and hence 
|p? — 2pt* cos(am) + pe <COgt™ teé[low),peEKk. (7.37) 


Now consider p € H \ £4, and let K be a compact neighborhood of p. The integral 
in (7.35) converges absolutely and hence defines a bounded operator: because of (7.34) 
and the above estimates, we have for s € K, and thus in particular for p itself, that 


7 +00 -M 
|| Fa(s, T)|| ee’ | t% |s? — 2st cos(am) + Pe — dt 
a 0 


MSO) Ppt | KOOL u tel dt < +00. 
0 1 


T ÖRT T 


Using (7.36) and (7.37), one can derive analogous estimates for the partial derivatives 
of the integrand p ++ t*(p? — 2st” cos(am) + t?®)-1SR'(—t, T) with respect to po 
and pı. 

Since these estimates are uniform on the neighborhood K of p, we can exchange 
differentiation and integration in order to compute the partial derivatives AE (p, T) 
and eave (p, T) of Fal, T) at p. The integrand is however left slice hyperholomorphic 
and therefore also F’,(p, T) is left slice hyperholomorphic. 


Lemma 7.35. Let T be of type (M,w) with M > 0 andw E (0,7), lep0<a<1 
and assume that 0 € ps(T). Moreover, let pọ and Fa(p, T) be defined as in Proposi- 
tion 7.34. If T is a piecewise smooth path that goes from coe" to ooe~® in (H\ Ug, ) NC; 
and avoids the negative real axis (—oo, 0] for some i € S and some 0 € (ġo, T], then 


Pap) F 


1 
= f se, s“) dsi Sp (s, T). (7.38) 
27 Jp 


Proof. First of all observe that the function s +> Sp" (p, s%) is the composition of the 
intrinsic function s +» s® defined on H \ (—oo, 0] and the right slice hyperholomorphic 
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function s ++ S} (p, s) defined on H\ [p]. This composition is in particular well defined 
on all of H \ (—oo, 0], because s“ maps H \ (—co, 0] to the set {s € H : arg(s) < 
at}, which is contained in the domain of S7'(p, s”) because arg(p) > ġo > am by 
assumption. By Corollary 2.7, the function s > Sp (p, s®) is therefore right slice 
hyperholomorphic on H \ (—o«, 0]. 

An estimate similar to the one in the proof of Proposition 7.34 moreover assures that 
the integral in (7.38) converges absolutely. It thus follows from Theorem 2.27 that the 
value of the integral in (7.38) is the same for any choice of I’ and any choice of 6. Let 
us denote the value of this integral by Ja(p, T). 

Since 0 € ps(T), the open ball B.(0) is contained in pg(T) if € > 0 is small enough. 
For 0 € (o, T), we set U (e, 0) := Nog \ B-(0). Then 


1 
Jalp, T) mE f Sr (p, s“) dsi SpR (s, T). 
2T Ja(u(e,a)nci) 


We assumed that 0 € ps(T), and hence the right S-resolvent is bounded near 0, which 
allows us to take the limit € — 0. We obtain 


1 


IPT =z f SRP s) ds 57s, T) 
27 O(LeNC;j) 
ka > Sp’ (p, eee e Td 
T Jo 
+ ~ : Sp’ (pte N eP (—i) SR" (te, T) dt 
0 
1 Ta a ajm! a „ia i *\ Q= i 
ae l (p — 2t* cos(a0) + ? ) (p —t%e ”) e” (—i) Spt (te T) dt 
+ = 7 (p° — 2t* cos(ad) + as ae (p — tel?) e (—i) SR! (te, T) dt. 
0 


Again an estimate analogue to the one in the proof of Proposition 7.34 allows us to take 
the limit as 0 tends to 7 and we obtain 


sald; T) z 
=e = f (p — 2t“ cos(am) + pay (p — pemer e" (—i) Sp" (te, T) dt 


+00 


+ = (p° — 2t° cos(am) + a (p — tel”) e™(—i) SR" (te ™,T) dt 
0 


: +00 
eT | t*(p* — 2pt* cos(am) + t°) Sp (—t, T) dt = Falp, T). 
0 


Lemma 7.36. Let T be of type (M,w) with M > 0 andw E (0,7). Let0 < a < 1 and 
let ġo and Fa(p, T) be defined as in Proposition 7.34. We have 


Falu, T) — Falà, T) = (À — 1) Fal, T)Fa(A,T) forà, u€ (—co, 0]. (1.39) 
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Proof. Assume first that 0 € ps(T’). Any real \ commutes with S}'(—t, T) and thus 
we have 


sin(a 


+00 
mia = e® S7! (—t, T)(X2 — 2At% cos(am) + #2%)~'4 dt 
A L 


TE 


because S} (—t, T) = (-t2-T)~! = S7'(—t, T) as t is real. Computations analogue 
to those in the proof of Lemma 7.35 show that Fa (A, T) can thus be represented as 


F(,T) = ~ i S-1(s,T) ds; 5¢*(A, 8%), (7.40) 


where I is any path as in Lemma 7.35. 
Now let £ > 0 such that cl(B.(0)) C ps(T), choose i € S and set 


U, := Xe, \ Be,(0) and Uy := Xo, \ Be, (0) 


with 0 < £s < Ep < € and do < 0p < Os < m. Thencl(U,) C Us and T's = (U; N Ci) 
and T, = (U, N Ci) are paths as in Lemma 7.35. Moreover, since T is of type (M, w) 
with 0 € ps(T), we can find a constant C such that || S} (s, T)|| < C/(1 + |s|) for 
s € (—o0, 0]. By Lemma 7.5 we may choose £p, €s, 0p and 0, such that 


Sas, DI < A ,sEr, and ISz1p,T) 


pel, 7.41 
ESEN p (7.41) 


Is 
~ 1+ |p| 
for some constant Mı > 0. Lemma 7.35 and (7.40) then imply 
F(t, T) Fa(A,T) = 


)Fo(A, T 
l l Sp (Hs 8°) dsi Sp (s, T)ST (p, T) dpi S7 (A, p°). 


Applying the S-resolvent equation (2.30) yields 


nP Fal, z 
*) dsi Sp (5, T)p(p’ — 2sop + |s|*)~* dpi S7 (À, p°) 


"(u, 8%) ds, SZ (p, T)p(p? — 2sop + |5|?) t dpi SZ (A, p°) 

ta 
p (u, 85%) dsi 5SR (8, T)(p? — 2sop + |s|) dpi Sz (A, p“) 

s Tp 
Sp (p, 8%) ds 3S7 (p, T)(p? — 2sop + |s|)" dpi SZ (A, p°). 

Tp 


s 


Since p ++ (p? — 2sop + |s|?) 1S7 (A, p°) and p + p(p? — 2sop + |s|?) 1S7 (A, p°) 
are holomorphic on cl(U, N Ci) and tend uniformly to zero as p tends to infinity in 
Up, we deduce from Cauchy’s integral theorem that the first and the third of the above 
integrals equal zero. The estimate (7.41) allows us to apply Fubini’s theorem in order 
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to exchange the order of integration so that we are left with 


1 1 =k a R 
Falin, T)Fa(à, T) = z f (a [Sea 
- (597"(p, T) — S7 (p, T)p) (p? — 2sop + |s|?)~* | dpi SFA, p*). (7.42) 


We want to apply Lemma 4.18 and thus define the set U,,. := Us N B,(0) for r > 0, 
which is a bounded slice Cauchy domain. Its boundary (U, N Ci) in C; consists of 
Psr := I, B,(0) and the set C, := {re : -0, < p < 6,}. If p € T,, then 
p € U,,, for sufficiently large r because U, C U,. Since the function s +> Sati, eg) = 
(1 —s%)~' is intrinsic because ju is real, we can therefore apply Lemma 4.18 and obtain 
for any such r 


Sz'(p,T) Sz (usp) 
1 
Sp’ (u, 8°) dsi (3S; '(p,T) — Sz (p, T)p) (pP — 2sop + |s|) 


-2m Jauni) 


1 
=z | Sp (m, 8°) dsi (387 (p, T) — S7 (p, T)p) (P — 2sop + |s|”) 


+ og JATT (es 8%) N =e A T)p) a + (sl?) 
As r tends to infinity the integral over C, vanishes and hence 
Sz (p, T)SR (m p°) 
= lim Fh Sp (p, 8°) dsi (3S7 (p, T) — ST (p, T)p) (p° — 250p + |s|?) 


r=>+ 27 
=z f| Sr" (us°) dsi (857P, T) ~ Sz (p, T9) (9? — 2sp + (s) 
Applying this identity in (7.42), we obtain 
FalttsT)Fa(&T) = z= f STP, T) dpi Sp! p)S7 Ap") 
because Sz (u, p%) and dp; commute as p is real. Since also À is real, we have 


1 1 
Sa P I (A, p®) = = - 
u=p*à-p 


: ( : =) =a- (Sr (p°) — SrA, p°)) 


“X= p\po ASP 
and thus, recalling (7.40), we obtain 


Falu, T)Fa(A, T) 
=A- p) (ž [ STO Tda S) -z f SEPT) dp S7 azo) 
(A = u)“ (Falu, T) ~ Fa(À, T): 
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If 0 ¢ ps(T), then we consider the operator T + £7 for small € > 0. This operator 
satisfies 0 € ps(T + eZ) = ps(T) + £ and hence (7.39) applies. Moreover, for real t, 
we have 

Sgi(—t,T +L) = Sq'(-(t+e),T). 
The estimate T M 
SR (-t,T + €Z)|| < ee 
IST +eD)I < <5 
therefore allows us to apply Lebesgue’s dominated convergence theorem to see that 


sin(aT) 


+00 
Falp, T + eZ) = f t° (p — 2pt* cos(am) + t°) SR (—t, T + eZ) dt 
0 


TE 


. +00 
a mer) / t (p? — 2pt® cos(am) + °°)" Sp (—t, T) dt = Falp, T). 
T 0 


Consequently, we have 


F(t, T) — Fo(A,T) = lim Fa(u,T + eT) — Fa(a,T + eT) 
=lim() — p)Fa(u, T + ET)Fa(À, T + ET) = (À — 1) Fats T)Fa(À, T) 


for A, u € (—oo, 0] also in this case. 


Theorem 7.37. Let T be of type (M,w), leta € (0,1) and let ġo > max(ar, w). There 
exists a densely defined closed operator B, such that 


SR (p, Ba) = Falp, T) for pEeH\Xg, 


where F(p, T) is the operator-valued function defined by the integral (7.38). More- 
over, Ba is of type (M, aw). 


Proof. From identity (7.39) it follows immediately that F,(u, T) and Fy(A, T) com- 
mute and have the same kernel. Rewriting this equation in the form 


Falp, T) = Fala, T) (T + (A = 1) Falun, T)) (7.43) 


shows that ran(F,(u,7')) C ran(F,(A, T)) and exchanging the roles of u and A yields 
ran(Falu,T)) = ran(Fa(à,T)). Hence, ran(Fa(u,T)) does not depend on u and so 
we denote it by ran(F,(-, T)). 

We show now that 


lim wFi(u,T)v=v_ forallv €V, (7.44) 


R>y—>— 


where limpsy+—oo HFal(u, T)v denotes the limit as u tends to —oo in R. From (7.44), 
we easily deduce that ran(Fa(-, T)) is dense in V because 


V = U ran(Fa (u, T)) = ran(F,(-,T)). 


uE(—o0,0] 
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We consider first v € dom(T’). Since 


+00 fo-1 T 
1 5 - F dt = ————— foru<-0, (7.45) 
o 06 pe? — 2ut* cos(am) + t pusin(am) 
it is 
uFalu, T)v — v 
sinar) fT” — pte} 
LS -Hen / T a T pa (tSp (—t, Tv + v) dt. 
For —y > 1 andż € (0, +00), we can estimate 
— ute! 
u? — 2ut® cos(am) + t2% ~ 
— te? — te“? jot 


< 


= u? sin(am)? + (cos(am) — t*)? ~ p?sin(am)? 7 sin(am)? 


and due to (7.34) we have ||tS;'(—t, T)v + v|| < (M + 1)||v||. On the other hand, 
since v € dom(T), it is 

tSp (-t, T)v +v = -Sp (—t, T)Tv (7.46) 
and in turn, again due to (7.34), we can also estimate 


Tv 
lest Tv + vy < E 


so that we can apply Lebesgue’s dominated convergence theorem with dominating 
function 


K 
—> l for t € (0,1) 
sin(am)? 
f(t) = K ; ’ 
——,t*", forte [1 
E , fort € [1, +20) 


with Æ > 0 large enough, in order to exchange the integral with the limit for u —> —oo 
in R. In view of (7.46), we obtain 


lim yuFalu,T)v — v 


R35 U—> —oo 


: +00 fo-l 
= -1an | lim s L Sg! (—t, T)Tv dt = 0. 
T 9  Rəa>—oœ u? — 2ut® cos(am) + te 


For arbitrary v € V and £ > 0 consider a vector ve € dom(T) with ||v — vz|| < €. 
Because of (7.34) and (7.45), we have the uniform estimate 


—usin(ar) f7” i? M 
riu 1) oe dt=M. (7.47 
le Fou, D) S T J pe? — 2ut® cos(am) +t t (RTR 


Therefore 
pim ,, leFalu Tv — v| 
< lim _||uFa(m, T)|llv — vell + Falu, T)ve = vell + [lve — vI 
Əu—>— a 


<(M+1)e. 
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Since £ > 0 was arbitrary, we deduce that (7.44) also holds true for arbitrary v € V. 

Overall, we obtain that ran(Fa(-, T)) is dense in V. The identity (7.44) moreover 
also implies that ker(Fa(, T)) = {0} because v = limpsy+—oo Falu, T)v = 0 for 
any v € ker(F4(-,7)). 

We consider now an arbitrary point uo E€ (—oo,0). By the above arguments, the 
mapping Falko, T) : V —> ran(Fi(-,7)) is invertible. Hence, we can define the 
operator Ba := oT — Fa( uo, T)~t that maps dom(B,) = ran(Fa( Ho, T)) to V. Ap- 
parently, Ba has dense domain and S} (uo, Ba) = Falto, Ba). For u € (—0o, 0], we 
can apply (7.43) and (7.39) in order to obtain 


(uT — Ba)Fa( u, T) = 
=((u — po)T + (HoT — Ba))Fa(uo, T)(T + (Ho — 1) Fa(u, T)) 
=I + (u — po) (Falo, T) + (Ho — 1) Fa(uo, T) Fal, T) — Falu, T)) =T. 


A similar calculation shows that Faą(u, T)(uT — Ba)v = v for all v € dom( Ba). We 
conclude that Sp'(u, Ba) = Falu, T) for any u € (—00,0). Since p++ Falp, T) and 
p > SpR (p, Ba) are left slice hyperholomorphic and agree on (—oo, 0), Theorem 2.8 
implies S;,'(p, Ba) = Falp, T) for any p € H \ cl(4,). 

Finally, in order to show that Ba is of type (M, aw), we choose an arbitrary imag- 
inary unit i € S and consider the restriction of S;'(-,Ba) to the plane Ci. This 
restriction is a holomorphic function with values in the left-vector space B(V) over 
Ci. We show now that this restriction has a holomorphic continuation to the sec- 
tor (H \ cl(Sau)) N Ci. Since this sector is symmetric with respect to the real axis, 
we can apply Corollary 2.10 and obtain a left slice hyperholomorphic continuation of 
Sr (p, Ba) to the sector H \ cl(£aw). By Theorem 3.12, this implies in particular that 
H \ claw) C p(T). 

The above considerations showed that we can represent Sz (p, Ba) for any point 
p € (H \ cl(%,)) A Ci using Kato’s formula (7.35). Rewriting this formula as a path 
integral over the path y(t) = te", t € [0, +00), we obtain 


E sin( a7 z% ita = 
Sp (p, Ba) = l ) i ( SET) dz, 
Yo 


m Jy Goer pep) 


where z denotes a complex variable in C; and z +» z®“ is a branch of a complex a- 
th power of z that is holomorphic on C; \ [0, o0). To be more precise, let us choose 
(rei®)* = reee with 0 € (0,27). (This is however not the restriction of the quater- 
nionic function s ++ s® defined in Definition 7.3 to the plane C;, cf. Remark 7.2!) 

Observe that for fixed p the integrand is holomorphic on Do := (H \ cl(%,,)) A Gi. 
Hence, by applying Cauchy’s Integral Theorem, we can exchange the path of integra- 
tion Yo by a suitable path +,.(t) = te=), t € [0, +00) and obtain 


Ss\(p, B,) = —Smlo™) J LOT Siz T) dz. 7.48 
R (p, ) T oe (z%e— lor — p)(z* — p) R (z, ) Z ( ) 


On the other hand, for any k € (—w,w), such integral defines a holomorphic function 
on the sector D, := {p E€ Ci : a(t —k) < argp < 27 — a(r + k)}, where the 
convergence of the integral is guaranteed because the operator T is of type (IV, w). The 
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above argument showed that this function coincides with Sj'(p, Ba) on the common 
domain Dy N Dx, and hence p ++ Sn (p: Ba) has a holomorphic continuation F; to 


= © D, = {p E€ Ci : a(r — K) < argc (p) < 2r — a(r — kJ}. 


This set is symmetric with respect to the real axis and, as mentioned above, we deduce 
from Corollary 2.10 that there exists a left slice hyperholomorphic extension F' of Fi 
to the axially symmetric hull [D] = H \ cl(“au) of D. Consequently, H \ cl(Saw) C 
ps(Ba) and F coincides with S;'(-, Ba) on H \ cl(Sau)- 

In order to show that ||pS'z(p, B.)|| is bounded on every sector H \ cl(%9) with 
0 € (wa, 0) , we consider first a set 


Des = {p E Ci: ô +alr —k) < argp < 2n -alr +h) — ô} 


with x € (—w,w) and small ô > 0. For p € D,,5 with ọ = arge,(p) € (0, 27), we may 
represent pS, (p, Ba) by means of (7.48) and estimate 


T 
———||pS'(p, Ba)|| < 
sin(ar) lp R (p, )Il = 
+00 r2 : 
< - - Sal (rel"—") T)|| dr 
<Ip| / |(r%e-ia tea = p) (raeil-s)a as p)| | R ( Jl 


-OO ro ; 
= - : Sz! (ré = T|] dr. 
Pl e re A]! T ar 


The operator T is of type (w, M) and hence exists a constant Mẹ, > 0 such that 
[Sp (re, T)|| < M/r. Substituting T = r°/|p| yields 


; T 
lps (p, Boll < we f re ae Tae eN] OT 
This integral is uniformly bounded for 

p E (8 +alr —k), 2r — alr +h) — ô) 
such that there exists a constant that depends only on « and ô such that 
IPS(p, Ba)|| < Clk, 6) forp € Des. 


Now consider a sector H \ cl(X) with 6 € (wa,r). Then there exist (Ke, ôe) with 
é€=1,...,n such that H \ cl(X9) O Ci C Up- Dres and hence 


pSr (p, Ba) || < C := max C(ke, 52) for p € H\ el(Xe) NG. 
1<isn 


For arbitrary p = po +i,p; € H\cl(Xe)NC;, set pi = po +ip,. Then the Representation 
Formula, Theorem 2.9, implies 


2 1 S 1 omen 
PSR (p,T)|| < 5 ll — ipi) PiS R (vi, Ba)|| + gil + ini) PSR (Pi, Ba)|| < 2C. 


Finally, the estimate ||tSR (—t, Ba)|| < M/t follows immediately from (7.47). 
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Definition 7.38. Let T € K(V) be of type (w, M). For a € (0,1) we define T° := Ba. 
Corollary 7.39. Definition 7.38 is consistent with Definition 7.18 and Definition 7.20. 


Proof. Let T € K(V), let a € (0,1) and let T° be the operator obtained from Defini- 
tion 7.38. If ||SR (s, T)|| < K/(1+|s|) for s € (—oo, 0], then we can apply Lebesgue’s 
dominated convergence theorem in order to pass to the limit as p tends to 0 in Kato’s 
formula (7.35) for the right S-resolvent of T~. We obtain 


_ sin(a7) 


+00 
(T°)! = —$31(0,T°) = f tas-1, T), dt = T° 
0 


T 


where the last equality follows from Corollary 7.11 resp. from (7.30). 
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CHAPTER 


On the Minimal Necessary Structure: Operator 
Theory on One-Sided Spaces 


Quaternionic operator theory is usually formulated on two-sided Banach spaces, that is 
under the assumption that there exists a left multiplication on the considered Banach 
space. Indeed, this seemed a technical requirement since the formulas (2.25) and (2.26) 
for the S-resolvents contain the multiplication of operators with non-real scalars. As 
we pointed out in Remark 2.45, the multiplication of operators with nonreal scalars 
is only a meaningful operation if they act on a two-sided Banach space—whereas the 
space of bounded operators on a one-sided quaternionic Banach space is of a real and 
not a quaternionic Banach space. 

A right linear operator is via the linearity-condition however only related to the right 
multiplication on the Banach space and hence its spectral properties should be indepen- 
dent of any left multiplication. This could be considered a philosophical problem, but 
for instance on quaternionic Hilbert spaces only a right sided structure is defined a pri- 
ori. In order to define the S-functional calculus of a closed operator on quaternionic 
Hilbert space, one has to choose a random left multiplication in order to turn it into a 
two-sided space. The spectral properties of the operator should then be independent of 
this left-multiplication. Similarly, the proofs of the spectral theorem for normal quater- 
nionic quaternionic linear operators introduce left multiplications on the considered 
quaternionic Hilbert space (in [5] it is only partially defined, in [51] it is defined for 
all quaternions). This left multiplication is chosen to suite the considered operator in 
a certain sense, but it is only partially determined by the operator and then extended 
randomly. The authors point however out that the spectral measure associated with a 
normal operator is independent of the chosen extension. 

In this chapter, which contains results published in [47], we show that the essential 
parts of quaternionic operator theory can be formulated without the assumption of a 
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left multiplication on the respective Banach space. We derive—at least for intrinsic 
function—an integral representation of the operator f(T) obtained via the S-functional 
calculus that is independent of the left multiplication because it only contains the mul- 
tiplication of vectors with nonreal scalars from the right. We then use this integral rep- 
resentation to define the S-functional calculus for intrinsic functions on a quaternionic 
right Banach space. 

We also show that these parts of quaternionic theory are consistent with the com- 
plex theory, which allows us see quaternionic operator theory from a new perspective. 
We can then embed the complex numbers into the quaternions by identifying them 
with one of the complex planes C;. As pointed out in Remark 2.37, we can consider 
the quaternionic Banach space, on which we work, as a complex Banach space and 
any quaternionic linear operator as complex linear. We can then obtain results from 
quaternionic operator theory simply by applying results from the theory of complex 
linear operators if we make sure that a certain symmetry condition is satisfied. This 
symmetry condition guarantees compatibility with the S-spectrum and assures that we 
stay within a quaternionic framework so that all results are independent of the chosen 
imbedding of the complex numbers into the quaternion. 


8.1 The Relation Between Complex and Quaternionic Theory 


We consider operators on a quaternionic right Banach space Vg. As pointed out in 
Remark 2.45, the space (Vp) of all bounded right linear operators on Vp is only a real 
Banach space and does not admit a multiplication with non-real quaternionic scalars. 
However, operator 

OAT) := T? = 2soT + |s|°T 


does not contain any non-real scalar. We can hence define the S-spectrum of T just as 
in the case of an operator on a two-sided Banach space. 


Definition 8.1. Let T € K(Vpr). We define the S-resolvent set of T as 


ps(T) := {s € H: Q,(T)~* € B(Vr)} 


and the S-spectrum of T as 


os(T) := H \ ps(T). 


For s € ps(T), we call Q,(T)~t the pseudo-resolvent (or spherical resolvent) of T at 
s. Furthermore, we define the extended S-spectrum as 


o5(T) if T is bounded 
Osx (T) — 


os(T) U{co} if T is unbounded. 
In order to show the boundedness of os(T) by ||T]|| for a bounded operator T on a 


two-sided quaternionic Banach space, one usually proceeds as follows, cf. [36]. One 
starts from the series expansion of the left S-resolvent 


+00 
Sp\(s,T)=) T's *™ |T] < sl 


n=0 
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and shows the identity 


+00 
Q.(T)Sz\(s,T) = (T? — 2soT + |s)?Z) X T” = ST —T. 
n=0 
For ||T|| < |s|, the operator 57 — T is invertible with (5Z —T)-! = s7! 0° (Ts71)”, 


and so one finds 
OARS; (s, T)\(5ST-T)' =Z. 
S 


Similarly, one can show that (SZ — T)~1S;,'(s,T)Q.(T) = Z and hence Q,(T) is 
invertible if ||T|| < |s]. 

These computations obviously require the multiplication of T' and Z with s resp. 5, 
which are in general not real. In Section 4 of [22], we however introduced a series 
expansion for the pseudo-resolvent. This series expansion has real coefficients and 
hence also holds if the operator acts only on a right Banach space, so that we can show 


that the properties of the S-spectrum are the same in this setting. 


Theorem 8.2. LetT € K(Vp). 


(i) The S-spectrum os(T) is a closed subset of H and the extended S-spectrum 
osx(T) is a closed and hence compact subset of Ha. 


(ii) If T is bounded, then os(T) is bounded by the norm of T, that is 
os(T) C el(Byr(0)). 


yr an With an i= Le dg ote ae (8.1) 


where this series converges in the operator norm. 


Proof. The space B(X) as a real Banach algebra. The set Inv(B(X)) of invertible 
elements of this real Banach algebra is open (see for example Theorem 10.12 in [74]). 
Since T : s ++ Q,(T) is a continuous function with values in B(X), we find that 
ps(T) = 7~'(Inv(B(X))) is open in H and that og(T) in turn is closed. If o5(T) is 
unbounded, then (ii) implies that T is unbounded and hence osx (T) = o5(T)U{oo} is 
closed in H. Otherwise, o s(T) is already closed in H so that osx (T) is closed in Ho. 
These arum ents are analogue to the case of operators on two-sided Banach spaces in 
[36], but we repeated them for the sake of completeness. 

Let us now consider the series (8.1). First of all, observe that the coefficients a, are 
actually real so that this series is meaningful since 


n 


an = ` zk- 1 s7n+k— L -5 g ntk- 1 s757 1 = On. 


k=0 


We furthermore have 


n 
lanl £ $ B = (n+ D 
k=0 
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so that 
+00 +00 
X liT”anl| < $ ITI + 1). 
n=0 n=0 


Since ||T|| < |s|, the ratio test implies the convergence of this series as 


T n+1 —n-3 2 NIT T 
ITERE?) _ ym REDIT ITI <1 
n>% ||T]P]s n1) n>% (n+ 1)Is| [s| 
We furthermore have 
+00 +oo 
T) X` Tay = (T? — 2soT + |s)?Z) X T'an 
=1 n=0 
+00 +00 +00 
= paces: — X T"an—1280 + So Tanl 
n=2 n=1 n=0 
+00 
= S Dla — an—1250 + Gn|s|”) 
n=2 


+ T (ao2so + a;|s|?) + Zao|s|?. 
Since 2s) = s + Sand |s|? = s3 = 5s, we have for n > 2 that 


an-2 — Gn—1289 + an|s|? = 


n—2 n-1 n 

= gk gant x l2s9s "t+ Sos k ‘5/25 n+k-1 
k=0 k=0 k=0 
n—-1 n-1 —1 

Z g Kg ntk -X 5s —n+k Ss =—k-1 g7ntk+1 Iss —nt+k 
k=1 k=0 k=0 k=0 

——: gs” + go? = 0 


Similarly, we also find because of s71 = |s|~*5 and 5~' = |s|~?s that 


ao2so — ai|s|" = |s|? (s +5) — (S's * +5 *s”) |s]? 
145-1 |s|\?(st+571) |s|? = 


and so altogether 


+00 


1Y Tay = Lao|s|? =I 


n=0 


Since the coefficients are real, they commute with T an Q,(T) and therefore also 


+00 +00 
SGOT) = O00) Ta =. 
n=0 n=0 


Therefore Q,(T’) is invertible for any s with ||T]|| < |s| and so as(Z’) C cl(By7\(0)). 
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We continue by investigating the relations between some of the fundamental notions 
of operator theory defined by the quaternionic structure and those defined by the var- 
ious complex structures on the quaternionic right Banach space Vr. As pointed out 
in Remark 2.37, any quaternionic right Banach space Vp can in a natural way be con- 
sidered a complex Banach space over any of the complex planes C; by restricting the 
multiplication with quaternionic scalars from the right to C;. In order to deal with the 
different structures on Vp, we introduce the following notation. 


Notation 8.3. Let Vg be a quaternionic right Banach space. For i € S, we denote the 
space Vp considered as a complex Banach space over the complex field C; by Vpj. If 
T is a quaternionic right linear operator on Vp, then pc,(T) and oc,(T) shall denote its 
resolvent set and spectrum as a C;-complex linear operator on Vp;. If A is a C;-complex 
linear, but not quaternionic linear operator on Vpj, then we denote its spectrum as usual 
by o(A). 

If we want to distinguish between the identity operator on Vp and the identity oper- 
ator on Vr; we denote them by Zy, and Ty, ,. We point out that the operator \Zy,, , for 
A € Ci acts as \Zy,,v = vA because the multiplication with scalars on Vp; is defined 
as the quaternionic right scalar multiplication on Vp restricted to Cj. 


We shall now specify an observation made in [54, Theorem 5.9], where the authors 
showed that ps(T) is the axially symmetric hull of pc; (T) A pc, (T). 


Theorem 8.4. Let T € K(Vp) and choose i € S. The spectrum o¢,(T) of T considered 
as a closed complex linear operator on Vp, equals os(T) N CG, ie. 


OC, (T) = os(T) A Ci. (8.2) 


For any À in the resolvent set pc,(T) of T as a complex linear operator on Vp;, the 
Ci-linear resolvent of T is given by R(T) = (XIvp; — T) Q(T)“, ie. 


R)(T)v i= Q(T) vÀ = TOME) ‘v. (8.3) 
For anyj € S withi L j, we moreover have 
Ry(T)v = -[R\(T)(vi)lj. (8.4) 


Proof. Let A € ps(T) N Ci. The resolvent (AZyp; — T)~' of T as a C;-linear operator 
on Vp; is then given by (8.3). Indeed, since T and Q(T )-' commute, we have for 
v € dom(T) that 


=(ALy,, — T)Q\(T)"(vA — Tv) 
=(\Zv,; — T) (Q(T) "vA — TQ,(T)“‘v) 
=Q (T) vA — TO)(T) vA — TQ(T) vA + T°O)(T) "Vv 
=(|A|’Zv_; — 2T + T’) Q(T) v = v. 
Similarly, for v € Vri = Vr, we have 
QZy,, — T)RA(T)v 
=(ATvp; — T) (Q(T) "vA — TQ,(T)‘v) 
=Q (T) vA = TOF) vA — TOT) vÀ + T’ Q(T) Vv 
=(|A|’Zv_; — 2T + T?) Q(T) v = v. 
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Since Q)(T)~! maps Vg; to dom(T?) C dom(T), we find that the operator Ry(T) = 
(AZy,, — T)Q)(T)* is bounded and so A belongs to the resolvent set pc;(T) of T 
considered as a Cj-linear operator on Vpj. Hence, ps(T) N Ci C pe,(Z) and in turn 
o¢,(L) C os(T) ACi. Together with the axial symmetry of the S-spectrum, this further 
implies 


o¢,(T) U oc (T) G (o5(T) A Ci) U (o5(T) N Ci) = os(T) NG, (8.5) 


where A = {Z : z € A}. 
If À and A both belong to pc, (7), then [A] C ps(T) because 
Zp: a T) (AT vpi = T)v 
=(vA)A — (Tv)A — T(vA) + T?v 
=(T? — 2AT + |A*)v 


and hence Ory = R(T) Rx(T) (= B(Vp). Thus ps(T) AG D palT) N pe, (T) 
and in turn 
os(T) AC Cc oc (T) U oc (T). (8.6) 


The two relations (8.5) and (8.6) yield together 
os(T) N Ci = oc (T) U oc (T). (8.7) 


What remains to show is that pc,(T) and oc,(T) are symmetric with respect to the real 
axis, which then implies 


os(T) a) Ci = oc (T) U oc (T) = oc (T). (8.8) 

Let \ € pc,(T) and choose j € S with i L j. We show that Ry(T) equals the 

mapping Av := —|R)(T)(vj)|j. As Aj = Jà and jà = Aj, we have for v € dom(T) 
that 


A (AI: —T) v = A (và - Tv) 

— [RA(T) ((vA)j - (Tv)j)]j 

— [RA(T)((vi)A — T(vi)]j 

— [R\(T)OTZv,, — T)(vi)] j = —vjj = v. 


Similarly, for arbitrary v € Vri = Vr, we have 
OZy,, — T) Av = (Av) à — T (Av) 
= [Ra(T)(vj)] JA + T ((Ra (T) (vi) ) 
= [Ra (T)(vi)À — ai \vy)I 
= [(AZv,; — T)Ra(T)(vj)] j = —vij = v. 
Hence, if \ € pc,(T), then Ry(T) = —[R(T)(vj)] j such that in particular À € pc,(T). 


Consequently pc, (T) and in turn also oc,;(T) are symmetric with respect to the real axis 
such that (8.8) holds true. 
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Remark 8.5. The relation (8.7) has already been observed in [54, Theorem 5.9]. For 
the sake of completeness, we repeated the respective arguments here. Also the relation 
R)(T)Rx(T) = Q(T), which is a consequence of (8.3), was understood by the 
authors. The novelty in the above theorem is hence the fact that for a quaternionic linear 
operator T automatically oc,(T) = oc (T) due to (8.4). For unitary operators, this 
symmetry was already understood by Sharma and Coulson, as the I learnt only recently. 
In [78] they showed the following: if T is a unitary quaternionic linear operator on a 
quaternionic Hilbert space H, then the spectrum o(T;) of the operator T, induced by 
T on the symplectic image H, satisfies o (T) = o(T;). Their strategy for showing 
this was however different. Since the S-spectrum and the associated pseudo-resolvent 
had not yet been developed, they showed this symmetry for the set of approximate 
eigenvalues of T, using (1.1). Since with T also T, is unitary, o(T;) only consists of 
approximate eigenvalues and the statement follows. 


Definition 8.6. Let T € K (Vp). We define the Vg-valued function 
R,(T;v) = Q,(T) ‘vs —TOQ,(T)1v Vv € Vr, s € p(T). 


Remark 8.7. By Theorem 8.4, the mapping v +> R(T’; v) coincides with the resolvent 
of T at s applied to v if T is considered a C;,-linear operator on Vp, 


Corollary 8.8. Let T € K(Vp). For any v € Vp, the function f(s) := R(T; v) is right 
slice hyperholomorphic on ps(T). 


Proof. Obviously, we have f(s) = a@(so, $1) + B(so, $1)is with 
also, s1) = Q(T) vso —-TQ,(T)'v and (so, s1) = —Q,(T) ‘vs, 


which satisfy the compatibility conditions (2.4). The property that œ and 8 satisfy the 
Cauchy-Riemann-equations (2.6) is equivalent to f|ps(r)nc; being (right) holomorphic 
for any i € S. But this is true because f|,.(7),c, coincides with the resolvent of T as 
an operator on Vp; applied to v by Theorem 8.4, which is a holomorphic function on 
palT) = ps(T) NG. 


The above result allows us to write the operator f(T) obtained via the S-functional 
calculus for an intrinsic slice hyperholomorphic function without making use of a 
quaternionic multiplication on B(Vp). 


Theorem 8.9. Let T € K(V) be a closed operator on a two-sided quaternionic Banach 
space V with ps(T) 4 Mand let f € SH(asx(T))). For any i € S and any unbounded 
slice Cauchy domain U with os(T) C U and cl(U) C D(F), the operator f(T) 
obtained via the S-functional calculus satisfies 


(ry = vf) + | 


R-(T:v)f(z)dz = Wev. (8.9) 
a(UnC:) 27 


Proof. Let U be a slice Cauchy domain such that os(T) C U and cl(U) C dom(f). 
We then have for any i € S and any v € V that 
1 


f(T)v = f(w~)v + ~ as f(s) dsi SR (s, T)v. (8.10) 
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If ye : [0,1] > Cf, £ = 1,... N is the part of 0(U N C;) that lies in C7 as in Defini- 
tion 4.4, then we have by Lemma 4.11 that 


a f(s) ds, Sp '(s,T)v 
a(UNC;) 


=Y | Re (POMOTE) Quo Tae ay 
= 32 f Re (sre) oT v at 


Since Qa (T) ~v and TQ,,)(L)~'v commute with real numbers, we furthermore 


have 
1 f(s) ds; Sp (s, T)v 
a(UNC:) 


N 1 


=D | Oo lTI v 2Re (POTD) a 
-5 f TOT Y Re, FANDO) at 

3 S (Sree) FD -Too TY) AOO d) 
X SS (Quo T) vut) — TQ (T) Y) FAME) at(—i). 


Recalling that f(T) = f(x) because f is intrinsic, that Q,(T)~' = Q,(T)~! for any 
s € ps(T) and that (—7)(t) = —7,(1 — t), we thus find 


|. Fe)asset6,2)v 


=, (Q.(T) ‘vz — TQ.(T)“*v) f(z) dz(—i) 
a(UNC;) 


7 i, R.(T;v) f(2) de(-i). 
a(UNC;) 


Finally, observe that f(oo) = lim;.. f(s) € R because, as an intrinsic function, f 
takes only real values on the real line. Since any vector commutes with real numbers, 
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we can hence rewrite (8.10) as 


The above theorem shows once again that the S-functional calculus is the proper 
generalisation of the holomorphic Riesz-Dunford functional calculus. Indeed, combin- 
ing it with Theorem 8.4 reveals another deep relation between these two techniques. 


Corollary 8.10. Let T € K(V), let f € SH(osx(T)) and let i € S. Applying the 
S-functional calculus for T to f or considering T as a C;-linear operator on V; and 
applying the holomorphic Riesz-Dunford functional calculus to fi := f\p(fync, yield 
the same operator. Both techniques are compatible. 


Another important observation is the independence of the S-functional calculus of 
the left multiplication if f is intrinsic. 


Corollary 8.11. Let Vp be a quaternionic right Banach space and let T € K(Vp). Let 
f € SH(osx(T)) and assume that it is possible to endow Vp with two different left 
scalar multiplications that turn it into a two-sided quaternionic Banach space. We de- 
note these two-sided Banach spaces by V and V2 and we denote the operators obtained 
by applying the S-functional calculus of T on V; resp. V2 to f by |f (T)]ı and [f (T)]2 
We then have 

(f(Mhv = [Thv Vv E Vr =V = Va. 


Proof. The operators [f (T)]ı and [f (T)]2 can both be represented by (8.9). This for- 
mula does however not involve any multiplication with scalars from the left such that 
we obtain the statement. 


Remark 8.12. We point out that the representation (8.9) and also Corollary 8.11 only 
hold for intrinsic functions. Indeed, the symmetry f(T) = f(x), which is satisfied only 
by intrinsic functions, is crucial in the proof of Theorem 8.9. For left or right slice- 
hyperholomorphic functions that are not intrinsic, the operator f(T) will in general 
depend on the left multiplication. Any left slice hyperholomorphic function f can for 
instance be written as 


f(s) = fols) + fi(s)er + fo(s)es + fa(s)es 


with intrinsic slice hyperholomorphic components fe, l = 0,..., 3, where er, £ = 1, 2,3 
is the generating basis of the quaternions. The operators f(T), = 0,...,3 are then 
determined by the right multiplication on the space, but 


F(T) = fo(T) + fi(Der + f2(T)e2 + fa(T)es 


obviously depends on how the imaginary units e¢, £ = 1, 2, 3 are multiplied onto vectors 
from the left. 
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8.2 Intrinsic S-Functional Calculus on Right-Sided Spaces 


We observe once again, that (8.9) does only contain multiplications of operators with 
real numbers and multiplications of vectors with quaternionic scalars from the right— 
operations that are also available on a right Banach space. It does not contain any 
operation that requires a two-sided Banach space, i.e. neither multiplications of vectors 
with scalars from the left nor multiplications of operators with non-real scalars. We can 
hence use this formula to define the S-functional calculus for operators on right Banach 
spaces. 


Definition 8.13. Let Vg be a quaternionic right Banach space and let T € K(Vp). For 
f € SH(osx(T)), we define 
f(Dw=vitoo)+ f RAT) FG) dez 


Ə(UNC;) 2T 


, 


where i € S is an arbitrary imaginary unit and U is an unbounded slice Cauchy domain 
with os(T) C U and cl(U) c D(F). 


The operator is well-defined. Cauchy’s integral theorem guarantees the indepen- 
dence of the choice of U and if we perform the computations in the proof of The- 
orem 8.9 in the inverse order, we arrive at the representation (8.11) for f(T). This 
formula does not contain any imaginary units but only real scalars so that f(T) is also 
independent of the choice of i € S. In particular this representation also guarantees that 
the obtained operator is again quaternionic right linear. Moreover, because of Theo- 
rem 8.4, the operator f(T) coincides with the operator that we obtain if we consider T 
as a closed Cj-linear operator on Vp; and apply the Riesz-Dunford functional calculus 
to fi = flocpync,. The following lemma shows that the intrinsic S-functional calcu- 
lus of an operator on a right Banach space has the same properties as the S-functional 
calculus defined with the usual approach. 


Lemma 8.14. Let T € K(Vp). 


(i) We have (af + 9)(T) =af(T) + 9(T) and (f9)(T) = f(T) g(L) for all functions 
f,g € SH(ogx(T)) and alla € 


(ii) For any f(T) € SH(as(T)), the operator f(T) commutes with T and moreover 
also with any bounded operator A € B(Vp) that commutes with T. 


æ 


(iii) The spectral mapping theorem holds 
flosx(T)) = os(f(T)) = osx(f(T)) (8.12) 


for all f € SH(osx(T)). Moreover, if g E€ SH(f(osx(T)), then (g o f)(T) = 
g(f(T)). 


(iv) If A C ogx(T) is a spectral set (i.e. open and closed in osx(T)), then let 
Xa E SH(osx(T)) be equal to 1 on a neighborhood of A and equal to 0 on 
a neighborhood of ogx(T) \ A. The operator xa(T) is a continuous projection 
that commutes with T and the right linear subspace Va := ranya(T) of Vp is 
invariant under T. Finally, if we denote Ta := T|y,, then os(T) = A and 


f(Ta) = f@)la- (8.13) 
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(v) Assume that T is bounded and assume that N € B(Vp) is another bounded oper- 
ator that commutes with T. If os(.N) C cl(B-(0)) for some £ > 0, then 


os(T +N) C el(B.(as(T))), 


where 


B-(os(T)) = {s € H: dist(s,a5(T)) < €}. 


For any f € SH (cl(B-(es(T)))), we furthermore have 


f(D) = Yo NT EAD = Yo (HOAT) N, 


n=0 
where this series converges in the operator norm. 


Proof. For neatness let us denote by fi[T] the operator obtained from the Riesz-Dunford 
functional calculus considering T as a C;-linear operator on Vp; with i € S. The class of 
intrinsic functions is closed under addition, pointwise multiplication and multiplication 
with real numbers. Since moreover f(T) = f,[T], the properties in (i) and (ii) follow 
immediately from the properties of the Riesz-Dunford-functional calculus as 


(af + 9)(T) = (af + g)i[T] = afilT] + glT] = af (T) + 9(T) 
as well as 
FDT) = (fa ilT) = Aal] = f(T) 9(7) 


and 
FQT)T = A)T C TAT) = THT). 


Any operator A € B(Vp) that commutes with T is also a bounded C;-linear operator on 
Vpr; that commutes with 7’ and hence the consistency with the Riesz-Dunford functional 
calculus yields again 


f(T)A= AIT]A = AIT] = Af). 


Since f is intrinsic, we have f(dom(f) N C;) C C; for all i € S and f([s]) = [f(s)]. 
The spectral mapping theorem in (iii) holds because Theorem 8.4 implies 


osl f(T) NC = oc fT) = OAT) = fileax(L)) = Flosx(P)) NG. 


Taking the axially symmetric hull yields (8.12). If g E€ SH(f(as(T))), we thus also 
have gi € o(fi|Z]) and 


(go f(T) = (g ° PNT] = Wie AIT = aA = 9 f()). 


If A is a spectral set, then ya (T) is a projection that commutes with T as xa (T)? = 
A(T) = va(T). Moreover, A; := A N Gi is a spectral set of T as a C;-linear oper- 
ator on Vp; and (ya)i = Xa; Hence, ya(T) = xa; [T] and so Va = ranxa(T) = 
ran xa;[T]. The properties of the Riesz-Dunford functional calculus imply 


os(Ta) N Ci = oc(Ta) _ Ai = Nf Ci. 
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Taking the axially symmetric hull yields o5(T,) = A. Furthermore 


ETa) = filTa] = fil] ran ya,t7) = filT] han yar) = FD) Iva: 


Let finally T' be bounded and let N € B(Vp) with og(N) C cl(B-(0)) commute 
with T. By Theorem 8.4 we have o¢,(V) C cl(B-(0) N Ci) and hence the properties of 
the Riesz-Dunford-functional calculus (precisely Theorem 10 in [38, Chapter VII.6]) 
imply 


os(T +N) N Ci = oclT +N) 
C {2 € Cj: dist (2, Dae = d(Be(os(T))) NG 


and 
TS amn l p(n) 
AIT +N] = 2 aa N 


where this series converges in the operator norm. We therefore find 
os(T + N) = [os(T + N) NC] = [cl(Be(os(T))) A Ci] = cl(B.(o8(T))) 
and, using the fact that (Os f); = (f;)’, we also find that 


f(T +N) = AIT +N] = Smi TE york (T). 


Remark 8.15. We point out that (8.13) can not be shown as a property of the S- 
functional calculus with the usual approach: since invariant subspaces of right linear 
operators are only right linear subspace, it is in general not possible to define f (Ta). 
This would require Va to be a two-sided subspace of the Banach space. This fact might 
cause technical difficulties as it happened for instance in the proof of Theorem 6.44. 
The approach in Definition 8.13 provides a work-around for this problem. 


8.3 Concluding Remarks 


The results presented in this chapter, in particular Theorem 8.4 and Theorem 8.9, 
showed a deep relation between complex and quaternionic operator theory and this 
relation will become even more apparent in part II of this thesis, cf. Lemma 9.26 and 
Theorem 10.19. If we choose any imaginary unit i € S and consider our quaternionic 
(right) vector space Ve as a complex vector space over C;, then the quaternionic re- 
sults coincide with the complex linear counterparts after suitable identifications: the 
spectrum o¢,(Z') of T as a C;-linear operator on Vg equals os(T) N Cj, the C;-linear 
resolvent can be computed from the quaternionic pseudo-resolvent and vice versa and 
the quaternionic S-functional calculus for intrinsic slice hyperholomorphic functions 
coincides with the Cj-linear Riesz-Dunford functional calculus. Similarly, we will see 
that spectral integration with respect to a quaternionic spectral system on Vp is equiv- 
alent to spectral integration with respect to a suitably constructed C;-linear spectral 
measure and a quaternionic linear operator is a quaternionic spectral operator if and 
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only if it is a spectral operator when considered as a C;-linear operator. Once again 
these relations show that the theory based on the S-spectrum and slice hyperholomor- 
phic functions developed by Colombo, Sabadini and different co-authors is actually the 
right approach towards a mathematically rigorous extension of classical operator theory 
to the noncommutative setting. The relation with the complex theory presented above 
offers moreover the possibility of using the powerful tools of complex operator theory 
to study quaternionic linear operators. In Chapter 11, we will for instance use the com- 
plex Fourier transform in order to study spectral properties of the nabla operator, which 
is the quaternionification of the gradient and the divergence operator. 

We showed the correspondence of complex and quaternionic functional calculi only 
for intrinsic slice functions. This is however the best one can get: let T be a quaternionic 
linear operator, let i € S be an arbitrary imaginary unit and let f : U C C; —> C; bea 
function suitable for the C;-linear version of whichever functional calculus we want to 
apply. If v is an eigenvector of T associated with A € Ci andj € S with i L j, then vj 
is an eigenvector of T associated with À as 


T (vj) = (Tv)j = (vA)jj = (vi). 
The basic intuition of a functional calculus is that f (T) should be obtained by applying 
f to the eigenvalues resp. spectral values of T. Hence v is an eigenvector of f(T) 
associated with f(A) and vj is an eigenvector of f (T) associated with f (A). If however 
f(T) is quaternionic linear, then again 


FTD) = Tw) = vA) = viO). 


Hence, we must have f (A) = f(A) in order to obtain a quaternionic linear operator. 
The slice extension of f is then an intrinsic slice function. For any function f that 
does not satisfy this symmetry, the operator f(T) will in general not be quaternionic 
linear. Hence we cannot expect any accordance with the quaternionic theory for such 
functions. 

The class of intrinsic slice functions is however sufficient to recover all the spectral 
information about an operator: projections onto invariant subspaces obtained via the S- 
functional calculus are generated by characteristic functions of spectral sets, which are 
intrinsic slice functions. The continuous functional calculus is defined using intrinsic 
slice functions and even the spectral measure in the spectral theorem for normal oper- 
ators can be constructed using intrinsic slice functions (cf. Section 2.4 and Section 9.4 
as well as [4, 5, 49] for more details). Even more, any class of functions that can be 
used to recover spectral information via a functional calculus, necessarily consists of 
intrinsic slice functions. This is a consequence of the symmetry (1.1) resp. (1.2) of 
the eigenvalues resp. the S-spectra of quaternionic linear operators. Indeed, as already 
mentioned above, the very fundamental intuition of a functional calculus is that f(T) 
should be defined by action of f on the spectral values of T. If in particular v is an 
eigenvalue of T' associated with the eigenvalue s, then v should be an eigenvector of 
f(T) associated with the eigenvalue f(s), i.e. 


Tv = vs implies f(T)v = vf (s). (8.14) 


Let now i € S be an arbitrary imaginary unit, let si = sọ + is, and let h € H \ {0} be 
such that s; = h~'sh as in Lemma 2.1. Then vh is an eigenvalue of T associated with 
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Si as 
T(vh) = (Tv)h = vsh = (vh)(h-'sh) = (vh)si. 
If (8.14) holds true, then 
f(D)vh = (wh) (si). 


However, we also have 
f(T)(vh) = (f(T)v)h = vf(s)h = (vh)(h-"f(s)h) 

and hence necessarily 

f(h-tsh) = f(s) =h-'f(s)h. (8.15) 
If we choose hi = is, we find f(s) = i;' f(s)i, and in turn i, f(s) = f(s)i,. A quater- 
nion commutes with the imaginary unit i, if and only if it belongs to C;,. Hence, f(s) = 
a + i.p with a, 3 € R. Now let again i € S be arbitrary, set si = so + is, and choose 
h € H \ {0} such that i = h~'i,h and in turn si = so + is; = so + h-tighsy = h7'sh. 
Equation (8.15) implies then 


f (si) = f(h-'sh) = h! f (s)h =a +h-,nB =a +ib 


so that f is an intrinsic slice function. 

The symmetry of the set of right eigenvalues and the relation (1.1) between eigen- 
vectors associated with eigenvalues in the same eigensphere therefore require that the 
class of functions to which a quaternionic functional applies consists of intrinsic slice 
functions, if this functional calculus respects the fundamental intuition of a functional 
calculus given in (8.14). This observation is reflected by resp. explains several known 
phenomena in the theory. 


e The S-functional calculus for left and for right slice hyperholomorphic functions 
are not always consistent. If f is left and right slice hyperholomorphic, then both 
functional calculi will in general not yield the same operator unless f is intrinsic. 
Any such function is intrinsic up to addition with a locally constant function, but 
for locally constant functions the two functional calculi disagree. This is due to 
the fact that invariant subspaces of right linear operators are in general only right 
linear subspaces and not closed under multiplication with scalars from the left as 
we discussed in detail in Chapter 4. 


e Even if the functional calculus is defined for a class of functions that does not 
only contain intrinsic slice functions, the product rule only holds for the intrinsic 
slice functions in this class [3, 4, 8, 36, 49]. An exception is [49, Theorem 7.8], 
where the continuous functional calculus for C;-slice functions satisfies a product 
rule. This functional calculus is however not quaternionic in nature. Instead, it 
considers the operator as the quaternionic linear extension of a Cj-linear operator 
on a suitably chosen C;-complex component space. The functional calculus can 
then be interpreted as applying the continuous functional calculus to the C;-linear 
operator on the component space and extending the obtained operator to the entire 
quaternionic linear space. 


e Similarly, the spectral mapping theorem only holds for those functions in the class 
of admissible functions that are intrinsic slice functions, cf. [8, 36, 49]. Again [49, 
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Theorem 7.8] obtains a generalized spectral mapping property, that holds because 
this functional calculus actually considers T as a complex linear operator on a 
suitably chosen complex component space. 


203 


Part II 


Spectral Integration and Spectral 
Operators 
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CHAPTER 


Spectral Integration in the Quaternionic Setting 


Before we start the study of quaternionic spectral operators, we shall discuss spectral 
integration in the quaternionic setting. As we saw in Section 2.4, there exist different 
approaches to this topic in the literature, but we find them unsatisfying reasons that we 
explain in Section 9.4. In particular, these approaches do not generalise to the Banach 
space setting, in which we want to develop the theory of quaternionic spectral operators 
in Chapter 10. 

In this chapter we therefore develop an approach to spectral integration of intrinsic 
slice functions on a quaternionic right Banach space. This integration is done with 
respect to a spectral system instead of a spectral measure, a concept that specifies ideas 
of Viswanath in [86, 87]. It has a clear and intuitive interpretation in terms of the right 
linear structure of the space and it is compatible with the complex theory in the sense 
of the results in Chapter 8. Moreover, it is also compatible with the existing approaches 
presented in Section 2.4. In particular, the proof of the spectral theorem for bounded 
normal operators in [5] easily translates into the language of spectral systems and does 
then not require to introduce any random structure that is not determined by the operator 
itself. The results in this chapter can be found in [47]. 


9.1 Spectral Integrals of Real-Valued Slice Functions 


The basic idea of spectral integration is well known: it generates a multiplication oper- 
ator in a way that generalizes the multiplication with eigenvalues in the discrete case. 
If for instance À € (A) for some normal operator A : C” — C”, then we can define 
E({X}) to be the orthogonal projection of C” onto the eigenspace associated with A 
and we find A = )) 44) A E({A}). Setting E(A) = Dien E({A}) one obtains a 
discrete measure on C, the values of which are orthogonal projections on C”, and A is 
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the integral of the identity function with respect to this measure. Changing the notation 
accordingly we have 


A E({A}) A= AdE(A). 9.1 
ya = iz (\) 9.1) 


AEa(A) 


Via functional calculus it is possible to define functions of an operator. The fundamental 
intuition of a functional calculus is that f(A) should be defined by the action of f on 
the spectral values (resp. the eigenvalues) of A. For our normal operator A on C” the 
operator f(A) is the operator with the following property: if v € C” is an eigenvector 
of A with respect to À, then v is an eigenvector of f(A) with respect to f(A), just as 
it happens for instance naturally for powers and polynomials of A. Using the above 
notation we thus have 


= $ IÐA = fAs FA)dE(A). 0.2) 


AEo(A) o(A) 


In infinite dimensional Hilbert spaces, the spectrum of a normal operator might be 
not discrete such that the expressions on the left-hand side of (9.1) and (9.2) do not 
make sense. If Æ however is a suitable projection-valued measure, then it is possible 
to give the expression (9.2) a meaning by following the usual way of defining integrals 
via the approximation of f by simple functions. The spectral theorem then shows that 
for every normal operator T there exists a spectral measure such that (9.1) holds true. 

If we want to introduce similar concepts in the quaternionic setting, we are—even 
in the discrete case—faced with several unexpected phenomena. 


(P1) The space of bounded linear operators on a quaternionic Banach space Vp is only 
a real Banach space and not a quaternionic one as pointed out in Remark 2.45. 
Hence, the expressions in (9.1) and (9.2) are a priori only defined if resp. f(A) 
are real. Otherwise one needs to give meaning to the multiplication of the operator 
E({A}) with nonreal scalars. 


(P2) The multiplication with a (non-real) scalar on the right is not linear such that 
aE({X}) can for a € H not be defined as (aE ({A}))v = (E({A})v)a. Moreover, 
the set of eigenvectors associated with a specific eigenvalue does not constitute a 
linear subspace of Vp: if for instance Tv = vs with s = so + issı and j € S with 


is L j, then T(vj) = (Tv)j = (vs)j = (vj)s # (vj)s. 


(P3) Finally, the set of eigenvalues is in general not discrete: if s € H is an eigenvalue 
of T with Tv = vs for some v Æ 0 and si = sọ + is; € [s], then there exists 
h € H \ {0} such that s; = h~'sh and so 


T(vh) = T(v)h = vsh = (vh)h-'sh = (vh)si. (9.3) 
Thus, any s; € [s] is also an eigenvalue of T. 


As a first consequence of (P2) and (P3) the notion of eigenvalue and eigenspace 
have to be adapted: linear subspaces are in the quaternionic setting not associated with 
individual eigenvalues s but with spheres [s] of equivalent eigenvalues. 


208 


9.1. Speciral Integrals of Real-Valued Slice Functions 


Definition 9.1. Let T € K(Vp) and let s € H \ R. We say that [s] is an eigensphere of 
T if there exists a vector v € Vr \ {0} such that 


(T? — QsoT + |s} T)v = O,(T)v = 0. (9.4) 
The eigenspace of T associated with [s] consists of all those vectors that satisfy (9.4). 


Remark 9.2. For real values, things remain as we know them from the classical case: a 
quaternion s € R is an eigenvalues of T if Tv — vs = 0 for some v ¥ 0. The quater- 
nionic right linear subspace ker(T — sT) is then called the eigenspace of T associated 
with s. 


Any eigenvector v that satisfies T(v) = vs; with si = so + is; for some i € S 
belongs to the eigenspace associated with the eigensphere |s]. Note however that the 
eigenspace associated with an eigensphere [s] does not only consist of eigenvectors. It 
contains also linear combinations of eigenvectors associated with different eigenvalues 
in [s] as the next lemma shows. 


Lemma 9.3. Let T € K(Vp), let |s] be an eigensphere of T and let i € S. A vector 
v belongs to the eigenspace associated with |s] if and only if v = vı + V2 such that 
Tv, = vis; and Tv = v35; where si = So + is}. 


Proof. Observe that 
Q.(T)v = T?v — Tv2s9 + v|s|? = T(Tv — vai) — (Tv — vii) si (9.5) 


and 
Q,(T)v = T’v — Tv2s9 + v|s|? = T(Tv — vsi) — (Tv — vsi)5. (9.6) 


Hence, Q,(7')v = 0 for any eigenvector associated with s; or 5; and in turn also for any 
v that is the sum of two such vectors. 

If conversely v satisfies (9.4), then we deduce from (9.5), that Tv — v5; is a right 
eigenvector associated with s; and that Tv — vs; is a right eigenvector of T' associated 
with 5;. Since s; and i commute, the vectors vı = (I'v—vsi) st and v2 = (T'v—vsi) x 
are right eigenvectors associated with s resp. Si, too. Hence we found the desired 
decomposition as 

_,- i _ i 
vı + v2 = (Tv — Val) 55. + (Tv — vilas = v(5i — si) zg =v. 


Remark 9.4. Ifj € S with j L i, then v2 := və(—j) is an eigenvector of T associated 
with s. Hence we can write v also as v = vı + Voj, where v1, V2 are both eigenvectors 
associated with si. 


Since the eigenspaces of quaternionic linear operators are not associated with indi- 
vidual eigenvalues but instead with eigenspheres, quaternionic spectral measures must 
not be defined on arbitrary subsets of the quaternions. Instead their natural domains of 
definition consist of axially symmetric subsets of H so that they associate subspaces of 
Ve not to sets of spectral values but to sets of spectral spheres. This is also consistent 
with the fact that the S-spectrum of an operator is axially symmetric. 
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Definition 9.5. We denote the sigma-algebra of axially symmetric Borel sets on H 
by Bs(H). Furthermore, we denote the set of all real-valued Bs (H|)-B(IR)-measurable 
functions defined on H by M(H, R) and the set of all such functions that are bounded 
by M(H, R). 


Remark 9.6. The restrictions of functions in MX (H, R) to a complex halfplane (on are 
exactly the functions that were used to construct the spectral measure of a quaternionic 
normal operator in [5], cf. Remark 2.79. 


Definition 9.7. A quaternionic spectral measure on a quaternionic right Banach space 
Vp is a function E : Bs(H) —> B(Vp) that satisfies 


(i) E(A) is a continuous projection and || E(A)|| < A for any A € Bs(H) with a 
constant K > 0 independent of A, 


(ii) E(0) = 0 and E(H) = 7, 
(iii) E(A, N Ag) = E(A,)E(Ag2) for any A4, Ay € Bs(H) and 


I 


(iv) for any sequence (A,,) cw of pairwise disjoint sets in Bs (H) we have 


+00 
E (U a.) v=) E(A,)v  forallv € Vp. 
n=1 


neN 


Corollary 9.8. Let E be a spectral measure on Vr and let Vp be its dual space, the 
left Banach space consisting of all continuous right linear mappings from Vp to H. For 
any v € Vr and any v* € V3, the mapping A ++ (v*, E(A)v) is a quaternion-valued 
measure on Bs (H). 


Remark 9.9. Following [87], most authors considered quaternionic spectral measures 
that were defined on the Borel sets B(C#) of one of the closed complex halfplanes 
c7 = {so + is; : 59 € R,sı > 0}. This is equivalent to E being defined on Bs (H). 
Indeed, if E is defined on B(C=) , then setting 


E(A):= E(AnC2) VA € Bs (H) 


yields a spectral measure in the sense of Definition 9.7 that is defined on Bs(H). If on 
the other hand we start with a spectral measure E defined on Bs(H1), then setting 


E(A) := E((A]) VA € B(CF) 


yields the respective measure on B (CF): Although both definitions are equivalent, we 
prefer Bs(H) as the domain of E because it does not suggest a dependence on the 
imaginary unit i. 


For a function f € MX (H, R), we can now define the spectral integral with respect 
to a spectral measure F as in the classical case [38]. If f is a simple function, i.e. 
f(s) = of, orxa,(s) with pairwise disjoint sets A, € Bs(H), where ya, denotes 
the characteristic function of A;,, then we set 


I f(s) dE(s) := X` a E(Ar). (9.7) 
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There exists a constant Cg > 0 that depends only on F such that 


s) dE(s)|| < Cell filo, (9.8) 


where ||.||,. denotes the supremum-norm. If f € MX (H, R) is arbitrary, then we can 
find a sequence of simple functions (f,,) <x such that || f — fallo + 0asn — +00. In 
this case we can set 


n—-+00 


f f(s) ABs) = lim, f fals) dB), (0.9) 


where this sequence converges in the operator norm because of (9.8). 


Lemma 9.10. Let E be a quaternionic spectral measure on Vr. The mapping f +> 
Jfa f(s) dE(s) is a continuous homomorphism from MX (H, R) to B(Ve). Moreover, 
if T commutes with E, i.e. it satisfies TE(A) = E(A)T for all A € Bs(H), then T 
commutes with fy f(s) dE(s) for any f € MX (H, R). 


T 


Corollary 9.11. Let E be a quaternionic spectral measure on Vp and let f be a function 
in M(H, R). For any v € Vp and any v* € Vz, we have 


n |f rael v) = [ fo)av, Boy) 


Proof. Let fa = S R71 On,kXA,, E M(H, R) be such that || f — fall 2 0 as n > 
+00. Since all coefficients a, ;, are real, we have 


Nn 
v“ v ) = lim ( v* a An 
eleele Eens 


Nn 


= lim ang (v*, E(A n,k) V = f Fea E(s)v 


k=1 


Remark 9.12. The fact that the above definitions are well-posed and the properties given 
in Lemma 9.10 can be shown as in the classical case, so we omit their proofs. One can 
also deduce them directly from the classical theory: if we consider Vp as a real Banach 
space and ÈE as a spectral measure with values in the space T of bounded R-linear 
operators on Vp, which obviously contains B(Vp), then f f(s) dE(s) defined in (9.7) 
resp. (9.9) is nothing but the spectral integral of f with ue to E in the classical 
sense. Since any a; in (9.7) is real and since each F(A) is a quaternionic right linear 
projection, the integral of any simple function f with respect to E is a quaternionic right 
linear operator and hence belongs to B(Vp). The space B(Vp) is closed in Bg(Vp) and 
hence the property of iy quaternionic linear survives the approximation by simple 
functions such that fy f(s) dE(s) € B(Vp) for any f € MX (H, R) even if we consider 
it as the integral with a to a (real) spectral measure on the real Banach space Vp. 
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9.2 Imaginary Operators 


The techniques introduced so far allow us to integrate real-valued functions with respect 
to a spectral measure. This is obviously insufficient, even for formulating the statement 
corresponding to (9.1) in the quaternionic setting unless ø s(T) is real. In order to define 
spectral integrals for functions that are not real-valued, we need additional information. 

This fits another observation: in contrast to the complex case, even for the simple 
case of a normal operator on a finite-dimensional quaternionic Hilbert space, a decom- 
position of the space Vp into the eigenspaces of T is not sufficient to recover the entire 
operator T. Let i,j € S with i 4 j and consider for instance the operators 7, T> and T} 
on H?, which are given by their matrix representations 


E AES Gay ee 9.10 
= a >= (o i) = (5 i) ue 


For each £ = 1,2,3, we have os(7~) = S and that the only eigenspace of T; is the 
entire space H?. The spectral measure F that is associated with T; is hence given by 
E(A) = 0ifS ¢ A and E(A) = Tif S C A. Obviously, the spectral measures 
associated with these operators agree, although these operators do not the coincide. 

Since the eigenspace of an operator 7’ that is associated with some eigensphere 
[s] contains eigenvectors associated with different eigenvalues, we need some addi- 
tional information to understand ‘how to multiply the eigensphere onto the associated 
eigenspace’, i.e. to understand which vector in the eigenspace must be multiplied with 
which eigenvalue in the corresponding eigensphere [s]. This information will be pro- 
vided by a suitable imaginary operator. Such operators generalise the properties of the 
anti-selfadjoint partially unitary operator Jo in the decomposition (2.40) of a normal 
operator on a Hilbert space to the Banach space setting. 


Definition 9.13. An operator J € B(Vp) is called imaginary if — J? is the projection 
of Vp onto ran J along ker J. We call J fully imaginary if —J? = J, ie. if in addition 
ker J = {0}. 


Corollary 9.14. An operator J € B(Vp) is an imaginary operator if and only if 
(i) —J? is a projection and 
(ii) ker J = ker J?. 


Proof. If J is an imaginary operator, then obviously (i) and (ii) hold true. Assume on 
the other hand that (i) and (ii) hold. Obviously ran(— J?) C ran J. For any u € Vp, 
we have (—J”)u — u € ker(— J?) = ker J because 


(—J*) ((-J?)u — u) = (—J?)?u — (—J)?u = (—J*)u — (Ju = 0 
as (—J”) is a projection. Therefore 
0 = J(—J?u—u) = (—J*)Ju— Ju 


and hence v = (—.J*)v for any v = Ju € ran J. Consequently, ran(—J?) D ran J 
and in turn ran J = ran(—J*). Since ker J = ker(—J?), we find that — J? is the 
projection of Vr onto ran J along ker J, i.e. that J is an imaginary operator. 
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Remark 9.15. The above implies that any anti-selfadjoint partially unitary operator Jo 
on a quaternionic Hilbert space H is an imaginary operator. Indeed, for any v € ker Jo, 
we obviously have —J2v = 0. Since the restriction of Jọ to Ho := ran Jo = ker J 
is unitary and Jo is anti-selfadjoint, we furthermore have for v € Ho that -Jv = 
Je Jov = (Joleto)” (Sola) v = (Soleo) (Jolwa) v = v. Hence —J? is the orthogonal 
projection onto Ho = ran Jọ and so Jọ is an imaginary operator. In particular any 
unitary anti-selfadjoint operator is fully imaginary. 


Lemma 9.16. If J € B(Vp) is an imaginary operator, then os(T) C {0} U {S}. 


Proof. Since the operator — J? is a projection, its S-spectrum o5(—J”) is a subset of 
{0,1}. Indeed, for any projection P € B(Vz), a simple calculation shows that the 
pseudo-resolvent of P at any s € H \ {0,1} is given by 


ll 1 — 2Re(s) 
Q.(P) = s|? (; — 2Re(s) + ise t) 


such that s € pg(P). As a consequence of the spectral mapping theorem, we find that 
—og(J)? = {-s* : s € os(J)} = o8(—J*) c {0,1}. 
But if —s? € {0,1}, then s € {0} US and hence os(J) C {0} US. 


Remark 9.17. If J = 0, then J is an imaginary operator with os(T) = {0}. If on the 
other hand ker J = {0} (i.e. if J is fully imaginary), then os(T) = S. In any other 
case we obviously have os(T) = {0} US. 


The following theorem gives a complete characterization of imaginary operators on 
Vp. 


Theorem 9.18. Let J € B(Vp) be an imaginary operator. For any i € S, the Banach 
space Vp admits a direct sum decomposition as 


Ve =Vi0 OVi OV, (9.11) 
with 
Vio =ker(J), 
Vi ={v E€ V : Jv = vi}, (9.12) 


Va ={v € V : Jv = v(—i)}- 


The spaces Vii and V7; are complex Banach spaces over Cj with the natural structure 
E T A Va and for cack) € S with i L j the map v > vj is a Cj-antilinear and 
isometric bijection between V} and Vii 

Conversely, let i,j € S wih i L j and assume that Vp is the direct sum Vp = 
Vo @ Vi © V_ of a closed (H-linear) subspace Vo and two closed C;-linear subspaces 
V, and V_ of Vp such that Y : v > vj is a bijection between V, and V_. Let E and 
E_ be the C;-linear projections onto V, and V_ along Vo ® V_ resp. Vo ® V+. The 
operator Jv := E,vi+ E_v(-—i) for v € Vp is an imaginary operator on Vp. 
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Proof. We first assume that J is an imaginary operator and show the existence of the 
corresponding decomposition of Vg. Let i € S and Vp; denote the space Vp considered 
as a complex Banach over C;. Furthermore, let us assume that J Æ 0 as the statement 
is obviously true in this case. Then J is a bounded C;j-linear operator on Vg; and by 
Theorem 8.4 and Lemma 9.16 the spectrum of J as an element of B(Vpj) is oc,(J) = 
os(J) A Ci c {0,i,—-i}. We define now for r € {0,i, —i} the projection E, as the 
spectral projection associated with {7} obtained from the Riesz-Dunford functional 
calculus. If we choose 0 < € < 4, then the relation R.(J) = (2Zy,, — J)Q.(J)“! 
Theorem 8.4 implies 


E,v =a R; ie af Q,(J)~*(vz — Jv) ee. 
AU. (7;Cı) 2ri AU. (TC) ani 
where U-(7;C;) denotes the ball of radius € in C; that is centered at 7. (Since we 
assumed ker J 4 V, the projections F; and E; are not trivial. It might however happen 
that Eo = 0, but this is not a problem in the following argumentation.) 
We set 
Vio = EoVri; Vii = EVRi and Vj = EVRi 


Obviously these are closed Cj-linear subspaces of Vg; resp. Vg and (9.11) holds true. 
Let us now show that the relation (9.12) holds true. We first consider the subspace 
Vk: Since it is the range of the Riesz-projector /; associated with the spectral set 
{i k this is an Cj-linear subspace of Vp; that is invariant under J and the restriction 
hi. Jiv; has spectrum o(J}) = {i}. Now observe that —J? = —J? lv; is the 
restriction of a projection onto an invariant subspace and hence a projection itself. Since 
0 ¢ o(—J}) = —o(J4)’ = {1}, we find ker —J{ = {0} and in turn Z4 := Ty- = 


—J?. For v € V} we therefore have 


As i? = —1 this is equivalent to 
(J — iZ,)°v = (Sy ca iZ _)v(—2i). 


Hence (J, — iZ,)v is either O or an eigenvector of J} — iT, associated with the 
eigenvalue —2i. By the spectral mapping theorem o(J, — iZ,) = o(J,) —i = {0}. 
Hence, J} — iZ, cannot have an eigenvector with respect to the eigenvalue —2i and so 
(J, —iZ,)v = 0. Therefore J, = Z,i and Jv = J,v = vi for all v € Vii 

With similar arguments, one shows that Jv = v(—i) for any v € Vj; Finally, 
o(—J>) = —o (Jo)? = {0} for Jo := Jly,,. Since -Jf = —J?|y,, is the restriction 
of a projection to an invariant subspace and thus a projection itself, we find that — J} is 
the zero operator and hence Vj9 = ker(— Jo)? C ker(J*) = ker J. On the other hand 
ker J C Vjo as Vzo is the invariant subspace associated with the spectral value 0 of J. 
Thus V79 = ker J and so (9.12) is true. 

Finally, if j € S withi L j and v € V, then (Jvj) = J(v)j = vij = (vj)(—i). 
Hence VW : v — vj maps Vii to V; It is obviously C;-antilinear, isometric and a 
bijection as v = —(vj)j so that the proof of the first statement is finished. 
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Now let i,j € S with i L j and assume that Ve = Vo 6 Vi ® V_ with subspaces Vo, 
V, and V_ as in the assumptions. We define Jv := Evi + E_v(—i). Obviously, J is 
a continuous C;-linear operator on Vp;. The mapping Y : v +> vj maps V} bijectively 
to V_, but since Y~' = —W it also maps V_ bijectively to V}. Moreover, as an H-linear 
subspace, Vo is invariant under Y. For v = vo + v+ + v- € Vo OV, OV = Vpr, we 
therefore find 


J(vj) =E; (viji + E-(vj)(=i) = v-ji + vy 5(—i) 
=v_(—i)j + vij = (E_v(-i)) j + (Eywi)j = (Jv)j. 


If now a € H, then we can write a = a, + aj with a1,a2 E€ Ci and find due to the 
Ci-linearity of J that 


J(va) = J(vai) + J(vaj) = J(v)a, + J(v)azj = J (v) (a1 + aj) = J(v)a. 


Hence, J is quaternionic linear and therefore belongs to B(Vp). 
As EĻ E_ = E_E, = 0, we furthermore observe that 


—-J’v = —J(E vi + E_v(-i)) 
= — (Eĵ{ vi? + E,E_v(-i*) + E_E,v(-i?) + E2 v(-i)’) = (E4 + E_)v. 


Hence, — J? is the projection onto V} @ V_ = ran(J) along ker J = Vo such that J is 
actually an imaginary operator. 


9.3 Spectral Systems and Spectral Integrals of Intrinsic Slice Functions 


As pointed out already several times, invariant subspaces of an operator are in the 
quaternionic setting not associated with spectral values but with entire spectral spheres. 
Hence quaternionic spectral measures associate subspaces of Vr with sets of entire 
spectral spheres and not with arbitrary sets of spectral values. If we want to integrate a 
function f that takes non-real values with respect to a spectral measure F, then we need 
some additional information. We need to know how to multiply the different values that 
f takes on a spectral sphere onto the vectors associated with the different spectral val- 
ues in this sphere. This information is given by a suitable imaginary operator. Similar 
to [87], we hence introduce now the notion of a spectral system. 


Definition 9.19. A spectral system on Vp is a couple (E, J) consisting of a spectral 
measure E and an imaginary operator J such that 


(i) E and J commute, i.e. E(A)J = JE(A) for all A € Bs(H) and 


(ii) E(H \ R) = —J?, that is E(R) is the projection onto ker J along ran J and 
E(H \ R) is the projection onto ran J along ker J. 


Definition 9.20. We denote by SM (H) the set of all bounded intrinsic slice functions 
on H that are measurable with respect to the usual Borel sets B(HI) on H. 


Lemma 9.21. A function f : H — H belongs to SM (H) if and only if it is of the 
form f(s) = a(s) +i,6(s) with a, 8 E M(H, R) and p(s) = 0 for s € R. 
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Proof. If f(s) = a(s) + i,6(s) with a, 6 € M%(H, R) and 6(s) = 0 for s € R, then 
we can set a(so, 51) := a(so + isı) and B(so, 51) := (so + isı) and 3(s9,—s1) := 
— (so + isı) with i € S arbitrary. Since a(s) and 6(s) are Bs(H)-measurable, they are 
constant on each sphere [s] and so this definition is independent of the chosen imaginary 
unit i. Since 6(s) = 0 for real s, 3(so, s1) is moreover well defined for sı = 0. We 
find that f(s) = a(s) +1,6(s) = a(so, s1) + 1,6 (so, $1) with a(so, s1) and 3(s9, 51) 
taking real values and satisfying (2.4) such that f is actually an intrinsic slice function. 
Moreover, the functions a(s) and (s) and the function y(s) := i, if s ¢ R and 
g(s) := 0 if s € R are B(H)-B(H)-measurable. As (s) = 0 if s € R, we have 
f(s) = a(s) + i,8(s) = a(s) + y(s)B(s) and hence the function f is B(H)-B(H)- 
measurable too. 

If on the other hand f E€ SM*(H) with f(s) = a(so, s1) + i,8(S0, 51), then also 
a(s) := 3 (f(s) + f (5)) = (so, 81) and B(s) := Z(s) (f (5) — f(s)) = B(s0, s1) 
with p(s) as above are B(H)-B(H)-measurable. Moreover 3(s) = 0 if sı = 0. Since f 
is intrinsic, these functions take values in R and hence they are B(H1)-B(R)-measurable. 
They are moreover constant on each sphere [s] such that the preimages a~'(A) and 
B(A) of each set A € B(R) are axially symmetric Borel sets in H. Consequently, a 
and 3 are Bs(HI)-B(R)-measurable. Finally, |f|? = |a|? + |8|? such that f is bounded 
if and only if a and £ are bounded. 


Corollary 9.22. Any function f E€ SM™® (H) is Bs(H)-Bs(H)-measurable. 


Proof. Let A € Bs(H). Its inverse image f~'(A) is a Borel set in H because f is 
B(H)-B(H)-measurable. If s € f~'(A), then f(s) = a(so, s1) + i,8(s0, 81) € A. The 
axially symmetry of A implies then that for any si = so + is; € [s] with i € S also 
f (si) = a(so, $1) +158 (S0, 51) € A and hence si € f~'(A). Thus s € f~1(A) implies 
[s] C f(A) and so f~'(A) € Bs(H). 


We observe that the Lemma 9.21 implies that the spectral integrals of the component 
functions a and 8 of any f = a +i,8 € SM” (H) are defined by Definition 9.7. 


Definition 9.23. Let (E, J) be a spectral system on Vp. For f € SM°*(H) with 
f(s) = a(s) + 1,6(s) we define the spectral integral of f with respect to (E, J) as 


[ ARTE i: POCO ea: [ 8(s) dE(s). (9.13) 


The estimate (9.8) generalizes to 


| [foan 


< Czllalloo + Cell JIll < Cesl flloo (9.14) 


with 
Crs = Cr(l + [JI]. 


As a consequence of Lemma 9.10 and the fact that J and E commute, we immediately 
obtain the following result. 
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Lemma 9.24. Let (E, J) be a spectral system on Vz. The mapping 


fo [ f(s) dB, (s) 


is a continuous homomorphism from (SM (H), ||.||.0) to B(Vr). Moreover, if an 
operator T € B(Vp) commutes with E and J, then it commutes with fa f(s) dEs(s) 
for any f E SM” (H). 


From Corollary 9.11, we furthermore immediately obtain the following lemma, 
which is analogue to Lemma 2.77. 


Corollary 9.25. Let (E, J) be a spectral system on Vp and let f = a+iB € SM” (H). 
For any v € Vpr and any v* € Vp, we have 


(v [10 as) v) = f alsyaww Boy) + f 8s) dv, B(5) 9). 


Similar to the what happens for the S-functional calculus, there exists a deep relation 
between quaternionic and complex spectral integrals on Vp. 


Lemma 9.26. Let (E, J) be a spectral system on Vp, let i € S, let E, be the projection 
of Vr onto Vii along Vio © Vj, and let E_ be the projection of Vr onto Vj; along 
Vio ® Vj of. Theorem 9.18. For A € B(C)), we set 


E,,B((A)) if A c Cr 
F(A) := FIA) oer (9.15) 
E_E(A) fACG 


E(ANC*)+ B(ANR)+ E(ANC,) otherwise, 


where C} and C; are the open upper and lower halfplane in Ci. Then F; is a spectral 
measure on Vj. For any f E SM (H), we have with fi := f\c, that 


f to dEj(s) = i fi(z) dE;(s). (9.16) 


Proof. Recall that E and J commute. For v} € Vj, we thus have JE(A)v, = 
E(A) Jv, = E(A)v+i such that E(A)v, € Vj; and in turn Fy E(A)v, = E(A)v4. 
Similarly, we see that E(A)v. € Vio @ Vj; for any vv € Vio ® Vj; such that 
E,E(A)v.~ = 0. Hence, if we decompose v € Vz as v = vy + v~ with v} € Vii 
and v~ € Vio ® Vj; according to Theorem 9.18, then 


E,E(A)v = FE, E(A)v} + EL E(A)vy = E(A)vy 


and E(A)E,v = E(A)v, such that altogether F(A)E,v = E,E(A)v. Analogous 
arguments show that E- F(A) = E(A)E_ and hence E, E_, and F(A), A € Bs(H), 
commute mutually. 

Let us now show that =; is actually a Cj-complex linear spectral measure on Vpj. 
For each A € B(C;) set A, := ANCY, A- := ANC, and Ag := ANR for neatness 
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and recall that | -] denotes the axially symmetric hull of a set. For any A,o € Bs(H), 
we have then 


B((A4))E(or) = E(An)E((o4]) =0 
E([A_])E(ox) = E(Az)E([o_]) = 0 
because of (iii) in Definition 9.7. Moreover, Æ, and E_ as well as E({(A+]), E({[A_]) 


and E(Apg) are projections that commute mutually, as we just showed. Since in addition 
E,E_ = E_E, = 0, we have 


(9.17) 


BA)? = (EEA) + E(Ar) + B-B((A_])? 

=E? E([A4]} + E EA )E(Ar) + E, B-E((A)) B((A-]) 
+ By E(Ap)E((A4)) + E(Ar)? + E-E(Ar)E(lA-]) (9.18) 
+ B_ByE((A-})B((A4]) + B-E((A_])B(Ar) + £? B((A_])? 
=E,E((A,]) + E(Ar) + E-E([A-]) = Bi(A). 


Hence, F(A) is a projection that is moreover continuous as || £;(A)|| < KA+ || EÆE4I| + 
||E_||), where K > 0 is the constant in Definition 9.7. Althogether, we find that Æ has 
takes values that are uniformly bounded projections in B(Vpj). 

We obviously have £;(@) = 0. Since E, + E_ = E(H \ R) because of (ii) in 
Definition 9.19 also 


(Ci) = EE ((C#]) + E(R) + B-E(C;)) 
= (E; + E_)E(H\ R) + E(R) = EŒ) = 7. 


Using the same properties of E}, E_ and E(A) as in (9.18), we find that for A,o € 
B(C;) 
E(A)E(o) = 

=(E E([A4]) + E(Ar) + E-E([A-])) (E+E((o4]) + Elor) + E_E((o-])) 

=F} E([A4)E([o+]) + £2 ((A4)) (or) + By B_E((A4]) E([o_]) 
+ E E(Ar)E([o+]) + E(Ar)E (oR) + E-E(Ar)E(lo-]) 

+ B_E,E((A_])E((o4]) + E-E([A-])E(or) + E2E((A-])E((e-]) 
=F,,E((A4] 0 [o4]) + E(Ar N or) + EEA NA [c-)). 


OR 


gles AS 


In general it is not true that [A] N [B] = [A N B] for A, B C Ci. (Just think for instance 
about A = {i} and B = {—i} with [A] A [B] = SN S = S and [AN B] = [Ø] = 0.) For 
any axially symmetric set C we have however 


C=[CnC?] vjes 
If A and B belong to the same complex halfplane C7, then 
[4] 9 [B] = (AN B) 9 CF] = [(A] CF) A (BIN CF)] = [ANB]. 0.19) 
Hence [A,] N [o4] = (AN o)4] and [A_] A [o_] = [(A Nc)_] such that altogether 
E(A)E(c) = £,E(((ANo)4]) + E(Ag og) + E_E([((ANo)_]) = B(Ano). 
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Finally, we find for v € Vri = Vpr and any countable family (An)nen of pairwise 
disjoint sets that 


=£.5 vte (Uana) v+ ee J 


=E, E (U ana) v+E (U Ana) vV+E_E (U an) v. 


nEN nEN nEN 


U bas 


neN 


pe 


nEN 


Since the sets An,+, n € N, are pairwise disjoint sets in the upper halfplane C,", also 
their axially symmetric hulls are pairwise disjoint because of (9.19). Similarly, also the 
axially symmetric hulls of the sets An,—, n € N, are pairwise disjoint such that 


Ej (U a.) v= 
= S~ EA (Anal) v + Y E (Ang) v + X E-E ((An,-])v 


neN neN neN 


Altogether, we see that F; is actually a Cj-linear spectral measure on Vp i. 

Now let us consider spectral integrals. We start with the simplest real-valued func- 
tion possible: f = axa witha € Rand A € Bs(H). As fi = avanc, and F(A) = 
E;(A; N Ci), we have for such function 


IEG dE(s) = aE(A) =ab(ANG) = fi(z) dE(z). 


By linearity we find that (9.16) holds true for any simple function f(s) = $71 QkXA(6) 
in M(H, R). Since these functions are dense in MY (H, R), it even holds true for any 
function in MX (H, R). Now consider the function y(s) = i, if s € H\R and y(s) = 0 
if s € R. Since y;(z) = iyc+ + (—i)xc- and E,(C;*) = E4 and Ey = E, the integral 
of y; with respect to F; is 


Laat 


| y(z) dE;(z)v = (iZ;(C;")) v+ ((-i) Ei(C; )) v 


= Evi + E_v(-i) = Jv 


for all v € Vri = Vr. If f is now an arbitrary function in SM™(H), then f(s) = 
a(s) + y(s)b(s) with a, 8 € M(H, R) and G(s) = 0 if s € R by Lemma 9.21. By 
what we have shown so far and the homomorphism properties of both quaternionic and 
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complex spectral integrals, we thus find 


[ FdE) = 
= f als) dE(s) +I f B(s) dE (s) 
= | osle) dEle) + Un aBa) Use A(z) dEi(2 e) 
= f ale) +02) B 2) dB 


Working on a quaternionic Hilbert space, one might consider only spectral measures 
whose values are orthogonal projections. If J is an anti-selfadjoint partially unitary 
operator as it happens for instance in the spectral theorem for normal operators in [5], 
then £; has values that are orthogonal projections. 


Corollary 9.27. Let H be a quaternionic Hilbert space, let (E, J) be a spectral system 
on H, let i € S and let E; be the spectral measure defined in (9.15). If E(A) is for any 
A € Bs(H) an orthogonal projection on H and J is an anti-selfadjoint partially unitary 
operator, then E;(A;) is for any A; € B(C;) an orthogonal projection on (H, (-,-, )i); 
where (u, v)i = { (u, v) }i as in Remark 2.40. 


Proof. If u,v € Hi» then 
(u,v) = (u, —J?v) = (Ju, Jv) = (ui, vi) = (—i)(u, v)i 


such that i(u,v) = (u,v)i. Since a quaternion commutes with i € S if and only if 
it belongs to C;, we have (u,v) € Ci. Hence, if we choose j € S with i L j, then 
(u, vj) = (u,v)j € Ci such that in turn (u, vj}; = {(u,v)}i = 0 for u,v € H$, 
Since Hj, = {vj: v € H3,} by Theorem 9.18, we find Hj; Li Hip where L; denotes 
orthogonality in Hi. Furthermore, we have for u € Ho = ker J and v € Hy, that 
(u,v) = (u, Jv)(—i) = (Ju, v)i = (0, v)i = 0 

and so (u,v); = {(u,v)}; = 0 and in turn H}; L Ho. Similarly, we see that also 
Hj, Li Ho. Hence, the direct sum decomposition Hi = Hjo © H$; © Hj; in (9.11) 
is actually a decomposition into orthogonal subspaces of Hi. The projection E, of H 
onto H}; along Hyo ® Hj; and the projection E_ of H onto Hj; along Hyo ® H$; are 
hence orthogonal projections on Hj. 

Since the operator F(A) is for A € Bs(H) an orthogonal projection on H, it is 
an orthogonal projection on Hi. A projection is orthogonal if and only if it is self- 


adjoint. Since E}, E_ and E commute mutually, we find for any A € B(C;) and any 
u,v € Hi = H that 


(u, Ei(A)v); 
=(u, E E([A N C}])v): + (u, E(A N R)v); + (u, E- E([A N CF])v): 
=(E, E((ANG;])u,v)i + (E(A N R)u, v); + (E-E(ANG Ju, v): 
=(B(A)u, v). 
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Hence, £;(A) is an orthogonal projection on Hj. 


We present two easy examples of spectral systems that illustrate the intuition behind 
the concept of a spectral system. 


Example 9.28. We consider a compact normal operator T on a quaternionic Hilbert 
space H.. The spectral theorem for compact normal operators in [50] implies that the S- 
spectrum os(T) consists of a (possibly finite) sequence [sn] = 5,9 +Ssni,n E Y CN 
of spectral spheres that are (apart from possibly the sphere [0]) isolated in H. Moreover 
it implies the existence of an orthonormal basis of eigenvectors (by) <4 associated with 
eigenvalues sy = Seo + i,,S¢1 With is, = 0 if sẹ E€ R such that 


Tv = X bese(by, v). (9.20) 
LEA 


Each eigenvalue sz obviously belongs to one spectral sphere, namely to [sna] with 
Sn(0),0 = Seo and Sne) = Se1, and for [sn] # {0} only finitely many eigenvalues 
belong to the spectral sphere [s„]. We can hence rewrite (9.20) as 


Tv = ` y bese(be, v) = y X byse(be, v 
[snleos(T) se€[sn] nET n(£)=n 
The spectral measure E of T is then given by 


v= Je 2, Pabna) VA € Bs (H) 


nET n(Lj= 
[sn]C n 


If f € MX (H, R), then obviously 


f 1o )dE(s)v = X` E([sn))vf(sn) = >> X belbe,v) f(s). (9.21) 


nET nET n(L)=n 


In particular 


[ sodB(oyy =y 2 be(be, v) Seo 
H 


nET nie 
and 
[ sane) (s)v=>— 2 be(be, Vv) Se. 
H nEY n()= 
If we define 
Jov:= X. X. bis (be, v 
nET n(l)=n 


then Jo is an anti-selfadjoint partially unitary operator and (E, Jo) is a spectral system. 
One can check easily that E and Jọ commute and, as i,, = 0 for sp € R and is, € S 
with i2, = —1, otherwise one has 


—Jjv=- > SO bit (bev) = XO SY bdb; v) = E(H \R)v. 


nET n(lj=n [s JEER n(l)= 
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In particular ker Jo = cl(spang{be : se E€ R}) = E(R). Note moreover that Jo is 
completely determined by T. 

For any function f = a + ib € SM(H), we have because of (9.21) and as 
(be, b,) = tk that 


[re dEn(s)v = | als dE(s)v + Jo | f(s) dE(s)v 
D y be (be, V)Q(Sn,0; Sn,1) 


nET n(£L)=n 
+> a biis, (be, By) (Das V) B(Sm,01 Sm,1) 
mnET n( 
ee 
=y 2 ba( (52,0, S¢1 ) (bg, v) 
nET n(L)=n 
ES ` beis, (52,0, 82,1) (be, v) 
nET n(L)=n 
=y. D be(a(seo, S21) + isb (seo, $¢,1)) (Be, v) 
nET n(£L)=n 
and so 
[ie )dEy,(s)v = X. bef (se) (be, v). (9.22) 
nET n(lj=n 
In particular 


[ satus DP 3 bese (by, v = Tv. 
H 


nET n(Ljy=n 


We in particular have T = A + JoB where A = fa 59 dE(s) is self-adjoint, B = 
Soa sı dE(s) is positive and Jo is anti-selfadjoint and partially unitary as in (2.40). 
Moreover, E corresponds via Remark 9.9 to the spectral measure obtained from Theo- 
rem 2.78. 

We choose now i,j € S with i L j and for each £ € A with s, ¢ R we choose hy € H 
with |he| = 1 such that hz "ishe = į and in turn 


=) —le . $ 
hy sehe = Seo + hg 1s,hes1 = Seo + isei =: Sei. 


In order to simplify the notation we also set hy = 1 andi,, = 0 if se € R. Then 


be := behe, l € A is another orthonormal basis consisting of eigenvector of T and as 
7 = he/|hel|? = he we have 


Tv =y ` b;( heh ") so( (hih; 1) (by, v) 


nET n(£L)=n 


y N. (behe) ( h; !sehe) (behe, v) = ` bese; (be, v 


nET n(L)=n nET n(L)=n 


(9.23) 
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and similarly 


Jov =" ` be(hih; Viel (hehy H (be, v) 


nET n(l)=n 
=>) 5 (behe) ( h; iche) (behe, v ay DD b;i (be, v 
nET n(L)=n nET n(0)=n 


Recall that iA = Ai for any A € C; and ij = —ji. The splitting of H obtained from 
Theorem 9.18 is therefore given by 


Hio = ker Jo = cl(spany{by : se € R}), Hy = cl(spang, {by : s € R}) 


and 


Hy, = cl(spang, {by :s éR} = Hj, i. 
If (by, v) = ag = agı + agoj with ap), a2 E Ci, then (9.23) implies 


Tv= X. ` bespiae 


nET n(lj=n 
9.24) 
=E E bast D D banut X 3 bima | 
nET n(Lj= nET n(L)=n nET  n(£)=n 
[sn] CR [sn] CH\R [sn] CH\R 
If f € SM™ (H), then the operator f(T) = fy f(s) dE,(s) can be represented in the 


basis by, £ € A, using (9.22) as 


f EOE wE E bettors) 


nET n(£L)=n 
= > beacf ( Se) 
nET n( 
[sn]CR 
+ ` zy beara f (sei) + ` X, bear ajf (se) 
nET  n(£)= nET n(L)=n 
[sn] CH\R [sn] CH\R 
DF 2 brae f( se) 
nET n( 
[sn] CR 
+ p 2 beac f( Sei) +> X byar aj f (Sr). (9.25) 
nET n( nET n(L)=n 
[sn] CH\R [sn] CH\R 


as f(s) € R for sẹ € R and f(s:i) = f (Sri) because f is intrinsic. Note that the 
representation (9.24) and (9.25) show clearly that f(T) is actually defined by letting f 
act on the right eigenvalues of T. 


Example 9.29. Let us consider the space L? (R, H) of all quaternion-valued functions 
on R that are square-integrable with respect to the Lebesgue measure A. Endowed with 
the pointwise multiplication (fa)(t) = f(t)a for f € L?(R, H) and a € H and with 
the scalar product 


A 
HH 
ae 


(9.26) 


ofa [arm axe Yf,g € L 
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this space is a quaternionic Hilbert space. Let us now consider a bounded measurable 
function y : R —> H and the multiplication operator (M,f)(s) := y(s)f(s). This 
operator is normal with (M,)* = Mọ and its S-spectrum is the set Y(R). Indeed, 


writing y(t) = polt) + ipwyyi(t) with yo(t) E€ R, yi(t) > 0 and ipa) E S for y(t) € 
HI \ R and ine) = 0 for y(t) € R, we find that 


Q5(My) f(t) =M3f (t) — 260.Mpf(t) + Isl f(t) 
=(¢"(t) — 2sop(t) + |s) FO) 
=(9(t) = Si, (P) = Spo) FO) 


with Sig = S0 + i,,(t)S1 and hence 
Q.(My) F(t) = (PO) = Sign) (OO) — Sro) FO) 
is a bounded operator if s ¢ y(R). If we define F(A) = My -iya for all A € Bs(H) 


T(A) 


then we obtain a spectral measure on Bs(H), namely 


E(A) F(t) = xoa tf). 
If we set 
Jo := Mi, ie. (Jof)(&) = iga f(t), 
then we find that (E, Jọ) is a spectral system. Obviously Jo is anti-selfadjoint and 


partially unitary and hence an imaginary operator that commutes with Æ. Since iy) = 
0 if y(t) € Randi.) € S otherwise, we have moreover 


(Jf) = -ipa f © = xean f(t) = (EH \ R) S) (). 


If g € MY (H, R), then let g,,(s) = Bs AneXAno(8) € MX (IH, R) be a sequence 
of simple functions that converges uniformly to g. Then 


n— +20 


[s (s) dE(s) f(t) = lim onc nod (t) = lim So anexy-ray(t)F (6) 


N—-+00 


= lim 3 OnexalPt)) FE) = lim (gn o PFE) = (go POF. 


Hence, if g(s) = a(s) +i,6(s) € SM” (H), then 


=A PHN E + in BOO) FO 
=(a(v(t)) + LHF) FH = (ge MH OFE 


and so 


f 904l) = Move 
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Choosing g(s) = s, we in particular find T = A + JoB with A = f,, 59 dE(s) self- 
adjoint, B = So sı dE(s) positive and Jo anti-selfadjoint and partially unitary as in 
(2.40). E corresponds via Remark 9.9 to the spectral measure obtained from Theo- 
rem 2.78. 


9.4 On the Different Approaches to Spectral Integration 


Our approach to spectral integration specified some ideas in [87]. We conclude this 
section with a comparison of this approach with the approaches in [5] and [51], which 
were explained quickly in Section 2.4. All three approaches are consistent, if things 
are interpreted correctly. Let us first consider a spectral measure E over CF for some 
i € Sin the sense of Definition 2.75, the values of which are orthogonal projections on 
a quaternionic Hilbert space H. Let furthermore J be a unitary anti-selfadjoint operator 
on H that commutes with F and let us interpret the application of J as a multiplication 
with i from the left as in [5]. By Remark 9.9, we obtain a quaternionic spectral measure 
on Bs(H) if we set E(A) := E(A N C7) for A € Bs(H) and obviously we have 


I 


[fe dE(s) = A fi(z) dE(z) Vf € M&(H,R), 


I 


where fi = f|c>. If we set J := JE( 


and we find that (E, J) is a spectral system on H. Now let f(s) = a(s) + i8(s) € 
SM (H) and let again fi = f|c>, ai = a|c> and £i = |,>. Since 6(s) = Oifs € R, 


we have §(s) = Ym\r(s)6(s) and in turn 


R) = JE(C**), then J is an imaginary operator 
i ginary op 


(9.27) 


Hence, for any measurable intrinsic slice function f, the spectral integral of f with 
respect to the spectral system (F, J) coincides with the spectral integral of f|.> with 
respect to Æ, where we interpret the application of J as a multiplication with i from 
the left. Since the mapping f ++ /f|,> is a bijection between the set of all measurable 


intrinsic slice functions on H and the set of all measurable Cj-valued functions on c7 
that map the real line into itself, both approaches are equivalent for real slice functions if 
we identify E with E and f with fi. The same identifications show that the approach in 
[51] is equivalent to our approach, as long as we only consider intrinsic slice functions. 
Indeed, if € = (E, £) is an iqPVM over C= on H, then Jv := Liv = iv is a unitary 
and anti-selfadjoint operator on H. As before, we can set E(A) = E(A MC?) and 
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J := JE(H \ R) = L,E(C;'). We then find as in (9.27) that 


file) ae(2) = [ f(s)dB,(s) Vf € SM™(H). (0.28) 


For intrinsic slice functions, all three approaches are hence consistent. 
Let us continue our discussion of how our approach to spectral integration fits into 
the existing theory. We recall that any normal operator 7’ on H can be decomposed as 


Pf =A + JoB: 


with the selfadjoint operator A = }(T' + T*), the positive operator B = $|T — T*| and 
the anti-selfadjoint partially unitary operator Jo with ker Jo = ker(T—T*) and ran Jo = 
ker(T — T*)+. Let E = (E, L) be the iqPVM of T obtained from Theorem 2.81. 
From [51, Theorem 3.13], we know that (Joe (z) dE(2)) = Joe y(z) dE(z) and 


ker Sez ~(z) dE(z) = ran E(y~1(0)). Hence 


T-T= | zde) f zeo f Qiz, dE(z). 


As zı = 0 if and only if z € R, we find that ker Jo = ker(T — T*) = ran E(R) and in 
turn ran Jo = ker(T — T*)+ = ran E (C7 \ R) = ran E(CP). 

If we identify E with the spectral measure £ on Bs(Hi) that is given by BA) = 
E(A N CẸ), then J = L,E(C;) is an imaginary operator such that (E, J) is a spec- 
tral system as we showed above. The spectral integral of any measurable intrinsic 
slice function f with respect to (E, J) coincides with the spectral integral of f| c? with 
respect to €. Since ran E(C}) = ker(T — T*)+ = ran Jo and Liv = Jov for all 
v € ker(T — T*)+, we moreover find J = Jo. Therefore (Ë, Jo) is the spectral system 
that is for integration of intrinsic slice functions equivalent to €. We can hence rewrite 
Theorem 2.78 and Theorem 2.81 in the terminology of spectral systems as follows. 


Theorem 9.30. Let T = A + JoB € B(H) be anormal operator. There exists a unique 
quaternionic spectral measure E on Bs(H) with E(H\os(T)) = 0, the values of which 
are orthogonal projections on H, such that (E, Jo) is a spectral system and such that 


ic [ saBuis) 


We want to point out that the spectral system (E, Jo) is completely determined by 
T—unlike the unitary anti-selfadjoint operator J that extends Jo used in [5] and unlike 
the iqPVM used in [51]. We also want to stress that the proof of the spectral theorem in 
[5] translates directly into the language of spectral systems: the spectral measure for T 
is constructed using only real-valued functions, hence the extension J of Jo is irrelevant 
in this proof. Indeed, in the article [5], only functions that are restrictions of intrinsic 
slice functions are integrated so that one can pass to the language of spectral systems 
by the identification described above without any problems. 
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Example 9.31. In order to discuss the relations described above let us return to Ex- 
ample 9.28, in which we considered the normal compact operator on a quaternionic 
Hilbert space H given by 


Tv= Oy ` bese (be, v 


nET n(L)=n 


The spectral system (E, Jo) of T is 


A)jv= X Š bdb,v and = Jov= 5° X. bei, (be, v 


Boe n(lj=n nET n(Ljy=n 
Sn]C 


The integral of a function f € SM™ (H) with respect to (FE, Jo) is then given by (9.22) 


as 
[Lt )dEy,(s\v =X. 2 be f(s) (be, v). (9.29) 


nET n(£ 


Let i € S. If we set E(A) = E([A]) for any A € BC) then Ê is a quaternionic 
spectral measure over Ci. In [4] the authors extend Jo to an anti-selfadjoint and unitary 
operator J that commutes with T and interpret applying this operator as a multiplication 
with i from the left in order to define spectral integrals. One possibility to do this is to 
define (£) = is, if se ¢ R and 2(¢) € S arbitrary if sẹ € R and to set 


Jy= ` Ss" ba(t (be, v 


nET n(£L)=n 


and iv = Jv 

In [51] the authors go even one step further and extend this multiplication with 
scalars from the left to a full left multiplication £ = (La)acm that commutes with F 
in order obtain an iqPVM € = (E, £). We can do this by choosing for each / € A an 
imaginary unit 7(¢) € S with 7(¢) L 2(¢) and by defining 


Kv = De ` bz)(£) (be, v 


nET n(£L)=n 


If we choose j € S and define for a = ap + ayi+ aoj + asij € H 


av =Lav := Vao + Jvaı + Kva + JKvas 


=Y Y be(ao + an(b) + az(6) + a32(0)3(0)) (be, v), 


nEY n(L)=n 


then £ = (La)acm is obviously a left multiplication that commutes with Æ and hence 
E = (È, £) is an iqPVM over CŽ. 
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Set Sni = [Sn] N Gi. For fi : C2 — H, the integral of fi with respect to € is 
’ 1 g p 


fi(2) dE (2) 
cz 

= fil Sni) E E({sni} w= S- fil Sni) E 

ney ney 
= (fo(Sni) + filSni)J + fo(Sni)K + f3(Sni)IJK) 3 be (be, v) (9.30) 
= X ` be(folSni) + fi(Sna)e(2) 

nEY n(ljy=n 

+ fo(Sni)9(2) + f3(Sni)e(@)9(2)) (be, v), 
where fo, ..., f3 are the real-valued component functions such that 


fil) = folz) + Aloi + fl) + fs(2)i). 


If fi is the restriction of an intrinsic slice function f(s) = a(s)+i,6(s), then fo (Sno i) = 
a(sei) = a(se) and fi (s,(2,i) = B(Sei) = B(se) and fo(z) = f(z) = 0. As moreover 
filSnce)i) = (se) = 0 if se E€ R and (£) = is, if se ¢ R, we find that actually (9.30) 
equals (9.29) in this case. Note however that for any other function fi, the integral 
(9.30) depends on the random choice of the functions 2(¢) and 7(¢), which are not fully 
determined by T. 
Let us now investigate the relation of (9.30) with the right linear structure of T. 

Let us therefore change to the eigenbasis b,£ € A, with Tb; = bese; defined in 
Example 9.28. For convenience let us furthermore choose 2(/) and 9(@) such that 


Jv=X_ SO byi(be,v) an = Kv = $0 X bj(b;,v 


nET n(L)=n nEY n(£L)=n 


The left-multiplication £ is hence exactly the left-multiplication induced by the basis 
be, £ € A and multiplication of v with a € H from the left exactly corresponds to multi- 
plying the coordinates (be, v) with a from the left, i.e. av = Dyer Xn-n bea be, v). 
(Unlike multiplication with scalars from the right, the multiplication with scalars from 
the left does however only in this basis correspond to a multiplication of the coordi- 
nates. This relation is lost if we change the basis.) 

Let us denote (by, v) = ay with ag = agı + agoj with agi,ag2 € C; and let 
fi: . If we write fi(z) = fi(z) + f2(2)j, this time with C;-valued components 
fis fo: C= > Ci, then (9.30) yields 


i: filz) dE(z =. y be( (fı (Sni) + f2(Sn;))) (a1 + aoj) 


I 


nET n(lj=n 
=X X belaifilsna) + Tfo(Sni)i) (9.31) 
nET n(lj=n 
+> y. be( (aaj fo(Sni) Sni ) — T3 f2(Sn;)). 
nET n(L)=n 
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If we compare this with (9.24), then we find that [> fi(z) d€(z) does only correspond 
to an application of f; to the right eigenvalues of T if f2 = 0 and fı can be extended to 
a function on all of C; such that fı (Szi) = fi(s2i). This is however the case if and only 
if fi = fı is the restriction of an intrinsic slice function to on 


As pointed out above, spectral integrals of intrinsic slice functions defined in the 
sense of [5] or [51] can be considered as spectral integrals with respect to a suitably 
chosen spectral system. The other two approaches—in particular the approach using 
iqP VMs in [51]—allow however the integration of a larger class of functions. 

Ghiloni, Moretti, and Perotti argue in the introduction of [51] that the approach of 
spectral integration in [5] is complex in nature as it only allows to integrate C;-valued 
functions defined on CF for some i € S. They argue that their approach using iqP VMs 
on the other hand is quaternionic in nature as it allows to integrate functions that are 
defined on a complex halfplane and take arbitrary values in the quaternions. We believe 
that it is rather the other way around. It is the approach to spectral integration using 
spectral systems that is quaternionic in nature although they only allow to integrate 
intrinsic slice functions, and we have three main arguments in favour of this point of 
view: 


(i) Spectral integration with respect to a spectral system does not require the 
random introduction of any undetermined structure. 


If we consider a normal operator T = A + JoB on a quaternionic Hilbert space, 
then only its spectral system Jo is uniquely defined. The extension of Jo to a 
unitary anti-selfadjoint operator J that can be interpreted as a multiplication Li = 
J with some i € S from the left is not determined by T. Also the multiplication Lj 
with some j € S with j L i that extends L; to the left multiplication £ in a iqPVM 
E = (E, L) associated with T is not determined by T. Their construction in [49] 
and [51] is based on the spectral theorems for quaternionic selfadjoint operators 
and for complex linear normal operators. 


As we shall see in Chapter 10, the spectral orientation J of a spectral operator T— 
that is the imaginary operator in the spectral system (E, J) associated with T—on 
a right Banach space can be constructed once the spectral measure Æ associated 
with 7’ is known. Since the spectral theorems for selfadjoint operators and for 
complex linear operators are not available on Banach spaces, it is however not 
clear how to extend J to a fully imaginary operator or even further to something 
that generalizes an iqPVM and whether this is possible at all. 


(ii) Spectral integration with respect to a spectral system has a clear interpreta- 
tion in terms of the right linear structure on the space. 


The natural domain of a right linear operator is a right Banach space. If a left 
multiplication is defined on the Banach space, then the operator’s spectral proper- 
ties should be independent of this left multiplication. Integration with respect to 
a spectral system (E, J) has a clear and intuitive interpretation with respect to the 
right linear structure of the space: the spectral measure Æ associates (right) lin- 
ear subspaces to spectral spheres and the spectral orientation determines how to 
multiply the spectral values in the corresponding spectral spheres (from the right) 
onto the vectors in these subspaces. 
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The role of the left multiplication in an iqP VM in terms of the right linear structure 
is less clear. Indeed, we doubt that there exists a similarly clear and intuitive 
interpretation in view of the fact that no relation between left and right eigenvalues 
has been discovered so far. 


(iii) Extending the class of integrable functions towards non-intrinsic slice func- 
tions does not seem to bring any benefit and might not even be meaningful. 


Extending the class of admissible functions for spectral integration beyond the 
class of measurable intrinsic slice functions seems to add little value to the the- 
ory. As pointed out above, the proof of the spectral theorem in [5] translates 
directly into the language of spectral systems and hence spectral systems offer a 
framework that is sufficient in order to prove the most powerful result of spectral 
theory. 


Even more, as we discussed in Section 8.3, spectral integrals of functions that 
are not intrinsic slice functions cannot follow the basic intuition of spectral in- 
tegration. We also observed this in Example 9.31. In particular, if we define a 
measurable functional calculus via spectral integration, then this functional cal- 
culus does only follow the fundamental intuition of a functional calculus, namely 
that f(T) should be defined by action of f on the spectral values of T, if the 
underlying class of functions consists of intrinsic slice functions. 


230 


CHAPTER 1 0 


Bounded Quaternionic Spectral Operators 


We turn our attention now to the study of quaternionic linear spectral operators, in 
which we generalise the complex linear theory in [38]. The results presented in this 
chapter can once more be found in [47]. 


10.1 The Spectral Decomposition of a Spectral Operator 


A complex spectral operator is a bounded operator A on a complex Banach space that 
has a spectral resolution, i.e. there exists a spectral measure E defined on the Borel 
sets B(C) on C such that os(A]a) C cl(A) with Aa = Alran g(a) for all A € B(C). 
Chapter 9 showed that spectral systems take over the role of spectral measures in the 
quaternionic setting. If Æ is a spectral measure that reduces an operator T € B(Vp), 
then there will in general exist infinitely many imaginary operators J such that (E, J) 
is a spectral system. We thus have to find a criterion for identifying the one among 
them that fits the operator 7’ and that can hence serve as its spectral orientation. A 
first and quite obvious requirement is that 7’ and J commute. This is however not 
sufficient. Indeed, if J and T commute, then also — J and T commute. More general, 
any operator that is of the form J := —E(A)J + E(H\ A)J with A € Bs(H) is an 
imaginary operator such that (E, J) is a spectral system that commutes with T. 

We develop a second criterion by analogy with the finite-dimensional case. Let T € 
B(HI") be the operator on H” that is given by the diagonal matrix T= diag(\i,..., An) 
and let us assume A, É R for £ = 1,...,n. We intuitively identify the operator J = 
diag(i,,,...,%),,) as the spectral orientation for T, cf. also Example 9.28. Obviously 
J commutes with T. Moreover, if so € R and sı > 0 are arbitrary, then the operator 
(soLZ — s, J) — T is invertible. Indeed, one has 


I 


(sof — si J) — T = diag(3i,, — A1,---, Sin — An), 
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where si, = So +14),51. Since Sp — Ag = (so — Avo) +1),(—S1 — Av1) and both sı > 0 
A 74 Ap ey £ ’ 


and Api > 0 for all l = 1,...,n, each of the diagonal elements has an inverse and so 


((s0Z — s1J) — T)“ = diag ( (ig — As) 75 +5 Hy Any?) 
This invertibility is the criterion that uniquely identifies J. 


Definition 10.1. An operator T € B(Vp) is called a spectral operator if there exists a 
spectral decomposition of T, i.e. a spectral system (E, J) on Vp such that the following 
three conditions hold: 


(i) The spectral system (E, J) commutes with T , ie. E(A)T = TE(A) for all 
A € Bs(H) and TJ = JT, 


(ii) If we set Ta := T|v, with Va = E(A)Vp for A € Bs(H), then 


os(Ta) C cl(A) forall A € Bs(H). 


(iti) For any so, sı € R with sı > 0, the operator ((soZ — s1J) — T)|y, has a bounded 
inverse on V; := E(H \ R)Ve = ran J. 


The spectral measure F is called a spectral resolution for T' and the imaginary operator 
J is called a spectral orientation of T. 


A first easy result, which we shall use frequently, is that the restriction of a spectral 
operator to an invariant subspace F(A) Vp is again a spectral operator. 


Lemma 10.2. Let T € B(Vp) be a spectral operator on Vp and let (E, J) be a 
spectral decomposition of T. For any A € Bs(H), the operator Ta = T|y, with 
Va = ran E(A) is a spectral operator on Va. A spectral decomposition of Tx is 
(En, Ja) with Ea (o) = E(o)lva and Ja = dis 


Proof. Since E(A) commutes with E (c) for any o € Bs(H) and with J, the restrictions 
Ea (o) = E(a)|v, and Ja = J|v, are right linear operators on Va. It is immediate that 
Es is a spectral measure on Va. Moreover 


ker Ja = ker J N Va = ran E(R) A Va = ran Ea (R) 


and 


ran Ja = ran J N Va = ran E(H \ R) NA Va = ran Ea (H \ R). 


Since 


Sa =. =J" ex = E(H X R) IVa = Ea (H \ R), 
the operator —J% is the projection of Va onto ran Ja along ker Ja. Hence J, is an 
imaginary operator on Va and (Ea, Ja) is a spectral system. As 


Eq(o)TaE(A) = E(o)TE(A) = TE(c)E(A) = Ta Ea (0) E(A) 


and similar 
Ja Ta E(A) = JTE(A) = TJE(A) = Ta Ja E(A), 


this spectral system commutes with Ty. 
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Ifo € Bs(H) and we set Va, = ran Ea (o), then 


Vac = ran E(o)|y, = ran E(o)E(A) = ran E(a NA) = Vano. 


Thus Talv,, = T|v,na and so os(Ta) = os(Tans) C AUo C ø. Hence Eq 
is a spectral resolution for Ta. Finally, for so,s; € R with sı > 0, the operator 
SoZ — sıJ — T leaves the subspace Va, := ran Ea (H \ R) = ran E(A N (H \ R)) 
invariant because it commutes with Æ. Hence, the restriction of (soZ — s,J — T)|y, 
to Va; C Vi = ran E(H \ R) is a bounded linear operator on Va j. It obviously 
is the inverse of (soZ — sıJa — Ta)|vaı- Therefore (EK, Ja) is actually a spectral 
decomposition of Ta, which is in turn a spectral operator. 


The remainder of this section considers the questions of uniqueness and existence of 
the spectral decomposition (E£, J) of T. We recall the Vp-valued right slice-hyperholo- 
morphic function R,(T;v) := Q,(T)~!vs — TQ,(T)~'v on ps(T) for T € K(VpR) 
and v € Vp, which was defined in Definition 8.6 in order to give a representation of the 
S-functional calculus for intrinsic functions in terms of the right multiplication on Vr. 
If T is bounded, then Q,(T)~' and T commute and we have 


R,(T;v) := Q(T) + (v3 — Tv). 


Definition 10.3. Let T € B(Vp) and let v € Vr. A Vp-valued right slice-hyper- 
holomorphic function f defined on an axially symmetric open set dom(f) c H with 
ps(T) C dom(f) is called a slice-hyperholomorphic extension of R(T; v) if 


(T? — 2soT + |s| T)f(s) = vs -Tv Vs € dom(f). (10.1) 
Obviously such an extension satisfies 
f(s) = R(T; v) for s € ps(T). 


Definition 10.4. Let T € B(Vp) and let v € Vp. The function R,(7; v) is said to have 
the single valued extension property if any two slice hyperholomorphic extensions f 
and g of R(T; v) satisfy f(s) = g(s) for s € dom(f) N dom(g). In this case 


ps(v) := (_J{dom(f ) : f is a slice hyperholomorphic extension of R(T; v) } 


is called the S-resolvent set of v and os(v) = H \ ps(v) is called the S-spectrum of v. 


Since it is the union of axially symmetric sets, pg(v) is axially symmetric. More- 
over, there exists a unique maximal extension of R(T; v) to ps(v). We shall denote 
this extension by v(s). 

We shall see soon that the single valued extension property holds for R,(7'; v) for 
any v € Vr if T is a spectral operator. This is however not true for an arbitrary operator 
T € B(Vp). A counterexample can be constructed analogue to [38, p. 1932]. 


Lemma 10.5. Let T € B(Vp) be a spectral operator and let E be a spectral resolution 
for T. Let s € Hand let A C H be a closed axially symmetric set such that s ¢ A. If 
v € Vp satisfies (T? — 2s9T + |s|?Z)v = 0 then 


E(A)v =0 and E([s])v = v. 
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Proof. Assume that v € Vz satisfies O,(T)v = (T? — 2soT + |s|?Z)v = 0 and let Ta 
be the restriction of T to the subspace Va = E(A)V. As s ¢ A, we have s € ps(Ta) 
and so Q,(T,) is invertible. Since O,(T,)~' = O,(T)~'|v,, we have 


Q.(Ta) (T? — 25T + |s\?Z)E(A) = E(A), 
from which we deduce 


E(A)v = Q,(Ta) (T? — 2soT + |s| T)E(A)v 
= 9,(Ta) t E(A) (T? — 2soT + |sPZ)v = 0. 


Now define for n € N the closed axially symmetric set 


Ne fr € H : dist(p, [s]) > =}. 


By the above, we have E'(A,,)v = 0 and in turn 


so that v = E((s])v. 


Lemma 10.6. Jf T € B(Vp) is a spectral operator, then for any v € Vp the function 
R(T; v) has the single valued extension property. 


Proof. Let v € Vpr and let f and g be two slice hyperholomorphic extensions of 
R(T; v). We set h(s) = f(s) — g(s) for s € dom(h) = dom(f) N dom(g). 

If s € dom(h) then there exists an axially symmetric neighborhood U C dom(h) 
of s and for any p € U we have 


(T? — 2poT + |p|?Z)h(p) 


=(T° — 2poT + |p|?Z)£(p) — (T? — 2poT + |p|?)g(p) 
=(vp — Tv) — (vp — Tv) = 


If E is a spectral resolution of 7’, then we can conclude from the above and Lemma 10.5 
that £([p])h(p) = h(p) for p € U. We consider now a sequence sn € U with sn # s 
for n € U such that sn —> s as n — oo and find 


0 = E((s]) E((sn})h(s,) = E(ls])h(sn) > B((s})h(s) = h(s). 


Hence, f(s) = g(s) and R,(T, v) has the single valued extension property. 


Corollary 10.7. [fT € B(Vp) is a spectral operator, then for any v € Vp the function 
R(T; v) has a unique maximal slice hyperholomorphic extension to pg(v). We denote 
this maximal slice hyperholomorphic extension of R(T; v) by v(-). 


Corollary 10.8. Let T € B(Vp) bea spectral operator and let v € Vp. Thenos(v) = 0 
if and only if v = 0. 
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Proof. If v = 0 then v(s) = 0 is the maximal slice hyperholomorphic extension of 
R(T; v). It is defined on all of H and hence os(v) = 0. 

Now assume that og(v) = @ for some v € Vp such that the maximal slice hyper- 
holomorphic extension v(-) of R(T; v) is defined on all of H. For any w* € Vp, the 
function s + (w*,v(s)) is an entire right slice-hyperholomorphic function. From the 
fact that R(T’; v) equals the resolvent of T as a bounded operator on Vpi,, we deduce 
lim, +0 Rs(T; v) = 0 and then 


lim (w*, v(s)) = lim (w*, R(T; v)) = 0. 


S—0o sS—0o 


Liouville’s Theorem for slice hyperholomorphic functions in [35] therefore implies 
(w*,v(s)) = 0 for all s € H. Since w* was arbitrary, we obtain v(s) = 0 for all 
SEl 

Finally, we can choose s € ps(T) so that the operator Q(T) = T? — 2soT + |s|?Z 
is invertible and we find because of (10.1) that 


0 =v(s)s — Tv(s) = Q(T) '9,(T)v(s)s — TQ,(T) 1 9,(T)v(s) 
T) (Qs(T)v(s)s — TQ5(T)v(s)) = 

T) ‘((vs —Tv)s — T(vs — Tv)) 

T) (T’v — Tv2s0 + v|s|?) = Q,(T)*9,(T)v = v. 


| 

O 

i) 
FES EPS 


Theorem 10.9. Let T € B(Vp) be a spectral operator and let E be a spectral resolution 
for T. If A € Bs(H) is closed, then 


E(A)Vp = {v E Va: osv) CA}. 


Proof. Let Va = E(A)Vp and let Ta be the restriction of T to Va. Since A is closed, 
Definition 10.1 implies os(Ta) C A. Moreover Q.(Ta) = Q:(T)|v, for s € H. If 
v € Va, then 


Q.(T)Rs(T;v) = Q5(Ta)Qs(Ta) t (v5 — Tav) = v3 — Tv 


for s € ps(Ta). Hence Rs(Ta; v) is a slice hyperholomorphic extension of R(T; v) 
to ps(Ta) D H\ A. Thus os(v) C A. Since v € Vg was arbitrary, we find E(A)Vg C 
{v E€ Vr: osv) CA}. 

In order to show the converse relation, we assume that os(v) C A. We con- 
sider a closed subset o € Bs(H) of the complement of A and set T, = T|y, with 
V> = E(a)Vr. As above R,(T,; E(o)v) is then a slice hyperholomorphic extension 
of R,(T; E(o)v) to H \ ø. If on the other hand v(s) is the unique maximal slice 
hyperholomorphic extension of R(T; v), then 


Q.(T)E ey (s) = E(7) Q(T) v(s) 
= E(o)(vs — Tv) = (E(o)v)s — T(E(a)v) 


for s € H\A and so E(o)v(s) is a slice hyperholomorphic extension of R(T; E(o)v) 
to H \ A. Combining these two extensions, we find that R,(T; E(c)v) has a slice 
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hyperholomorphic extension to all of H. Hence, os(E(o)v) = @ so that E(A)v = 0 
by Corollary 10.8. 

Let us now choose an increasing sequence of closed subsets op, E€ Bs(H) of H \ A 
such that Uen On = H \ A. By the above arguments E(o,,)v = O for any n € N. 
Hence 


E(H\ A)v = lim E(A,)v = 0, 


n—> o0 


so that in turn E(A^A)v = v. We thus obtain E(A)Vp D {v € VR: os(v) C A}. 


The following corollaries are immediate consequences of Theorem 10.9. 


Corollary 10.10. Let T € B(Vp) be a spectral operator and let E be a spectral reso- 
lution of T. Then E(os(T)) = T. 


Corollary 10.11. Let T € B(Vp) be a spectral operator and let A € Bs(H) be closed. 
The set ofall v € Vpr with os(v) C A is a closed right subspace of Vp. 


Lemma 10.12. LetT € B(Vp) be a spectral operator. If A € B(Vpr) commutes with T, 
then A commutes with every spectral resolution E for T. Moreover, og( Av) C os(v) 
forallv € Vp. 


Proof. For v € Vg we have 
(T? — 2soT + |s|?Z)Av(s) 
=A(T? — 2soT + |s|?Z)v(s) 
=A(vs — Tv) = (Av)s—T(Av). 


The function Av(s) is therefore a slice hyperholomorphic extension of R,(T; Av) to 
ps(v) and so og( Av) C ogs(v). From Theorem 10.9 we deduce that 


AE(A)V c E(A)V 


for any closed axially symmetric subset A of H 
If o and A are two disjoint closed axially ET sets we therefore have 


E(A)AE(A)=AE(A) and E(A)AE(o) = E(A)E(o)AE(c) = 0. 


If we choose again an increasing sequence of closed sets A,, € Bs(H) with H \ A = 
Unen An, we therefore have 


E(A)AE(H\ A)v = lim E(A)AE(A,)v=0 WE Vp 


n— o0 


and hence 


E(A)A = E(A)A[E(A) + E(H\ A)] = E(A)AE(A) = AE(A). (10.2) 


Since A was an arbitrary closed set in Bs(H) and since the sigma-algebra Bs(H) is 
generated by sets of this type, we finally conclude that (10.2) holds true for any set 
oE Bs( 3 ). 
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Lemma 10.13. The spectral resolution E of a spectral operator T € B(Vp) is uniquely 
determined. 


Proof. Let E and E be two spectral resolutions of T. For any closed set A € Bs(H), 
Theorem 10.9 implies 


E(A)E(A)=E(A) and ~—s E(A)E(A) = E(A) 


and we deduce from Lemma 10.12 that E(A) = E(A). Since the sigma algebra Bs (HI) 
is generated by the closed sets in Bs(H), we obtain Æ = E and hence the spectral 
resolution of T is uniquely determined. 


Before we consider the uniqueness of the spectral orientation, we observe that for 
certain operators, the existence of a spectral resolution already implies the existence of 
a spectral orientation and is hence sufficient for them to be a spectral operator. 


Proposition 10.14. Let T € B(Vpr) and assume that there exists a spectral resolution 
E for T. If os(T) OR = 9, then there exists an imaginary operator J € B(Vp) that is 
a spectral orientation for T such that T is a spectral operator with spectral resolution 
(E, J). Moreover, this spectral orientation is unique. 


Proof. Since og(T) is closed with os(T) OR = 0, we have dist(os(T),R) > 0. 
We choose i € S and consider T as a complex linear operator on Vp;. Because of 
Theorem 8.4, the spectrum of T as a C;-linear operator on Vp; is oc¢,(T) = o9(T) NG. 
As dist(os(T), R) > 0, the sets 


o, = og (T) A C} and o_ = oc lT) NA C 


are open and closed subsets of oc,(T) such that o} Uo_ = o¢,(T). Via the Riesz- 
Dunford functional calculus we can hence associate spectral projections Ł, and E_ 
onto closed invariant C;-linear subspaces of Vp; to o} and o—. The resolvent of T as a 
C;-linear operator on Vp; at z € pc,(T) is R.(T)v := Q.(T)~'(vz — Tv), and hence 
these projections are given by 


Ev := 0.(T) ‘(wz — Tv) ae 
r 2ri 

* j (10.3) 
z “liyz a 
E_v:= Q(T) “(vz —Tv) dz, 


where I’, is a positively oriented Jordan curve that surrounds c} in C} and T_ is a 
positively oriented Jordan curve that surrounds o_ in Cy . We set 


Jv := E_v(—i) + Evi. 


From Theorem 9.18 we deduce that J is an imaginary operator on Vp if Y : v > vj is 
a bijection between V} := EF, Vp and V_ := E_Vp for j € S with j L i. This is indeed 
the case: due to the symmetry of oc, (T) = os(T') A C; with respect to the real axis, 
we find o} = a— so that we can choose [_(t) = r4(1 —t) fort € [0,1] in (10.3). 
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Because of the relation (8.4) established in Theorem 8.4, the resolvent R,(T) of T as 
an operator on Vp; satisfies R-(T)v = —|R.(T)(vj)|j and so 


Ev= | R(T) des = | RAT wide 
= | RD oliz f ROV] e) = Ei 


Hence, we have 
(E_v)j = Ex(vj) Vv € Vr. (10.4) 


Ifv € V_, then vj = (E_v)j = E,(vj) and so vj € V}. Replacing v by vj in (10.4), 
we find that also (E_vj)j = —E+(v) and in turn E_(vj) = E+(v)j. For v € V} we 
thus find vj = E,(v)j = E_(vj) and so vj € V_. Hence, V maps V, to V_ and V_ to 
V, and as U~! = —W it is even bijective. We conclude that J is actually an imaginary 
operator. 

Let us now show that (i) in Definition 10.1 holds true. For any A € Bs(H) the 
operator Q.(T)~' commutes with F(A). Hence 


E(A)Eyv = f E(A)Q:(T) (vz — Tv) dez 
Ty. (10.5) 


-[ 0,(T)"'(B(A)vz — TE(A)w v) dos = B,.B(A)v 


for any v € Vri = Vp and so ELE(A) = E(A)E,. Similarly, one can show that also 
E(A)E_ = E_E(A). By construction, the operator J hence commutes with T and 
with F(A) for any A € Bs (H) as 


TJv =TE_v(-i) + TE,vi = E_Tv(-i) + E,Tvi= JTv 
and 


E(A)Jv = E(A)E_v(—i) + E(A)E,vi 
= F_E(A)v(-i) + E, E(A)vi = JE(A)v. 


Moreover, as ogs(T) AO R = 9, Corollary 10.10 implies ran E(R) = {0} = ker J and 
ran E(H\R) = Vg = ran J. Hence, (Æ, J) is actually a spectral system that moreover 
commutes with T. 

Let us now show condition (ili) of Definition 10.1. If s9,s,; E€ R with sı > 0, then 
set si := So + isı. As E4 + E- = Z, we then have 


Bae sjJ) —T)v = 

+ E_)vs — (Exv)is; — (E_v)(-i)s1 — T(E, + E_)v 
Te \(so — s11) — T(Ey,v) + (E_v))(s0 + sii ae T(E_v) 
=(E,v)5 —T(E,v) + (E_v)s; — T(E_v) 

=(SZv,, —T)E,v + (silv,, —T)E_v 


s 


Since FE, and /_ are the Riesz-projectors associated with o} and o_, the spectrum 
o(T,) of T} := T|y, is o} C Cf and the spectrum o(T_) of T_ := T|y_ is o- C C7. 
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As si has positive imaginary part, we find 5 € C; C p(T) and s; € C} C p(T_) such 
that R5(T,) := (%Zv, —T.) € B(V,) and R(T)! := (sZy_ —T_)~* € B(V_) 
exist. As E4|v, = Zy, and E_|y, = 0, they satisfy the relations 


E Rs(T,) E+ = R;(T,) Ey and E_R;(T,) E+ = 0 (10.6) 
and similarly also 
E_R,(T)E_=R,(T)E. and 2,R,(T_)E_=0. (10.7) 


Setting R(so, s1) := R;(T,)E,+R,,(T_)E_, we obtain a bounded C;-linear operator 
that is defined on the entire space Vp; = Vr. Because E, and E commute with T and 
satisfy FE, kh. = E_E, = 0 and because (10.6) and (10.7) hold true, we find for any 
v € Vr 
R(so, o = sıJ) = T)v 

= [Ra (T4) E4 + Ra(T-)E-] [(S2v_, — T)E+v + (siZvg; — T)E-v] 

=R;(T+)(SLZvp_; — ee + Ra(T-)E-(s:Zvg; — T-)E-v 
=F; v + E_v 


and 


((soZ — sıJ) — T) R(so, s1 )v 

=< [alva TS T)E, T (siTvp; = T)E_| [Ra(T,) B+ T Rs, (T_)E-] M 

San TIR TIEN ee EE 

=FEiv+E_v=v. 
Hence, R(so, s1) € B(Vp;) is the C;-linear bounded inverse of (soZ — sJ) — T. Since 
(SoZ — s,J) — T is quaternionic right linear, its inverse is quaternionic right linear too 
so that even ((soZ —s,J)—T)~' € B(Vpr). J is therefore actually a spectral orientation 
for T and T is in turn a spectral operator with spectral decomposition (E, J). 

Finally, we show the uniqueness of the spectral orientation J. Assume that J is 
an arbitrary spectral orientation for T. We show that V} := Ve equals V} = Vj. 
Theorem 9.18 implies then J = J because ker J = ker J = ran E(R) = {0} and 
Va =V =V Ve s 


Since J commutes with T, we have J E, = E J as 


Je. = f JQ.(T) (vz — Tv) ce 
f QT 

+ 7 7 i (10.8) 
= | Q.(T)'(Jvz—TJv) dz = E} Jv. 


T+ 


The projection £', therefore leaves TA invariant because 


J(E,v) = E, (Jv) = (Eyv)ie V, 


for any v € Ve: Hence, E+ |z is a projection on Vi. 
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We show now that ker E,|~ = {0} so that E,|;, = Zv, and hence Vic 
ran, = V}. We do this by constructing a slice hyperholomorphic extension of 
R(T; v) that is defined on all of H and applying Corollary 10.8 for any v € ker E- |. 

Let v € ker E4 |g- As ker E, Zc ker E, = ran E_ = V_, we find v € V_. For 
z = zo + z211 € CG, we define the function 


RAT_)v, z >0 
fi(z;v) := a “4 
(“E+ ee T) v aw 


This function is (right) holomorphic on C;. On c? this is obvious because the resolvent 
of T_ is a holomorphic function. For zı < 0, we have 


; (Zn: v)+ mag vi) 
= ( (aT+aJ-T)) v-(a1+2] 1)) Ji) 


iA (- (aT Eade T)) v = (zT 425 — n) vi) = 0, 


as Jv = vi because v € V, = Ve. The slice extension f(s; v) of fi(s; v) obtained 


from Corollary 2.10 is a slice hyperholomorphic extension of R,(T; v) to all of H in the 
sense of Definition 10.3. Indeed, as O.(T)|y_ = Q.(T_) = (Zy_Z—T_)(Zy_z-T_), 
we find for s € C= that 


O,(T)f(s;v) = O,(T_)fi(s;v) 
=(sZTy_ — T_)(sTy_ —T_)R,(T_)v 
=(sIy_ —T_)v = vs — T_v = vs — Tv. 


On the other hand, the facts that 7’ and J commute and that — J? = T because J is an 
imaginary operator with ran J = Vp imply 


(so +siF-T) (s0oZ-siJ-T) 


=s — sosıJ — SoT + sosıJ — 2I? — sıJT — soT + sıTJ + T? 
=|s)?Z — 2s0T + T? = Q,(T). 


For s = sọ + (—i)sı € C7, we find thus because of v € A = Ve that 


Q.(T)E(s; v) = (s02 +s1J- T) (so - sıf- T) fi(s; v) 


as a oe —1 
z (soZ + sıJ-T) (sT - sıJ-T) (s2 - sıJ-T) v 


= (so + 81.7 —T) v = vso +visı — T = v3- Tv. 
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Finally, for s ¢ Ci, Theorem 2.9 yields 
Q,(T)E(s:¥) =T) Ca v) (1 — His) 5 + OTA (Si) (L+H) 
Sie i.) 2 STs i.) 
=v (1 — iis) + s(1+H,)) 5 — Tv ((1 — iis) + (+i) 5 


N 


1 
=v(si + 54+ (si — si)iis) 5 — Tv = v(so — s1i,) — Tv = vs — Tv. 


From Corollary 10.8, we hence deduce that v = 0 and so ker E4|ġ = {0}. Since 
E |z is a projection on V}, we have V} = ker Eiz Pran Eiz = {0} ran Blge 


We conclude Va = ran Ez C ran E, = V, and therefore have 


Vr = V; @ Vij C V, @ Vj = Vp. 


This implies V} = i and in turn J = J. 


Corollary 10.15. Let T € B(Vpr) and assume that there exists a spectral resolution 
for T as in Proposition 10.14. If os(T) = Ay U Ag with closed sets A1, Ag € Bs(H) 
such that A, C Rand Aa AR = Í, then there exists a unique imaginary operator 
J € B(Vp) that is a spectral orientation for T such that T is a spectral operator with 
spectral decomposition (E, J). 


Proof. Let T> = To|y,, where V> = ran E(H \ R) = ran E(A2). Then spectral 
measure F(A) := E(A)|v, for A € Bs(H) is by Lemma 10.2 a spectral resolution for 
T>. Since og(T>) C Ag and Ay N R = Q, Proposition 10.14 implies the existence of a 
unique spectral orientation J> for T>. 

The fact that (E2, J2) is a spectral system implies ran Jz = ran F(H \ R)V = V 
because F2(H \ R) = E(H \ R)Iv = Zr. If we set J = J2E(H \ R), we find that 
ker J = ran F(R) and ran J = Vz = ran E(H \ R). We also have 


E(A)J =E(ANR)JE(H\ R) + E(A \ R)J2E(H \ R) 
=F>(A \ R)JoE(H \ R) = JE2(A \ R)E(H \ R) 
=J)E(A \ R)E(H \ R) = JE(H \R)E(A\R) = JE(A), 


where the last identity used that E(H \ R)EÆE(A A R) = 0. Moreover, we have 


-J? = —J,E(H\ BR). E(H\ R) = -JŻE(H \ R) = E(H \ R) 


so that —J? is a projection onto ran J = ran E(H \ R) along ker J = ran E(R). 
Hence, J is an imaginary operator and (E, J) is a spectral system on Vp. Finally, for 
any so, 5, E€ R with sı > 0, we have 


((soL — SıJ — T)ly) = (solv, — 8, Jy — Ta)! e B(V2) 
and hence (E, J) is actually a spectral decomposition of T. 
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In order to show the uniqueness of J we consider an arbitrary spectral orientation J 
for T. Then 


ker J = E(R)Vp=ker J and ran J= E(H\R)Vp = ran J. (10.9) 


By Lemma 10.2, the operator J lv, is a spectral orientation for T2. The spectral orien- 
tation of T, is however unique by Proposition 10.14 and hence J|y, = Jo = J|y,. We 
conclude J = J. 


Finally we can now show the uniqueness of the spectral orientation of an arbitrary 
spectral operator. 


Theorem 10.16. The spectral decomposition (E, J) of a spectral operator T € B(Vp) 
is uniquely determined. 


Proof. The uniqueness of the spectral resolution Æ has already been shown before in 
Lemma 10.13. Let J and J be two spectral orientations for T’. Since (10.9) holds true 
also in this case, we can reduce the problem to showing that J|y, = Jly, with V; := 
ran £'(H \ R). The operator T} := Ty, is a spectral operator on V;. By Lemma 10.2, 
(Ei, Jı) and (E1, J1) with E (A) = E(A)|y, and Jı = Jly, and Jı := J|y, are spectral 
decompositions of Tı. As Eo(R) = 0, it is hence sufficient to show the uniqueness of 
the spectral orientation of a spectral operator under the assumption F(R) = 0. 

Let hence T be a spectral operator with spectral decomposition (Æ, J) such that 
E(R) = 0. If dist(os(T), R) > 0, then we already know that the statement holds true. 
We have shown this in Proposition 10.14. Otherwise we choose a sequence of pairwise 
disjoint sets A,, € Bs(H) with dist(A,,, R) > 0 that cover os(T) \ R. We can choose 
for instance 


A= H: -ITI < so < |T], —— < sı < — >. 
fse ITIL < so < IIT] Pe es 


By Corollary 10.10 and as E'(R) = 0, we have 
E(os(T) \ R) = E(os(T) \ R) + E(os(T) OR) = E(os(T)) = Z 


We therefore find 07° E(A,)v = E (Unen An) v = v for any v € Vp because we 
have os(T) \R C Unen An: 

Since £(A,,) and J commute, the operator J leaves Va, := ran E(A,,) invariant. 
Hence Ja,, = J|v,,, is a bounded operator on Va, and we have 


+00 +00 +00 
TeaTS BAN =S JEA SS Ja, E(An)v. 
n=1 n=1 n=1 


Similarly, we see that also Tk. =J | Vi, is a bounded operator on Va, and that Jv = 
Now observe that Th, is a spectral operator by Lemma 10.2 and (En, Ja,,) with 
E,(A) := E(A)|v,, for A € Bs(H) is a spectral decomposition of T,,,. However, also 


(En, J aa) is a spectral decomposition of Ta,„ by Lemma 10.2. Since og (Ta„) C An 
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and dist(A,,, R) > 0, Proposition 10.14 implies that the spectral orientation of Ta, is 
unique so that Ja, = Ja,,. We thus find 


+00 +00 
Jv = ` Ja, E(An)v = DD Ja, E(An)v = Jv. 
n=1 n=1 


Remark 10.17. In Proposition 10.14 and Corollary 10.15 we showed that under certain 
assumptions the existence of a spectral resolution Æ for T' already implies the exis- 
tence of a spectral orientation and is hence a sufficient condition for T to be a spectral 
operator. One may wonder whether this is true in general. An intuitive approach for 
showing this follows the idea of the proof of Theorem 10.16. We can cover os(T) \ 
by pairwise disjoint sets A,, € Bs(H) with dist(A,,, R) > 0 for each n € N. On each 
of the subspaces V, := ran E(A,,), the operator T induces the operator Tp := Tv, 
with os(Ta) C cl(A,,). Since dist(A,,, R) > 0, we can then define An + := An N CF 
and An,- := A, N C; for an arbitrary imaginary unit i € S and consider the Riesz- 
projectors Ey. := Xan (Tn) and En- := Xan (Tn) of Tn on Vai associated with 
An,+ and An,—. Just as we did it in the proof of Proposition 10.14, we can then con- 
struct a spectral orientation for Tn by setting J,v = En, + vi + En, -v(—i) for v € Vn. 
The spectral orientation of J must then be 


A 


+00 +00 
Iv =X hE(An)v = X En E(An)vi + En- E(An)v(—i). (10.10) 
n=1 n=1 
If T is a spectral operator, then En, = E+|v, and En,- = E_|y,, where E, and 


E_ are as usual the projections of Vr onto Vj; and Vj; along Vo ® Vj; resp. Vo ® Vj- 
Hence the Riesz-projectors En, and En — are uniformly bounded in n € N and the 
above series converges. The spectral orientation of T can therefore be constructed as 
described above if T is a spectral operator. 

This procedure however fails if the Riesz-projectors En 4 and En, — are not uniformly 
bounded because the convergence of the above series is in this case not guaranteed. The 
next example presents an operator for which the above series does actually not converge 
for this reason although the operator has a quaternionic spectral resolution. Hence, the 
existence of a spectral resolution does in general not imply the existence of a spectral 
orientation. 


Example 10.18. Let ¢?(H) be the space of all square-summable sequences with quater- 
nionic entries and choose i,j € S with i L j. We define an operator T on ¢?(H) by the 
following rule: if (b,) nen = T (an)nen, then 


bom—1 1 i 2mi QA2m—1 
( a ) =<, e; 2 ( a | (10.11) 


For neatness, let us denote the matrix in the above equation by Jm and let us set Tm := 


admi that is 
i 2mi 1 i 2mi 
Jms : and Ty i= — ge 
0 —i m2 \0 —i 
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Since all matrix norms are equivalent, there exists a constant C > 0 such that 


IMI < C max, [mes] YM = te es © H? (10.12) 
KE , 


M21 M22 
such that ||Jm|| < 2Cm. We thus find for (10.11) that 
|| (b2m—1; b2m)* ll2 < A @amts om)? < 2C || (@2m—1, @2m)* |l2- 
and in turn 


IT (an)nenlle2¢@2) = X [bam—a|? + [bam]? 


+00 


< >. 4C? (|aam—1|? + lazm’) = 40? | (am) nenll e248) 


m=1 


(10.13) 


Hence T is a bounded right-linear operator on (H). 

We show now that the S-spectrum of T is the set A = {0} U Unen-3S. For s € H, 
the operator Q(T) = T? — 2soT' + |s|? is given by the following relation: if (ene 
QO, (T) (Gn) nen then 


ma So = 2i + |s|? —4i £ ee 
& , = ( m? ma sl 1 i :) & ) : (10.14) 
Com 0 pet 2i + |s| Gam 


The inverse of the above matrix is 


m4 dim" so 
Q (Tp) = ( m [alten 2( 59s) 
stm 0 m4 


|s|2?m4+2isgm2—1 


i (one mae er aa) TE a). 
0 se os as 
(sity ) (sitz) 


with si = so + isı. Hence, Q,(T;,)~! exists for si 4 +i. We have 


ae) 


=i 1 [sol 
O.(Tn < Cmax - = - E 10.15) 
ee EA y) 


where C is the constant in (10.12). If s ¢ A, then 0 < dist(s, A) < dist (s, [—5]) and 
hence the matrices Q,(T;,,)~' are for m € N uniformly bounded by 


= 1 [so] 
[Q(T] < Cmax | a5 (5, A)’ dist oa} 
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The operator Q,(T)~! is then given by the relation 


a = iT)! (A i (10.16) 
Am C2m 


for (an)nen = Qs(T)~*(Cn) nen. A computation similar to the one in (10.13) shows that 
this operator is bounded on ¢?(H). Thus s € ps(T) if s € A andinturnos(T) C A. 

For any m € N, we set sm = —zi. The sphere [sm] = +S is an eigensphere of 
T and the associated eigenspace Vm is the right-linear span of e2,,-1 and e2,,, where 
en = (dne)een, aS one can see easily from (10.14). A straightforward computation 
moreover shows that the vectors Vam—1 := €2m—1 and Vam := —€eam—1j + = Com are 
eigenvectors of T with respect to the eigenvalue sm. Hence [sm] C os(T). Since og(T) 
is closed, we finally find A = cl(U,,en[Sm]) C os(T) and in turn os(T) = A. 

Let Em for m € N be the orthogonal projection of ¢?(HI) onto the subspace Vm := 
spang{€2m—1, Com}; that is Ee Ge aes = Ca9m—142m_1 + CamQam.- We define for any 
set A € Bs(H) the operator 


1 
>N En with h= {mens isca), 
m 


mela 


It is immediate that Æ is a spectral measure on (H), that ||E(A)|| < 1 for any 
A € Bs(H) and that E(A) commutes with T for any A € Bs(H). Moreover, if 
s ¢ cl(A), then the pseudo-resolvent Q,(T,)~' of Ta = T|v, with Va = ran E(A) is 


given by 
= 2 0.(Tx) Mn] 
mela 


Since 0 < dist (s, Umer, [dz]) = infmers dist (s, [z] ), the operators Q,(T,,)~ are 
uniformly bounded for m € Ia. Computations similar to (10.13) show that Q,(T)~! 
is a bounded operator on Va. Hence, s € ps(Ta) and in turn os(Ta) C cl(A). Alto- 
gether we obtain that E is a spectral resolution for T. 

In order to construct a spectral orientation for 7’, we first observe that Jm is a spectral 
orientation for Tm. For sọ, sı E€ R with sı > 0, we have 


= as Ve a : 
solLy2 — Sidm — Tm = 4 (s1 + 4) l (s1 + ae . 
0 So + (sı + se) i 


ran E(A) 


the inverse of which is given by the matrix 


1 2im(—5 +81) 
(soln = Stdm — 1 = so—(sit+— 5 )i n 


Since sı > 0, each entry has non-zero denominator and hence we have that the operator 
(soZy2 — 51Jm — Tm) belongs to B(H2). 
If J € B(¢?(H)) isa spectral orientation for T, then the restriction J|y,, of J to Vin 
span {€2m—1, €2m} is also a spectral orientation for Tm. The uniqueness of the al 
orientation implies J|y,, = Jm and hence J = °°, Jiv, E (4S) = Wr, Im Em- 
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This series does however not converge because the operators Jy,, are not uniformly 
bounded. Hence, it does not define a bounded operator on £?(H). Indeed, the sequence 
Qom—1 = 0, dam = m`? for instance belongs to al HI), but 


é? (H) 
+00 
1 1 
=2 ` E + ae = +00 
m=1 


Hence there cannot exist a spectral orientation for T and in turn T is not a spectral 
operator on ¢?(H). 

We conclude this example with a remark on its geometric intuition. Let us identify 
H? = C$, which is for any j € S with j -L i spanned by the basis vectors 


n=). mG) hC) = hC) 


The vectors vm, = b; and Vm 2 = —b2 + mba are eigenvectors of Jm with respect to 
i and the vectors vıj = b2 and vm 2 = bı — mbs are eigenvectors of Jm with respect 
to —i. We thus find Ve = spange,{b1, —bə + =~ bi} and V; 5 = = " p. However, as 
m tends to infinity, the eGo və tends to vij and vVəj tends to vı. Hence, intuitively, 
in the limit V}; = A j= Vii and consequently the projections of H? = C;} onto 
Vj, ; along V7 ; become unbounded. 


2 


Nolo 


2 


Finally, the notion of quaternionic spectral operator is again backwards compatible 
with complex theory on Vpj;. 


Theorem 10.19. An operator T € B(Vp) is a quaternionic spectral operator if and 
only if it is a spectral operator on Vp; for some (and hence any) i € S. (See [38] for the 
complex theory.) If furthermore (E, J) is the quaternionic spectral decomposition of T 
and F; is the spectral resolution of T as a complex C;-linear operator on Vrj, then 


E(A)= E(ANC) VA € Bs(H) 
Jv = (C )vi + E(C; )v(—i) Vv € Vp. 


(10.17) 


Conversely, F; is the spectral measure on Vp determined by (E, J) that was constructed 
in Lemma 9.26. 


Proof. Let us first assume that T € B(Vp) is a quaternionic spectral operator with 
spectral decomposition (E, J ) in the sense of Definition 10.1 and let i € S. Let E} be 
the projection of ran J = Vii ® Vj; onto Vii along V}; and let Æ be the projection 
of ran J onto V;; along V;;, cf. Theorem 9. 18. Since T and E(A) for A € Bs(H) 
commute with J, they leave the spaces Vii and V;; invariant and hence they commute 
with E, and £_. By Lemma 9.26 the set function Æ; on C; defined in (9.15), which is 
given by 


EA) = ELE ([AnNC}]) + E(ANR) + E-E ([AnC]), (10.18) 


246 


10.1. The Spectral Decomposition of a Spectral Operator 


for A € B(C;) is a spectral measure on Vpj. Since the spectral measure Æ and the 
projections £, and E_ commute with T, the spectral measure F4; commutes with T 
too. 

If A € B(C;) is a subset of C}, then Jv = vi for v € Via := ran F(A) as 
ran F(A) = ran( E E([A])) C Vj. For z = zo +iz, € Ci and v € Via, we thus have 


(zZy,, —T)v = vz + viz — Tv 
= v% + Jvzı — Tv = (zoly, + “J — T)v. 


If z € C7, then the inverse of (zoZy,, + z1J — T)|ran z exists because J is the spectral 
orientation of T. We thus have R.(T,) = (zov; + ad — T)™t|v a and so CF C 
p(Ta). If on the other hand z € CF \ cl(A), then z € ps(Tjaj) where Tia) = Lv 
with Vja} = ran E({A]). Hence, Q.(Tjaj) has a bounded inverse on Vja). By the 
construction of £; we have V a = £4Vjaj and since Taj and E4} commute 0.(T ta) t 
leaves V; a invariant so that QTA “ly. defines a bounded C;-linear operator on 
Va. Because of Theorem 8.4, the resolvent of T, a at z is therefore given by 


R.(T)v = Q(T) (vz — Tav) Vv € Via. 


Altogether, we conclude p(Ta) > C7 U (CF \el(A)) = Ci \ el(A) and in turn 
o(Ta) C cl(A). Similarly, we see that o(Ta) C cl(A) if A C C7. If on the other 
hand A C R, then F(A) = E(A) so that Ta is a quaternionic linear operator with 
os(Ta) C cl(A). By Theorem 8.4, we have o(Ta ) = o¢,(Ta) = os(T) C (A). 
Finally, if A € B(C;) is arbitrary and z ¢ cl(A), we can set A, := A N Cf, AL := 
ANC, and Ag := ANAR. Then z belong to the resolvent sets of each of the operators 
Ta, Ta_ and T^g and we find 


R(T) = Re(Ta,)Fi(Ay) + Re(Tag) F(A) + Rz(Ta_) B(A- ). 


We thus have o(Ta) C cl(A). Hence, T is a spectral operator on Vr; and F; is its 
(C;-complex) spectral resolution on Vpj. 

Now assume that 7’ is a bounded quaternionic linear operator on Vr and that for 
some i € S there exists a Cj-linear spectral resolution F; for T as a C;-linear oper- 
ator on Vpj;. Following Definition 6 of [38, Chapter XV.2], an analytic extension of 
R.(T)v with v € Vri = Vp is a holomorphic function f defined on a set D(f) such 
that (2Zy,, — T)f(z) = v for z € D(f). The resolvent p(v) is the domain of the 
unique maximal analytic extension of R,(T)v and the spectrum o(v) is the comple- 
ment of p(v) in C;. (We defined the quaternionic counterparts of these concepts in 
Definition 10.3 and Definition 10.4.) Analogue to Theorem 10.9, we have 


Ei(A)Vri = {v € VRi = Vg: a(v) C A}, VA € B(C). (10.19) 


Let v € Vpj, letj € S with i L j and let f be the unique maximal analytic extension 


of R,(T)v defined on p(v). The mapping z ++ f (Z) jis then holomorphic on p(v): for 


any z € p(v), we have Z € p(v) and in turn 
lim (£ (Z Fh) j—f (2)j) h = lim (f( +h) -f(@) A j= f i. 


h-0 h-0 
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Since T is quaternionic linear, we moreover have for z € p(v) that 


(Iva T) (f (2) = £ @iz -TE@D = (F@QZ-TE) i= vi 


Hence z ++ f (Z) jis an analytic extension of R-(T)(vj) that is defined on p(v). Conse- 
quently p(vj) D p(v) and in turn o(vj) C o(v). If f is the maximal analytic extension 
of R,(T)(vj), then similar arguments show that z +> f (Z) (—j) is an analytic extension 
of R,(T)v. Since this function is defined on p(vj), we find p(v) D p(vj) and in turn 
o(v) C a(vj). Altogether, we obtain o(v) = o(vj) and f(z) = f (Z)j. From (10.19) 
we deduce 
ran F; (A) = {v € Vai = Ve: o(v) C A} 
= {vj € Vri = Vr: o(v) C A} = (ran E(A))J. 


(10.20) 


In order to construct the quaternionic spectral resolution of T, we define now 


B(A):=E(ANC), WA € Bs(H). 


Obviously this operator is a bounded (Cj-linear projection on Ve = Vrj. We show now 
that it is also quaternionic linear. Due to the axial symmetry of A, the identity (10.20) 
implies 


(ran E(A))j = (ran F(A N C;))j = ran A; (ANC) = ran F (A N C;) = ran E(A). 
Similarly we find 
(ker E(A))j = (ker E,(A N C;))j = (ran E,(C; \ A))j = ran F; (€ \ A) 
= ran Fi (Gi \ A) = ker (A N Ci) = ker E(A). 


If we write v € Ve as v = vo + vı With vo € ker F(A) and v; € ran E(A), we thus 
have 
E(A)(vj) = E(A) (vo) + (A) (vay) = vij = (E(A)v)i- 


Writing a € Has a = a, + jaz with a1,a2 E€ Cj, we find due to the Cj-linearity of 
E(A) that even 


E(A)(va) =(E(A)v)ai + (E(A)vj)a2 
=(E(A)v)ar + (E(A)v) jaz = (E(A)v)a. 


Hence, the set function A ++ E(A) defined in (10.18) takes values that are bounded 
quaternionic linear projections on Vp. It is immediate that it moreover satisfies (i) to (iv) 
in Definition 9.7 because F; is a spectral measure on Vp; and hence has the respective 
properties. Consequently, Æ is a quaternionic spectral measure. Since F; commutes 
with T, also Æ commutes with T. From Theorem 8.4 and the fact that o (T [ran z(a) C 
cl(A;) for A; € B(C;), we deduce for Ta = T|ran g(a) = T'|ran (Anc,) that 


os(Ta) = [o¢,(Ta)] C [el(AN C))) = el((AN Cj) = el(A). 


Therefore E is a spectral resolution for T. 
Let us now set Vo = ran F(R), V} := ran Fi (C;) and V_ := ran Éi (C;). Then 
Vri = Vo © Vi © V_ is a decomposition of Vp into closed Cj-linear subspaces. The 
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space Vp = ran E;(R) = ran E(R) is even a quaternionic right linear subspace of 
Vpr because E(R) is a quaternionic right linear operator. Moreover (10.20) shows that 
v ++ vj is a bijection from V, to V_. By Theorem 9.18 the operator 


Jv = F; (Cj) vi + = (C7) v(-i) 


is an imaginary operator on Vp. Since E; commutes with T and E(A) for A € Bs(H), 
also J commutes with T and E(A). Moreover ker J = Vo = ran E(R) and ran J = 
ran E;(C;*) @ ran A(C7 ) = ran E(H \ R) and hence (F, J) is a spectral system that 
commutes with T. Finally, we have o (T}) C CF for T} = Tlv, = Tran mct) and 
hence the resolvent R.(T,) of T, exists for any z € Cy. Similarly, the resolvent 
Aor = T|v_ = T | ,an E(Cr) exists for any z € C;". For so, sı € R with sı > 0 
we can hence set si = sg + is, and define by 


R(so, sı) = (Rs (Ty) Ey + Rs; (T_)E_)|y, ev- 


with E} = F(C) and E_ = F(C} ) a bounded operator on V} 6 V_ = ran E(H\R). 


Since T leaves V} and V_ invariant, we then have for v = v4} + v- € V} @ V_ that 


R(so, s1)(soZ — sı J —T)v 
=R(8s9, s1) (V450 — Jv 451 — Tv} + vso — Jv_s; — Tv) 
) (visi — Tv4) + R(s0, s1) (v-si — Tv) 
(vis; — Tv4) + R(T) (v-si — T- v_) =v} +v- =v. 


Similarly we find that 


(sol — sı J — T) R(so, s1)v = 

(sol — s,J —T)R5(T1)va + (sof — s1J — T)R,,(T_)v_ 
R;(T.)v+80 — J(Ra(T+)v+)sı — TRa(T+)v+ 

+ R,(T_)v_s9 — J(R(T_-)v-)sı — TR,,(T_)v_ 
=Rs(T+)v+(s0 — is) — R(T )T v4 

+ R,,(T_)v_(so + isi) — R,,(7_)T_v_ 
=R,;(T,) (vis — T}v4+) + Ra (T-) (v_s — T_v_) = v} +v- =v. 


Hence R(so, $1) is the bounded inverse of (soZ — s1 J —T)|ran rær) and so J is actually 
a spectral orientation for T. Consequently, T is a quaternionic spectral operator and the 
relation (10.17) holds true. 


Remark 10.20. We want to stress that Theorem 10.19 showed a one-to-one relation 
between quaternionic spectral operators on Vp and C;-complex spectral operators on 
Vpr; that are furthermore compatible with the quaternionic scalar multiplication. It did 
not show a one-to-one relation between quaternionic spectral operators on Vp and C;- 
complex spectral operators on Vg;i. There exist Cj-complex spectral operators on Vp; 
that are not quaternionic linear and can hence not be quaternionic spectral operators. 
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10.2 Canonical Reduction and Intrinsic S-Functional Calculus 


As in the complex case any bounded quaternionic spectral operator T can be decom- 
posed into the sum T = S + N ofa scalar operator S and a quasi-nilpotent operator N. 
The intrinsic S-functional calculus for a spectral operator can then be expressed as a 
Taylor series similar to the one in [22] that involves functions of S obtained via spectral 
integration and powers of N. Analogue to the complex case in [38], the operator f(T) 
is therefore already determined by the values of f on os(T) and not only by its values 
on a neighborhood of os(T). 


Definition 10.21. An operator S € B(Vp) is said to be of scalar type if it is a spectral 
operator and satisfies the identity 


S= | saBx(s), (10.21) 


where (E, J) is the spectral decomposition of S. 


Remark 10.22. If we start from a spectral system (E, J) and S is the operator defined 
by (10.21), then S is an operator of scalar type and (E, J) is its spectral decomposi- 
tion. This can easily be checked by direct calculations or indirectly via the following 
argument: by Lemma 9.26, we can choose i € S and find 


S= f saBy(s) = f z4), 


where F; is the spectral measure constructed in (9.15). From the complex theory in 
[38], we deduce that S is a spectral operator on Vp; with spectral decomposition £; 
that is furthermore quaternionic linear. By Theorem 10.19 this is equivalent to S being 
a quaternionic spectral operator on Vp with spectral decomposition (E, J). 


Lemma 10.23. Let S be an operator of scalar type with spectral decomposition (E, J). 
An operator A € B(VR) commutes with S if and only if it commutes with the spectral 
system (E, J). 


Proof. If A € B(Vg) commutes with (E, J) then it commutes with S = fa sdEj(s) 
because of Lemma 9.24. If on the other hand A commutes with S, then it also com- 
mutes with E by Lemma 10.12. By Lemma 9.10 it commutes in turn with the operator 
f(T) = fa f(s) dE(s) for any f E€ MX (H, R). If we define 


So = f Res) FC ad = f sams) =J f ls dE(s), 


where s = i,s; denotes the imaginary part of a quaternion s, then AS = SA and 
ASo = SoA and in turn 


A SAC = 6 Sts AG = Soa Ss AS. 


We can now choose pairwise disjoint sets A,, € Bs(H), n € N, such that o9(T) \ R= 
Unen An and such that dist(A,,, R) > 0 for any n € N. Then s ++ |s| txa, (s) belongs 
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to M(H, R) for any n € N and in turn 


AJE( An) =AJ ( [isle xa.00) ae(s)) B(A) 


=AJ (fal ae(s)) ( f laxante) dE) EAn 
AS, ( f Ish xa, (8) 81s) EAn) 
=5, ( f leixa. (8) dEl) ) ECAA 
=z ( f ilar) ( f lal xats) dEl) ECAA 


zj ( f isle xats) To) E(A,)A = JE(A,)A. 


Since os(S)\R C Unen An, we have X729 E(A,,)v = E(os(T)\R)v = E(H\ R)v 
for all v € Vg by Corollary 10.10. As J = JE(H \ 2), we hence find 


AJv =AJE(H \ R)v = SS AJE(A 
nel 
= JE(^An)Av = JE(H \ R)Av = JAv, 


which finishes the proof. 


Definition 10.24. An operator N € B(Vp) is called quasi-nilpotent if 
lim |||] = 0. (10.22) 
Noo 
The following corollaries are immediate consequences of Gelfand’s formula 


r(T)= lim ||T”]*, 


n— +00 
for the spectral radius r(T) = maXscos(r) |s| of T and of (v) of Lemma 8.14. 


Corollary 10.25. An operator N € B(Vp) is quasi-nilpotent if and only if os(T) = 
{0}. 

Corollary 10.26. Let S,N € B(Vpr) be commuting operators and let N be quasi- 
nilpotent. Then os(S + N) = o05(S). 


We are now ready to show the main result of this section: the canonical reduction of 
a spectral operator, the quaternionic analogue of Theorem 5 in [38, Chapter XV.4.3]. 


Theorem 10.27. An operator T € B(Vp) is a spectral operator if and only if it is the 
sum T = S+ N ofa bounded operator S of scalar type and a quasi-nilpotent operator 
N that commutes with S. Furthermore, this decomposition is unique and T and S have 
the same S-spectrum and the same spectral decomposition (E, J). 
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Proof. Let us first show that any operator T € B(Vp) that is the sum T = S + N of 
an operator S of scalar type and a quasi-nilpotent operator N that commutes with S 
is a spectral operator. If (Æ, J) is the spectral decomposition of S, then Lemma 10.23 
implies E(A)N = NE(A) forall A € Bs(H) and JN = NJ. Since T = S + N, we 
find that also T commutes with (E, J). 

Let now A € Bs(H). Then Ta = Sa + Na, where as usual the subscript A denotes 
the restriction of an operator to Va = E(A)Vp. Since Na inherits the property of being 
quasi-nilpotent from N and commutes with Sa, we deduce from Corollary 10.26 that 


os(Ta) = os(Sa + Na) = os5(Sa) Cc cl(A). 


Thus (E, J) satisfies (i) and (ii) of Definition 10.1. It remains to show that also (iii) 
holds true. Therefore let Vo = ran E(H \ R) and set Tọ = Ty, So = Sly, No = Nly 
and Jo = J\y, and choose so,s; E€ R with sı > 0. Since (F,.J/) is the spectral 
resolution of S, the operator soZy, — siJo — So has a bounded inverse R(so, 51) = 
(soZy, —$1Jy — So)! € B(Vo). The operator Np is quasi-nilpotent because N is quasi- 
nilpotent and hence it satisfies (10.22). The root test thus shows the convergence of the 
series Dae NE R(so, $1)"*' in B(Vo). Since To, No, So and Jo commute mutually, we 
have 


+00 


(sov = S1Jo = To) y Nj R(s0, re ia 


n=0 


= ` NG R(so, si)" (sow = SıJo = So = No) 
n=0 


=< +00 
E Ds NG R(50, 81)"**(SoLZvy — 8150 — So) — Ds No R(s0,81)"** No 
n=0 = 
+00 468 
= `> NG R(s0, 81)” — ` NETL R(s9, s1)”t! = Ly. 
n=0 n=O 


We find that SoZo — sıJo — To has a bounded inverse for so, sı € R with sı > 0 such 
that J is a spectral orientation for T. Hence, T is a spectral operator and T and S have 
the same spectral decomposition (E, J). 

Since the spectral decomposition of T is uniquely determined, S = fa sdEj(s) and 
in turn also N = T — S are uniquely determined. Moreover, Corollary 10.26 implies 
that os(T) = osl S). 

Now assume that T is a spectral operator and let (E, J) be its spectral decomposi- 
tion. We set 


S= f sdEys) and N:=T-S. 
H 


By Remark 10.22 the operator S is of scalar type and its spectral decomposition is 
(E, J). Since T commutes with (E, J), it commutes with S by Lemma 10.23. Conse- 
quently, N = T — S also commutes with S and with 7’. What remains to show is that 
N is quasi-nilpotent. In view of Corollary 10.25, it is sufficient to show that os(JV) is 
for any £ > 0 contained in the open ball B-(0) of radius € centered at 0. 

For arbitrary € > 0, we choose a > 0 such that 0 < (1+ Cz,;)a < ©, where 
Cr, > 0 is the constant in (9.14). We decompose os(T) into the union of disjoint 


252 


10.2. Canonical Reduction and Intrinsic S-Functional Calculus 


axially symmetric Borel sets A;,...,A,, € Bs(H) such that for each £ € {1,...,n} 
the set Ay is contained in a closed axially symmetric set, whose intersection with any 
complex halfplane is a half-disk of diameter a. More precisely, we assume that there 
exist points $1, ..., Sn € H such that for all £ = 1,...,n 


Ay C B} ([s:]) = {p € H : dist(p, [se]) < a and pı > s¢1}. 


Observe that we have either s € R or Bł ([s¢]) AR = 9. 

We set Va, = E(A;)Vpr. As T and S commute with E(A;), also N = T — S does 
and so NVa, C Va,. Hence, Na, = N|va, € B(Va,). If s belongs to ps(Na,) for all 
LE {1,...,n}, we can set 


-5 Q,( (Na) E(Ao), 


where i 
Qs(Na) = (Ni, ve 250Na, + |s| Zva,) € B(Va,) 


is the pseudo-resolvent of Na, at s. The operator Q(s)~' commutes with E'(A;) for 
any l € {1,..., n} such that 


(N? — 2soN + ls|°Tvp)Q(s) t 


n 


= X(N, — 280Na, + |8|’Zva,)Qe(Na,) (Ae) = X E(Ae) = Ivg 


l=1 l=1 


and 


2a UP — 2so N + |s|’ Tvp) = 


-5 Qs(Na, )TE(A (N? — 259N + |s|° Tvp) 
-5 O.(Na,) (NĀ, — 250Na, + |8|’Zva,)E(Ae) 


= 3 E(As) = Tvp. 


Therefore, we find s € ps(N) such so we have j; ps(Na,) C ps(N) and in turn 
os(N) C Up as(Na,). It is hence sufficient to show that os(Na,) C B:(0) for all 
AE i) 

We distinguish two cases: if sọ € R, then we write 


Na, = (Ta, — SeTva,) + (seTva, — Sa). 


Since s; € R, we have for p € H that 
Q,(Ta, — seLv,,) = 
=(Tx, — 28eTa, + 87Zv,, — 2p0(Ta, — 8¢Zva,) + (pò + Pi)Z va, 
=Tx, — 2(po — se)Ta, + ((Po — se)” + pi) Tvs, = Qp-s,(Ta,) 
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and thus 


os(Ta, — seLy,) ={p — se € H : p € os(Ta,)} 
C{p — se € H : p € By(se)} = Ba(0). 


(10.23) 


Moreover, the function f(s) = (se — s)Xa,(s) is an intrinsic slice function because 
sp € R. As it is bounded, its integral with respect to (Æ, J) is defined and 


sid, ~ Say = ( f (e= 8)xai(8) AEC) 


Va, 
We thus have 
I|seZvy, — Sarl] < Cas |I(se — 8)Xa.(8)lloo < Cus (10.24) 


because Ay C BY ([se]) = cl(Ba(se)). Since the operator Ta, —s;Zy,, and the operator 
SL Va, T Sa, commute, we conclude from (v) in Lemma 8.14 together with (10.23) and 
(10.24) that 


os(Tae) = os (Ta — sLy,,) + (seZva, — Sa,)) 
ec fs € H : dist (s. Os (Ta, _ siZvs,)) < Cna} € Baa+cr,)(0) C B:(0). 
If sẹ € R, then let us write 


Na, = (Ta, — Selva, — 8e1Ja,) + (SeZva, + 8¢1Fa, — Say) (10.25) 


with Ja, = J lva: Since E(A;) and J commute, Ja, is an imaginary operator on VA, 
and it moreover commutes with T,,. Since —JA, = —J?|v, = E(H\ R)|va, = Zva, 
as A, C H \ R, we find for s = sọ +i,s, € H with sı > 0 that 
(soZva, + Sida, = Ta) (soZva, = Sida, = Ta,) = 
= sọ — SJA, — 280Ta, + TR, = Qs(Ta,). 


(10.26) 


Because of condition (iii) in Definition 10.1, the operator (soZ — sı J — T)|ran EŒNR) 
is invertible if sı > 0. Since this operator commutes with E (A23), the restriction of its 
inverse to Va, is the inverse of (soZva, — sıJa, — Ta,) in B(Va,). Hence, if sı > 0, 
then (soZy,, — S1Ja, — Ta)! € B(Va,) and we conclude from (10.26) that 


(soZv,, + siJa,—Ta,) €B(Va,) <> Q,(Ta,)71 € B(Va,). (10.27) 


If on the other hand sı = 0, then both factors on the left-hand side of (10.26) agree and 
so (10.27) holds true also in this case. Hence, s € ps(Ta,) if and only if the operator 
(soZv,, + $1Ja, — T) has an inverse in B(Va,). Since 


os(Ta,) C Ae C BF ([se]) C {5 = so +iss1 € H: s1 > sei}, 


the operator soZ Va, + $1 Ja, — Ta, is in particular invertible for any quaternion s € H 
with 0 < sı < sg;. As Ja, is a spectral orientation for T’,,, this operator is also 
invertible if sı < 0 and hence we even find 


(sova, + 81Ja,— Ta.) € B(Va,) V80,51 ER: 81 < sen. (10.28) 
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We can use these observations to deduce a spectral mapping property: a straight 
forward computation using the facts that Ta, and Ja, commute and that JX, = -Iv 
shows 


Qs(Ta; — SeoLva, — $¢,1Fa,) 
= ((so + 8¢o)Zyy, + (81 + 801) Ja, — Tas) (10.29) 
; ((so + seo)Lva, + (S¢1 — 81) Ja, — Ta, ) i 


If sı > 0 then the second factor is invertible because of (10.28). Hence, we have 
s € ps(Ta, — Solva, — s¢Jq,) if and only if the first factor in (10.29) is invertible, 
i.e. if and only if 


((s0 + 8¢0)Zva, + (81 + sea) Jas — Tae) ` € B(Va,)- (10.30) 


If on the other hand sı = 0, then both factors in (10.29) agree. Hence, also in this case, 
s belongs to ps(Ta, — SeoLva, — 80,1 Ja) if and only if the operator in (10.30) exists. 
By (10.27), the existence of (10.30) is however equivalent to 


So + seo + (s1 + 5e1)S C ps(Ta) 


so that 


ps(Ta, — SeoLva, — Se1Fa,) = {8 € H : so + seo + (81 + se1)is € ps(Ta,) t 


and in turn 


os(Ta, — solva, — Seida,) = {s E Hl: so + Se + (sı + Se )is € os(Ta,)} 
G {s E H : So + Seo + (sy + Se )is E B*(se)} = Ba(0). 


For the second operator in (10.25), we have again 


selva, + SeiJa, — Sa, = ( [ee + 15821 — $)Xa,(S) 7) 
H Va, 


and so 
I|scZv. + Seida, = Sa, || < Ceg, a||(se0 + tsSe1 = 8)xXA,(8)|loo < Crs Q. 
£ 


Since the operators Ta, — seZy,, — SeiJa, and selys, + Sita, — Sa, commute, we 
conclude as before from (v) in Lemma 8.14 that os(Ta,) C Baai+cg,,)(0) C B-(0). 
Altogether, we obtain that NV is quasi-nilpotent, which concludes the proof. 


Definition 10.28. Let T € B(Vp) be a spectral operator and decompose T = S + N 
as in Theorem 10.27. The scalar operator S is called the scalar part of T and the quasi- 
nilpotent operator NV is called the radical part of T. 


Remark 10.29. Let T € B(Vp) be a spectral operator. The canonical decomposition 
of T into its scalar part and its radical part obviously coincides for any i € S with the 
canonical decomposition of T as a C;-linear spectral operator on Vj. 
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The remainder of this section discusses the S-functional calculus for spectral oper- 
ators. Similar to the complex case, one can express f(T) for any intrinsic function f as 
a formal Taylor series in the radical part N of T. The Taylor coefficients are spectral 
integrals of f with respect to the spectral decomposition of T. Hence these coefficients, 
and in turn also f(T), do only depend on the values of f on the S-spectrum og(T) of 
T and not on the values of f on an entire neighborhood of o s(T). The operator f(T) is 
again a spectral operator and its spectral decomposition can easily be constructed from 
the spectral decomposition of T. 


Proposition 10.30. Let S € B(Vp) be an operator of scalar type. If f E€ SH(as(S)), 
then 


(8) = I f(s) aB,(s), (10.31) 


where f(S) is intended in the sense of the S-functional calculus introduced in Sec- 
tion 8.2. 


Proof. Since 1(T) = Z = f,,1dEj(s) and s(S) = S = f,sdEj;(s), the product 
rule and the R-linearity of both the S-functional calculus and the spectral integration 
imply that (10.31) holds true for any intrinsic polynomial. It in turn also holds true 
for any intrinsic rational function in SH(os(S)), i.e. for any function r of the form 
r(s) = p(s)q(s)~' with intrinsic polynomials p and q such that q(s) # 0 for any 
SEO s(S ). 

Let now f € SH(os(S)) be arbitrary and let U be a bounded axially symmet- 
ric open set such that os(T) C U and cl(U) C D(f). Runge’s theorem for slice 
hyperholomorphic functions in [37] implies the existence of a sequence of intrinsic ra- 
tional functions r,, E€ SH(cl(U)) such that r,, + f uniformly on cl(U). Because of 
Lemma 9.24, we thus have 


[16 dEj(s) = lim tm(s)dE;(s)= lim ra(S) = f(S). 


N—-+00 H n—-+00 


Theorem 10.31. Let T € B(Vp) be a spectral operator with spectral decomposition 
(E, J) and let T = S + N be the decomposition of T into scalar and radical part. If 
f € SH(o5(T)), then 


f(T) = Da. i: (As" f)(s) dE,(s), (10.32) 


where f(T) is intended in the sense of the the S-functional calculus in Chapter 8 and 
the series converges in the operator norm. 


Proof. Since T = S + N with SN = NS and og(N) = {0}, it follows from (v) in 
Lemma 8.14 that 


+00 
nm 1 n 
f(T) =D N"— (as"f) (8). 
n=0 
What remains to show is that 


(as"f)(S) = i‘ (As f)(s) dE, (s), (10.33) 
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but this follows immediately from Proposition 10.30. 


The operator f(T) is again a spectral operator and its radical part can be easily 
obtained from the above series expansion. 


Definition 10.32. A spectral operator T € B(Vp) is called of type m € N if and only 
if its radical part satisfies N™*! = 0. 


Lemma 10.33. A spectral operator T € B(Vp) with spectral resolution (E, J) and 
radical part N is of type m if and only if 


T) = Pa l (Os"f)(s)dEs(s) Vf € SH(a5(T)). (10.34) 


In particular T is a scalar operator if and only if it is of type 0. 


Proof. If T is of type m then the above formula follows immediately from Theo- 
rem 10.31 and N+! = 0. If on the other hand (10.34) holds true, then we choose 
f(s) = 4s™ in (10.32) and (10.34) and subtract these two expressions. We obtain 


0= as) dE;(s) = N™*?, 
H 


Theorem 10.34. Let T € B(Vp) be a spectral operator with spectral decomposition 
(E, J). If f € SH(os(T)), then f(T) is a spectral operator and the spectral decom- 
position (E, J) of f(T) is given by 


E(A)=E(f-'(A)) VAeBs(H) and i= fin dE,(s), 


where isis) = 0 if f(s) € R andi.) = f(s)/|f(s)| if f(s) € H\R. For any 
g € SM™(H) we have OO 


i. g(s) dii;(s) = [ (go f)(s) dEx(s) (10.35) 


and if S is the scalar part of T, then f(S) is the scalar part of f (T). 


Proof. We first show that f (S) is a scalar operator with spectral decomposition (E, J). 
By Corollary 9.22 the function f is Bs(HI)-Bs(H)-measurable, such that E is a well- 
defined spectral measure on Bs(H). 

The operator J obviously commutes with E. Writing f(s) = a(s) + 1,6(s) as in 
Lemma 9.21, we moreover have if(s) = issgn(G(s)). If we set 


A, ={s€H: f(s) > 0}, A_ ={s €H: f(s) < 0} 


and 


Ao = {s € H : B(s) = 0}, 
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we therefore have 7 
J = a, CAN ea JE(AL). 
As (s) = 0 for any s € R, we have R C Ao and hence V} = ran E(A,) C 
ran E(H \ R) = ran J and similarly also V_ = ran E(A_) C ran J. Since J and E 
commute, V, and V_ are invariant subspaces of J contained in ran J such that J, and 
J_ define bounded surjective operators on V} resp. V_. Moreover ker J = ran F(R) 
and hence ker J|v, = V} N ker J = {0} and ker J|y_ = V- N ker J = {0}, such that 
ker J = ran E(Ao) and ran J = ran E(A;) @ ran E(A_) = ran F(A, U AL). 
Now observe that f(s) € R if and only if G(s) = 0. Hence, f~'(R) = Ao and 
F-H \ R) = A, U A_ and we find 


ran J = ran F(A, U A_) = ran E C 


I 
— 


R)) = ran E(H \ R) 


and 


ker J = ran E(Ag) = ran E (f-'(R)) = ran E( 
Moreover, as E(A,)E(A_) = E(A_)E(A,) = 0 and —J* = E(H \ R), we have 
-PPANS HOPEA 
=FE(H \ R)E(A;) + E(H \ R)E(A_) 
—E(A,U A_) = E(H\R), 


A 
~ 


where we used that A, C H\R and A- C H\RasR C Ao. Hence — J? is the 
projection onto ran J along ker J and so J is actually an imaginary operator and so 
(E, J) is a spectral system. 

Let g = Sopp axa, E M(H,R) be a simple function. Then (g o f)(s) = 
ig Ge Xf-1(A,)(S) is also a simple function in MX (H, R) and 


f OBOS Blan =D BEA) = [90 Ne) ABV). 

Due to the density of simple functions in (MX (H, R), |].||..), we hence find 
[94h = [90 Nisa), Yg € MPR). 
If g € SM” (H) then we deduce from Lemma 9.21 that g(s) = y(s) + i,6(s) with 
y, E M(H, R) andi, = s/|s| if s ¢ Randi, = 6(s) = 0 if s € R. We then have 
(g © f)(s) = VF (s)) + is ð C (s)) and find 
[ NOE Oe | KIRE [ 5(s) dii(s) 

(0 f(s) dB(s) + F f (50 f(s) dE) 


i 
[ore PO dE) + [inn dE) f (50 Ns) dE) 
| 


(yo f\ls) +igay(6 0 f)(8) dB y(s) = J (go f)(s) dEz(8) 
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and hence (10.35) holds true. Choosing in particular g(s) = s, we deduce from Propo- 


sition 10.30 that 
= f f(s) dEy(s) = | sdii;(s). 
H H 


By Remark 10.22, f(S) is a scalar operator with spectral decomposition (E, J). 
Theorem 10.31 implies f(T) = f(S) + © with 


o= 5m (As” f)(S). 


If we can show that O is a quasi-nilpotent operator, then the statement of the theorem 
follows from Theorem 10.27. We first observe that each term in the sum is a quasi- 
nilpotent operator because N” and (0s”f)(S) commute due to (ii) in Lemma 8.14 so 


that 
(miano) 


Corollary 10.25 thus implies og (N"4(0s"f(S))) = {0}. By induction we conclude 
from (v) in Lemma 8.14 and Corollary 10.25 that for each m € N the finite sum 
O1(m) := 0", N"4(ds"f)(S) is quasi-nilpotent and satisfies og(©(m)) = {0}. 

Since the anes 6 converges in pe operator norm, for any € > 0 there exists 
mz E N such that Q2(m.) := Prem. +1 N"4(Os"f)(S) satisfies ||O2(m.)|| < €. 
Hence os(©2(m-)) C B-(0) and as © = ©, a) + O2(m,) and O1 (me) and O2(m-) 
commute, we conclude from (v) in Lemma 8.14 that os(©) C B-(0). As € > 0 was 
arbitrary, we find 75(©) = {0}. By Corollary 10.25, © is quasi-nilpotent. 

We have shown that f(T) = f(S) + O, that f(S) is a scalar operator with spectral 
decomposition (E, J) and that © is quasi-nilpotent. From Theorem 10.27 we therefore 
deduce that f(T) is a spectral operator with spectral decomposition (E, J), that f (S) 
is its scalar part and that © is its radical part. This concludes the proof. 


T. 
k 


< 


0< lim 


k—+00 


(Jim }N"*|/"*)" =o. 


k- oo 


LONS) 


Corollary 10.35. Let T € B(Vp) be a spectral operator and let f € SH(os(T)). fT 
is of type m € N, then f(T) is of type m too. 


Proof. If T = S+ N is the decomposition of T into its scalar and its radical part and T 
is of type m such that N™+! = 0, then the radical part © of f(T) is due to Lemma 10.33 
and Theorem 10.34 given by 


o =T) -ANAN Os" f)(S =a Os" f)(S). 


Obviously also 9™*! = 0. 
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CHAPTER 1 1 


Spectral Theory of the Nabla Operator and 
Fractional Evolution Processes 


If u(x, t) is the temperature at the point x € R? and the time t > 0 and « is the thermal 
diffusivity of the considered material, then the heat equation 


Oju(x, t) — KAu(x,t) = 0, (11.1) 


where A = J`}; 0? , with x = (z1, £2, £3)” , describes the evolution of the temperature 
distribution in space and time. (For mathematical treatment, one usually sets x = 1 and 
we shall also do this in the following.) As explained in the introduction, this model 
has however several unphysical properties, so that scientists tried to modify it and one 
approach to do this lead to the definition of the fractional heat equation. In order to 
modify the properties of the equation, one replaced the negative Laplacian in (11.1) by 
its fractional power of exponent a and considered the evolution equation 


? u(x, t) + (—A)*u(x, t) = 0. (11.2) 
There are different approaches for defining the fractional Laplace operator, but each 
approach leads to a global integral operator, which is in contrast to the local differential 
operator A able to take long distance effects into account. 

We wanted to develop a similar approach for defining fractional evolution equations. 
We explained in the introduction that we wanted to replace the gradient in Fourier’s law 
of conductivity (1.16) by its fractional power instead of directly replacing the negative 
Laplacian by its fractional power in (11.1). This would lead to the equation 


ð oer = 
ge~ t) — div(V°u(x, t)) = 0. 
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We wanted to do this by identifying the gradient with the quaternionic nabla operator 
and applying the theory developed in Chapter 7. 

In this chapter, we develop the spectral theory of the quaternionic nabla operator on 
L?(R°,H). We find that the theory in Chapter 7 is not directly applicable because it 
turns out that the nabla operator does not belong to the class of sectorial operators. We 
therefore present a slightly modified approach and show that this allows us to reproduce 
the fractional heat equation (11.2) using quaternionic techniques. Finally, we give an 
example for a more general operator with non-constant coefficients that can be treated 
with the developed methods. The results presented in this chapter can be found in [19]. 


11.1 Spectral Properties of the Nabla Operator 


The gradient of a function v : R3 > R is the vector-valued function 


Oy, V(X) 
Vou(x) = | O,,0(x) |, for x = (£1, £2, £3)". 


Ors0(X) 


If we identify R with the set of real quaternions and R? with the set of purely imaginary 
quaternions, this corresponds to the quaternionic nabla operator 


V= On, €1 + On €2 + Ong €3- 


In the following we shall often denote the standard basis of the quaternions by I := e1, 
J := e> and K := e3 = IJ = —JI. This suggests a relation with the complex theory, 
which we shall use intensively. With this notation, we have 


V = ðn 1 + ôn, J + ôK. 


We study the properties of a quaternionic nabla operator on the space L? (R°, H) of 
all square-integrable quaternion-valued functions on R*, which is a quaternionic right 
Hilbert space when endowed with the scalar product 


(wr) =f WOR v(x) dx 


On this space, the nabla operator is closed and has dense domain. This follows imme- 
diately from its representation (11.4) in the Fourier space that we derive in the proof of 
Theorem 11.1. 

Let v € L?(R?, H) and write v(x) = v1(x) + v2(x)J with two C)-valued functions 
vı and v2. As |v(x)|? = |v (x)|? + |ve(x)|?, we have 


where L?(R?, H) denotes the complex Hilbert space over Cı of all square-integrable 
C\-valued functions on R°. Hence, v € L?(R*, H) if and only if v1, v2 € L?(H, Ci). 


S 


|LR m) = eullZ2@s,c) + vall} Rsc (11.3) 


Theorem 11.1. The S-spectrum of V as an operator on L? (R3, H) is 


os5(V) =R. 


11.1. Spectral Properties of the Nabla Operator 


Proof. Let us consider L?(R*,H) as a Hilbert space over Cı by restricting the right 
scalar multiplication to Cı and setting 


(w, v)I = {(w, V) 12(R3,H) }i- 


Here {-}, denotes the Cı-part of a quaternion: if a = a, + aJ = a, + Jaz with 
a1,@2 € Cı, then {a}, := a. If we write v,w € L?(R°,H) as v = v, + Jv and 
w = w + Jwg with v1, v2, w1, W2 € L?(R?, C1), then 


Therefore we have 


(w, v) := (W1, V1) £2(R3,C)) + (we, V2) £2(R3,C)) 


and hence L?(R?, H) considered as a C\-complex Hilbert space with the scalar product 
(-,-), equals L?(R?,C;) @ L? (R3, Ci). Moreover, because of (11.3), the quaternionic 
scalar product (-,-) and the C)-complex scalar product (-, -); induce the same norm on 
L?(R®, H). Applying the nabla operator to v = vı + Juz, we find 


Vov(x) =(10,, + JO,, + KOz,)(vi(%«) + Jve(x)) 
=l, v(x) + Jð v(x) + KOz,01(x) 

+ 10,, Jva(x) + Jðz Jv2(x) + KO,,Jv2(x) 

=l; v1 (X) — ðr v2(X) — lz; v2(X) 

+J (—10,,v2(x) + zav (xX) — lôr v1 (X)). 


Writing this in terms of the components L? (R3, H) & L?(R?, Ci) @ L? (R3, C1), we 
obtain 
y = 7 ( 10,01 (x) — Oy,V2(x) — 10,,02(x) 9 
v2(X) —10,,v2(x) + zv (x) — 10,,01(x)/ © 


If we apply the Fourier transform on L?(R*, C,) componentwise, this turns into 


~ i = | rs 
9 (809) = (8 ere) (A10), ee 
(x) Ifo + &3 &ı 02(E) 
Hence, in the Fourier space, the Nabla operator corresponds to the multiplication oper- 
ator Mg : Y — Gv on V := L?(R?, C1) @ L?(R?, Ci) that is generated by the matrix 
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valued function 


if So le + és 
G(€) := & ioe & ) : (11.5) 
For s € Cı, we find 
of s+& -é 
RAS e ih: 8 Gi l 


For s € Cı, the inverse of sZ> — Mg is hence given by the multiplication operator 
M(st—q@)-1 determined the matrix-valued function 


Ei 1 (ee 2) 
SSS G6 eté sté Jo 


This operator is bounded if and only if the function € +> (sZ — G(€))~! is bounded on 
R3, that is if and only s ¢ R. Hence, o(Mc) = R. 

The componentwise Fourier transform W is a unitary C;-linear operator from the 
space L?(R?, H) S L?(R3, C1) @ L?(R2, Cı) to V under which V corresponds to Me, 
that is V = U-'MgW. The spectrum o¢,(V) of V considered as a C-linear operator 
on L?(R*, H) therefore equals o¢,(V) = o(Ma) = R. By Theorem 8.4, we however 
have o¢,(V) = os(V) N C and so os(V) = R. 


(sTo — GE) 


11.2 A Different Characterization of o;(V) 


The above result shows that the gradient does not belong to the class of sectorial op- 
erators as (—00,0) ¢ ps(T) so that the theory developed in Chapter 7 is not directly 
applicable. Even worse, we cannot find any other slice hyperholomorphic functional 
calculus that allows us to define fractional powers V° of V because the scalar function 
s® is not slice hyperholomorphic on (—oo, 0] and hence not slice hyperholomorphic on 
oO s(V) . 

In order to write the fractional heat equation nevertheless using quaternionic tech- 
niques, we need to introduce a new characterization of the S-spectrum and a new way 
of writing the S-resolvents that apply only to operators with commuting components on 
a two-sided quaternionic Banach space V. They were introduced in [31] for bounded 
operators. However, the following proof of the characterization of the S-spectrum is 
original. It can be found in [19] and it also applies to unbounded operators. 


Definition 11.2. Let V be a two-sided quaternionic Banach space. For a closed operator 
T = To + D Teee E€ KC(V) with commuting commuting components, we define 
T =T — `} Tree with dom (T) = Nn} dom(T;) = dom(T)). 


McIntosh showed in [68, Theorem 3.3] that an operator T € B(V) with commuting 
components is invertible if and only if TT = TT = ee T; is invertible. This holds 
true also for an unbounded operator with commuting components as the next lemma 
shows. 


Lemma 11.3. Let T € KC(V). Then the following statements are equivalent. 


266 


11.2. A Different Characterization of o5(V) 


(i) The operator T has a bounded inverse. 
(ii) The operator T has a bounded inverse. 
(iii) The operator TT has a bounded inverse. 


Proof. First of all, we observe that, due to dom(T) = dom (T) , we have 
dom (TT) = {v € V : Tv € dom(T)} = dom (T°). 
Since dom (T?) = pe dom (T/T,,) = Ale dom(T7?) and 


3 3 3 3 
TTv = Têv + X eToTv — NO eTiTov — y ere, lel ,.V = XO Tv 
ł=1 ł=1 lK=1 =0 
because eye, = —e,e, and e? = —1 for 1 < 4K < 3 with £ Æ x, we thus have 
FTS pee TŽ. In particular, TT is a scalar operator and hence commutes with any 
quaternion. 


If TT is invertible, then (TT) 7e S al) ~! commutes with each of the com- 
ponents T; and it also commutes with the imaginary units e. Hence, it commutes with 
T and so the inverse T7! is given by T~' = T (TT) ~" because 

1 


(TaD) Tv=TT(TT) v Wy €dom(T) 


and i (7 (T) `’) v= (TT) (TT) v =v WevV. 


Consequently, the invertibility of TT implies the invertibility of T. 
If on the other hand T is invertible and T7} = So + eee Se, E B(V), then 


3 3 
Lng a LS (s +5 sw) [x +5 na) 
K=1 


l=1 


3 
=SoTo — ` SiTe + (S2T3 — S3T>)e1 
(= 


+ (ST = S1T3)eo + (ST = ST; Jes, 
from which we conclude that 
3 
Lldom(r) = Solo — Y ST, and «Spe — SpTe = 0 1 SE <K <3. 


l=1 


Therefore 


3 
=Solo — y SeTe + (S2T3 — S3To)e1 
= 
+ (S3T, — S1T3)e2 + (5172 — SeT1)e3 = Llaomr)- 
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Similarly, we see that TS = Z also implies T S = Z. Hence, the invertibility of 
T implies the invertibility of 7’ and T TET Thus, if 7’ is invertible, we have 
(TT) ` =T 'T-! € B(V). Altogether, we find that T is invertible if and only if 
TT = TT is invertible. 


Theorem 11.4. Let T = Ty + X3; Tyee € KC(V) with dense domain. If we set 
0..(T) = 3T — 2sm) + TT, 


then 


ps(T) ={s EH: Q(T) € B(V)} (11.6) 
and 
S. (61) =(sT — TO. AP) 
= 11.7 
SR (8, T) =Qes(T) 1s — X` TiQes(T) "ee ae 
L=0 


Proof. Since T and T commute, we have Q,(T) = Q,(T) and Q...(T) = Q.3(T). For 
v € dom(T"*) = dom (Q...(T) Q..3(T)), we thus find 
O.,6(T)Oee(T)v =(s°Z — 2sTọ + TT) (S°E — 28Ty) + TT) 
=|s|*Zv — 2s|s| Tov + s°TTv 
— 2|s| Tosv + 4|s| Tv — 2sToTTv 
+3°TTv — 25ToTTv + (TT) v 
=|s|*Zv — 2so|s| Tv — 2so|s| Tv + 2Re(s?)TTv 
+ 4|s/?Tev — 2s9T?Tv — IsoTT Vv + PT vy, 


where we used in the last identity that 2s) = s + 3, that |s|? = s5, and that 2Tọv = 
Tv + Tv. As = = O 
2Re(s°)TTv = 283T Tv — 287T Tv 


and 
AlsP?Tev = |s|? (T +T} = |s/?T?v + 286TTv + sîTTv + |s| Tv 
we further find 
Qe s(T)Qes(T)v =|5|°(ļsl T — 2s0T + T?)w 
— 2soT (|s|’ T — 259T + T?)v 
+ T° (|sP?Z — 2soT + T?)v = O,(T)O,(T)v. 


By the above arguments, we hence have 


Q..(P)! € BV) = (QTQ) EBV) 
= (QTA) € BV) = Q(T) € BV) 
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and hence (11.6) holds true. 
If v € dom(T?) = dom(Q...(T)) with Q...(T) € dom(T), we have 


(sT — T)Q.,.(T)v = (5T — T) (s°Z — 28T) + TT) v 
=|s|*sTv — Ts?v — 2|s|?Tov + 2TTosv + 8TTv — T’°Tv 
=|s|?sTv — Ts’v — |s|’ Tv — |s| Tv + T’sv + TTsv +38TTv —T’Tv 
=|s|? (sT —T) v — 2soT (sT -T)v +T? (sT-T)v 
= (T? — 2sT + |s/?Z) (sT —T) v = Q,(T) (sT - T) v. 


For any u € dom(T), we can set v = Qe.(T) tu € dom(T”). If we apply the 
operator Q,(7')~! to the above identity from the right, we then obtain 


Sz (s, T)u = Q(T) (sT — T)u = (sT — T) Q(T) u 


and a density argument shows that (11.7) holds true for the left S-resolvent. Similar 
computations show also the identity for the right S-resolvent equation. 


Let us now turn back to the nabla operator on the quaternionic right Hilbert space 
L? (R3, H). Ifi € Sis an arbitrary imaginary unit and j € S with j L i, then any 
v € L?(R?, H) can be written as v = vı + v2j with components v1, v2 in L? (R3, G), 
i.e. L?(R?, H) = L?(R?, C,)) 6 L? (R3, C;)j. Contrary to the decomposition v = vı +jv1, 
which we used in the proof of Theorem 11.1 with i = | andj = J, this decomposition is 
not compatible with the Ci-right vector space structure of L? (R3, HI) as va = via +v2āj 
for any a € Ci. However, this identification has a different advantage: any closed 
Ci-linear operator A : dom(A) C L?(R?,C,) > L? (R?, Cı) extends to a closed H- 
linear operator on L?(R?, H) with domain dom(A) 6 dom(A)j, namely to the operator 
A(vı + vj) := A(vı) + A(v2)j. Moreover, if A is bounded, then its extension to 
L? (R°, HI) has the same norm as A. We shall denote an operator on L?(R*, C;) and its 
extension to L?(R°, H) = L?(R*, C;) $ L? (RÌ, C;)j via componentwise application by 
the same symbol. This will not cause any confusion as it will be clear from the context 
to which we refer. 


Theorem 11.5. Let A be the Laplace operator on L?(HH, C;) and let R,(—A) be the 
resolvent of —A at z € Ci. We have 


os(V)? = {8° € H: s €a5(T)} =o(-A) (11.8) 

and 
Q.(V) =Re(-A) VseC\R. (11.9) 
Proof. Since the components of V commute and e,e, = —eve, for 1 < K, < 3 with 
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k Æ £, we have 


3 
V? = >) O 


l k=1 


3 
z Y =0;, a DR (Ox, 0x, = On Ore) elek 
l=1 


1<l<K<3 


3 
=) > -d},=-A. 
l=1 


As Vo = 0, we have V = —V and in turn 
Qes(V) = 8T —2sVo + VV = °T — V’ = 8°T — (-A) 
Hence, Q..,(V) is invertible if and only if °T — (—A) is invertible. In this case 
Qes (V) = (°T — (—A))* = Raa(—A). 


11.3 A Relation with the Fractional Heat Equation 


As one can easily verify, the nabla operator is selfadjoint on L?(R*,HI). From the 
spectral theorem for unbounded normal quaternionic linear operators in [5], we hence 
deduce the existence of a unique spectral measure Æ on og(V) = R, the values of 
which are orthogonal quaternionic linear projections on L?(IR*, HI), such that 


v= f saz(s) 


Via the measurable functional calculus for intrinsic slice functions, it is now possible 
to define fals) = 5°X(0,400)(s) of T as 


ie i $XI0,400) (8) dE(s), 


where 0,400) denotes the characteristic function of the set [0, +00). This corresponds 
to defining V® at least on the subspace associated with the spectral values [0, +00), on 
which s“ is defined. (Observe that even with the measurable functional calculus the 
operator V®“ cannot be defined, because s“ is not defined on (—oo, 0).) 

We shall now give an integral representation for this operator via an approach sim- 
ilar to the one of the slice hyperholomorphic H°°-functional calculus. Surprisingly, 
this yields a possibility to obtain the fractional heat equation via quaternionic operator 
techniques applied to the nabla operator. 

For a € (0,1), we define 


Fal Vw: l 


2m —IR 


S7 (s, V) ds s* Vv W € dom(V). (11.10) 


Intuitively, this corresponds to Balakrishnan’s formula for V°, where only spectral 
values on the positive real axis are taken into account, i.e. points where s“ is actually 
defined, because the path of integration surrounds only the positive real axis. 
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Theorem 11.6. The integral (11.10) converges for any v € dom(V) and hence defines 
a quaternionic linear operator on L? (R3, H). 


Proof. If we write the integral (11.10) explicitly, we have 


1 


fa(V)v mae 


F J S7 '(—lt, V) (—1)? (1) 1 Ve 


j ee 
ao. ST (lt, V)(-lt)* ‘Vv dt 
gar 
i S7 (lt, V)(It)°"'Vv dt (11.11) 
0 
1 T9 (a 
aera) SF (—lt, V) eT! = V7 dt 
bh yore (a 
=o SF (it, Vie = Yudt, 


where f,,(V)v is defined if and only if the last two integrals converge in L? (R3, H). 

Let us consider L?(IR°,H) as a Hilbert space over Cı as in the proof of Theo- 
rem 11.1. If we write v € L?(R?,H) as v = vı + Jv with v1, v2 € L?(R, Cı) and 
apply the Fourier-transform componentwise, we obtain an isometric C,-linear isomor- 
phism Y : v ++ (0), 02)" between L?(R3, H) and V := L?(R?, C1) $ L?(R3, Ci). For 
any quaternionic linear operator T on L? (R°, H), the composition YT Y~! is a C\-linear 
operator on V with dom(W7TU~!) = Y dom(T). 

Applying V to v € dom(V) C L?(R?, H) corresponds to applying the multiplica- 
tion operator Mg associated with the matrix-valued function G(€) defined in (11.5) to 
DE) = (ACE), RCE) )T. Hence, V = V-'MeW and 


A, 


Y dom(Y) =dom(Ma) = {0 € 7: GEE) € 7} 
={veV: ee) eV}. 


That is last identity holds, as for 0(€) = (A (£), &3(€))? € V straightforward compu- 
tations show that 


(11.12) 


[eV (6) + (—lé2 + a 


GENE = | ( 


(Ig + E3) (E) + E102(€) (11.13) 
=(6F + & + E&E E) + EEI = EP O(E) 
Because of (11.11), we have 
1 f fee ee a-i Bess 1 
fal Vv =- Y> (v Srt, Vte te a" yy ) wat 
i a (11.14) 
ee -1 Q- a-l S 
mo (v Sz (It, V)t =U t) we dt, 
Since lv = I(v, + Jve) = vl — J(vəl) and Y is C)-linear, we find VIW—1(G, %)? = 


I 


(Al, &(—-I))’, i.e. multiplication with | on L?(R?, H) from the left corresponds to the 
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multiplication with the matrix E := diag(I, —I) on V. As Q-4,(V)~! = (V24#2)7! 
(—A + t?)~' is a scalar operator and hence commutes with any quaternion, we have 


ST (lt, V) = Q n(V) H — VO_4n(V)* = (It — V)Q (V), 


and in turn 


(a—1)r 
l 2 


“iS; (—It, Vte vy! 


AON Sa V tte Ve 
= (tMr Q-u(Ma) — Mg Q-14(Me)~') tM (— (acne p) Me. 


exp 


The operator Qy,(Mg)~* is 
On(Mg)" = (Mè + PT)! = M(G2421)-1 = M w24)¢|2)-12 
with |€|? = £? + €5 + ¿3 and the operator in the first integral of (11.14) equals therefore 


(a—1)r 
I 2 


“19-114, Veer! vu 
=Miny2+|e|2)-1-c ese tT M, (- -dr p) Me. 


exp 
It is hence the multiplication operator M4, (;,¢) determined by the matrix-valued func- 
tion 

Ay(t,€) = 

orl 

PLETE +E 

a F E(t — lé) + le! (63 + &) (e! Tete! oo It)) (£2 + I 

(le e 


tet 


TE 


(a — 1)r 


(E aOap (- 


poz 127 


PG + elt (—t + 161) (lf +é) eF (t+ lé) — de! (E2 +E) 


Similarly the operator in the second integral of (11.14) is 


(297 


-197 (it, V)t° te vu 
=Minee ae sige Mg (oo py Ma: 


exp 


It is hence the multiplication operator M4, (z,¢) determined by the matrix-valued func- 
tion 


Ag(t, €) = 
4271 
PFEF FG 
{ el E(t +11) eT (+8) Ae (eka oe) 
( =) eF (t+ le) + lel (+8) y 


Q 


= 
ace C 


(tE — G(E)) exp ( 


elt &, ter (—Mt + &)) (é 
Hence, we have f,(V)v = Y~! f,.(Ma) Wu with 
| ae an i Wee 
fa(Ma)v := — on i Maag dt — a y Maagt dt (11.15) 
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for v = Vv € Vdom(V). 

We show now that these integrals converge for any v € Y dom(V). As W is isomet- 
ric, this is equivalent to (11.10) converging for any v € dom(V). Since all norms on a 
finite-dimensional vector space are equivalent, there exists a constant C > 0 such that 


IMI SC, max, |men| VM = ts uA ec. (11.16) 
KE ? 


M21 M22 


The modulus of the (1, 1)-entry of A; (t, €) with t > 0 is 


fol in . 
Paarl EE-E te (+8) 
= fol Ai 2) c fo-1 es ; 


Similarly, one sees that also the (2, 2)-entry of A;(t,&) satisfies this estimate. For the 
(1, 2)-entry we have on the other hand 


fo-l 


Prerarg le EAE te) (lea +8) 
fo-l fol 


P+Oe+B+e (2/€1||€2 + Ws] + t|é2 + lé3|) < P+ ep ( 


Similar computations show that the (2, 1)-entry does also satisfy this estimate and hence 
we deduce from (11.16) that 


< 


|El? + tll) . 


a-1 


+ |El? 


Arlt, | < 2C (lêle + le). 


Analogous arguments show that this estimate is also satisfied by || Ao(t, €)||. 
For the integrals in (11.15) we hence obtain 


+00 +00 
/ IMacoñlod + f Matei at 
0 0 


+00 
<2 f 2C 
0 
gle 


1 
cic feo |S, 
~ Jo ? + |g)? 


+00 
+ 4C | alas 
1 


Now observe that 


2 2 
Eg oly, 6 
P+ TEP PAE P+ eP 


Because of (11.12), the relation v € Y dom(V) implies that |v(€) 


4°71 


dt 
t? + |El]? 


(\€lt + |El?) ECE) 
L2(R3) 
é 


Jo) + P+ ep ts) 


eee tIS] 
By jp ES) Pa jej 


dt 
L? (R?) 


|Eo(§)| 


dt. 
L? (R?) 


<1. 


1 
eee 
=2 


and |/€/0()| both 
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belong to L? (R?) and hence we finally find 


+00 toe 
f lMaeglodt + i Mae oôllo at 
0 0 


1 +00 
S8C Ole | to dt + 8C IEO | t2 dt, 
0 1 


which is finite as œ € (0,1). Hence (11.15) converges for any 0 € Y dom(V) and 


(11.10) converges in turn for any v € dom(V). 


Theorem 11.7. The operator fa(V) extends to a closed operator on L?(R?, H). For 
v € dom(V?) = dom(—A), it is moreover given by 
a 1 1 1 
fa(V)v = (—A)27! ESS + ad Vv. (11.17) 
Proof. Letv € dom(V?) = dom(—A). We have because of (11.7) that 
hope 
fal Vv => J (HZ + V)Q¢_u(V)—1(—1)2(—t1)°-! Vv dt 
T t a 
= = | (HT + V)Qo-u(V) ete MDE Vu dt (11.18) 
T Jo 
+00 
a (Z + VY) Qeue(V) tt eD Vo dt. 
27 Jo 
Due to (11.9), we have moreover 
Qol V) = (P + A) = Qee V) 
and hence 
1 ga T T 
fa(V)v =- — Qoru VI (ele er e 03) Vv dt 
2T Jo 
1 TON TE: T 
am = VQ.u(V) 14a 1 (elt 13 +e Ia 13) Vv dt 
T Jo 
, (11.19) 
DZ) errs 
ees) f t° Qeu V) Vo dt 
us 0 
—1)2) f+% 
-lle FG (V) Yudt. 
T 0 
For the first integral, we obtain 
_41)®) pte 
sin ((a )5) f POV Vo dt 
1 0 
_4)2) pte 
BG a t*(—t? + A) Vo dt 
a 0 (11.20) 
sin((a—1)%) ft? aa = 
ae | T 2? (-7T+ A) Vvdr 
ar 0 


1 a-l1 
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The last identity follows from the integral representation for the fractional power A® 
with Re(8) € (0,1) of a complex linear sectorial operator A given in Corollary 3.1.4 
of [59], namely 
` +00 
Afv = me) / TË (r +4!) vdr, v € dom(A). (11.21) 
0 


T 


As —A is an injective sectorial operator on L? (R?, Cı), also its closed inverse (—A)~! 


is a sectorial operator. Its fractional power ((—A)~')) a is, because of (11.21), given 
by the last integral in (11.20). Since (—A)°2 = ((-A)"1)"2", we obtain the last 
equality. 

Observe that the expression $(—A) “7 Vv is meaningful as we chose v € dom(V?2). 
Indeed, if we consider the operators in the Fourier space V as in the proof of Theo- 
rem 11.6, then —A corresponds to the multiplication operator Mjg)2 generated by the 
scalar function |£|?. The operator (—A) “=~ is then the multiplication operator M \gjo-2 


generated by the function (|€|2) “2 = |€|°~!. Hence 


dom(—A)~*z" = {v € L?(R?, H) : © € dom(Mjgja-1)} 
= {v € I?(R°, E) : ETE) € P}. 


If G(€) is as in (11.5), then Vu(€) = MaE) = GENOE) € V and because of 
(11.13) we have |G(€)v(€)| = |€| |o()| € L°(R). As a €e (0,1), we therefore find 
that |€|°~"| Mcv(€)| = |€|*/0(€)| belongs to L? (R?) and so Vu € dom(Mjgja-1). This 


a-l 


is equivalent to Vv € dom ((-A) 2 


A 


As v € dom(V?) = dom(—A), we obtain similarly that the second integral in 
(11.19) equals 
Bin 


-= 2 VQe ul V) HV dt 
T 0 


<a | V(t + A) Vo dt 
0 (11.22) 


ae | (=r + A) F Vw dT 
0 


Again this expression is meaningful as we assumed v € dom(V?). This is equivalent 
to |€|?0(€) € V because V2u(€) = |€|?0(€). Since a € (0,1) and © € dom(Mgp), 
the function |€|?0(€) belongs to the domain of the multiplication operator Mjgj«-2 be- 
cause Migjo-2|€|?0(€) = JEPTE) € V. Since (—A)2~! corresponds to Mjgje-2 on the 
Fourier space V, we find V2v in dom ((—A)277). 

Altogether, we find 


fa(V)u = (—A)?7} EN + zyl Vu Vu € dom(V?”). (11.23) 
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Finally, we show that fą(V) can be extended to a closed operator. We need to show 
that for any sequence v,, € dom(f,(V)) = dom(V) that converges to 0 and for which 
also the sequence f,(V)v, converges, we have z := limps +o fa(V)Un = 0. In order 
to do this, we write as in (11.19) 


VAs) ee ie 5) | (2 + A Vudi 


__ COs ((a — 1)3) FQ 


T 0 


V(t? + A)T Vo dt. 


If we choose an arbitrary, but fixed r > 0, then (r + A)~! commutes with (t? + A)~! 
and V and we deduce from the above integral representation that 


(r+ A)" fal VW = folV)(r+A)“'v Ww € dom(V). 


We show now that the mapping v +> f,(V)(r + A)~!v is a bounded linear op- 
erator on L?(R?,HI). Since (r + A)~' maps L?(R?,H) to dom(A) = dom(V7), the 
composition V?(r + A)~1 of the bounded operator (r + A)~! and the closed operator 
V? is bounded itself. As we have seen above, V? and in turn also the bounded oper- 
ator V?(r + A)~! map L?(R3, H) into the domain of the closed operator (—A)271. 
Hence, also their composition (—A)~ 2~!V?(r + A)~! is therefore bounded. Similarly, 
V(r +A)~! is a bounded operator that maps L?(R®, H) to dom((—A)“2~) as we have 


seen above, and so the composition (—A) “2 V(r + A)~! is also bounded. Because of 
(11.23), the operator 


1 a-l 1 a 
fol V)(r + AY = 50-4) = V(r +A) + 5(-AlP TV + A)™ 
is the linear combination of bounded operators and hence bounded itself. 
If a sequence v,, € dom(f,(V)) converges to 0 and z = lim, +456 fa(V)Un exists 
in L? (R°, H), then 


(r+ A) 'z= lim (r+ A)! fal(V)un = lim fo(V)(r + A) un = 0. 


n—-+00 n+ 


But as (r + A)~! is the inverse of a closed operator, its kernel is trivial and so z = 
limn+too fa(V)Un = 0. Hence, fa(V) can be extended to a closed operator. 


Remark 11.8. The identity (11.17) might seem surprising at the first glance, but it is ac- 
tually rather intuitive. By the spectral theorem there exist two spectral measures E\_) 
and Ey on [0, +00) resp. R such that -A = J, |.) ¢dE_a(t) and V = fgrdEy(r). 
As V? = —A, the spectral measure E(_,) is furthermore the push-forward measure of 
Ey under the mapping t +> t? such that 


[ ofl Bear y= fre f (2) dEx(t 
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for any measurable function f. Hence, we have for v € dom(V7”) that 
PNIS Xlo Ct) dEx(t)v 


i ae zlil + tt dEv (tv 


na ? dEx(t) a |t| dEy(t) + f raBe(0) [taze(ow 


II 
z ss 


b #21 dE oe 
0,+00) 2 
( i t|? dE_ay(t) + if tdéy(t)) f iakoe 
[0,+00) R R 


=(-ay | 5(-ayt + $v] vo. 


The vector part of fa(V) is because of (11.17) given by 


1 E 
Vec fa(V)u = 5(-A)"? Vo. 
If we apply the divergence to this equation with sufficiently regular v, we find 
1 a-l 1 atl 
div (Vec fa(V)v) = =(—A)°F Av = —=(—A)*. 


2 2 
We can thus reformulate the fractional heat equation (11.2) with a € (1/2, 1) as 


2, — 2 div (Vec fe(V Ww) = 0, B=2a-1. 


11.3.1 An Example with Non-Constant Coefficients 


As pointed out before, the advantage of the above procedure is that is does not only 
apply to the gradient to reproduce the fractional Laplacian. Instead it applies to a large 
class of vector operators, in particular generalized gradients with non-constant coeffi- 
cients. As a first example, we consider the on 


Ora 
og pe oe 
on the space L?(R3,H, dp) of H-valued functions on RÌ = {€ = (é, 6,3)’ € R° : 
& > O} that are square integrable with respect to du(&) = See NE), where A de- 
notes the Lebesgue measure on R°. In order to determine Q,(T)~! we observe that the 
operator given by the change of variables J : f œ> f o ı with u(x) = (e™,e”, e”3)T 
is an isometric isomorphism between L?(R*, H, dA(x)) and L?(R%., H, du(£)). More- 
over, T = J~!VJ such that 


Q(T) = (°T + TT) = J (T+ A)J 


P 


oe 


and in turn = 
Q(T)! := (SL HTT) = IS Ef RA. 
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We therefore have for sufficiently regular v with calculations analogue to those in 
(11.18) and (11.19) that 
r 2 1 +oo _ 
fo(T)v te | (t 4 TT)“ T dt 
g 0 


| cos((a — 1)7) 


+00 
i; tT (0? + TT) Tu dt. 
0 
Clearly, the vector part of this operator is again given by the first integral such that 


Vec fa(T)v eS) m t%(-#? ++ TT) Tv dt 
0 


T 
ann) tJ? + A) IT vat 
T 0 
z +00 
ay ON) [ee + ay at To 
T 0 


1 a-l 
=37 7 (-4A) ? JT», 


where the last equation follows from computations as in (11.23). Choosing 6 = 2a + 1 
we thus find for sufficiently regular v that 


Vec fig(T)u(§) 
Taa a 
=5/ 1(—A)* JT v(E1, E2, £3) 
1 eiue (e71, e72, e78) 
a5 I-A)? | e”vgle™, e", e”) 
e™U¢, (e*!, e72, e*3) 
eve, (e 1 et2 e73) 
_ jyer rey | erug (e71, e°, 0% 


= 
e*3 ue, (e (e zı , e72 e73) 
€e 


dx dy 


R3 J R3 


e” KAGE ers 73) 


S. i, —ly|?“e ote 1 EkYk px e*2 ug, (e (e Ti et? ,e73) dx dy. 
(27)? R3 J R3 esve (e (e zi em, se 3) 


The above computations are just a first easy example to illustrate that more com- 
plicated operators than the nabla operator can be considered with the introduced tech- 
niques. In particular, one can hope to define and study new types of fractional evolution 
equations derived from generalized gradient operators with non-constant coefficients of 
the form ə ə ə 

T = Glaz, Dns” + a(x) aes: (11.24) 
The version of the S-functional calculus for operators with commuting components, 
which we applied in order to study the nabla operator, simplifies the computations 
considerably. The true power of the theory however becomes apparent when studying 
operators of the form (11.24), the components of which do not necessarily commute, 
and here the field is still totally to explore. 


e1 + do(x) 
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CHAPTER 1 2 


On the Equivalence of Complex and Quaternionic 
Quantum Mechanics 


One approach to operator theory in the quaternionic setting consists in considering the 
quaternionic right linear space Vp as the quaternionification Ve = V;@ Vj withi,j € S 
and i L j of a properly chosen Cj;-complex subspace V; of Vg. If this subspace is 
chosen to suit a certain quaternionic linear operator T, then this operator is simply the 
quaternionic linear extension of a complex linear operator T; on the complex component 
space Vj. It is then sufficient to study the complex linear operator T; in order to fully 
understand the quaternionic linear operator T’ and this can be done using traditional 
techniques from complex operator theory. This strategy is often not applicable, but in 
particular for normal operators on quaternionic Hilbert spaces it is very useful. If T is 
for instance an operator on a quaternionic Hilbert space H and there exists a unitary 
and anti-selfadjoint operator J on H that commutes with 7’, then we can choose i € S 
and define 


Hy, ={veH: Jv=vi} and Hy, ={veH: lv =v(-i}. 


The sets Hy; and Hj; are C;-complex Hilbert spaces with the operations and the scalar 
product they inherit from H. Furthermore 


H = Hy; D Hj 


and ifj € S with i L j, then v +> vj is a Ci-antilinear isometric bijection from Hy; to 
Hy; and so any v € H can be written as v = vı + Voj with v1, V2 € Hj; The operator 
T leaves the space HJ; invariant as JT(v) = TJ(v) = (Tv)i for any v € HJ; The 
Ci-linear operator Tc, := T lH , on Hy; has then properties that are analogue to the one 
of T. The spectrum o (Tr,) is a subset of o s(T) A C; and Tc, is bounded, normal, (anti-) 
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selfadjoint or unitary if and only if T has these properties. These ideas go back to [82] 
and were used intensively in [49, 51]. The above approach is however not suitable for 
all quaternionic linear operators—Example 10.18 provides an example of an operator 
that cannot be treated as the quaternionic linear extension of a complex linear operator 
on a suitable component space. 

In this final chapter we use the fundamental understanding that we gained about 
quaternionic linear operators in order to argue that there exists a substantial logical 
flaw in the current formulation of quaternionic quantum mechanics. In particular, we 
conjecture that any quaternionic quantum system can be reduced to a complex quan- 
tum system on a suitable component space, just as certain quaternionic linear operators 
can be reduced to complex linear operators on a suitable complex component space as 
described above. We furthermore show that this conjecture holds true for elementary 
relativistic systems in the sense of [70], which seem to be the only type systems for 
which also the equivalence of real and complex quantum mechanics is shown prop- 
erly. Finally, we conclude with a chapter that discusses how the misconception that 
complex and quaternionic quantum mechanics are not equivalent arose from the wrong 
assumption that there exists a physically determined quaternionic left multiplication on 
the Hilbert space that serves as state space. All presented results are published in [46]. 


12.1 Internal and External Quaternionification 


We start with recalling two methods for constructing complex and quaternionic Hilbert 
spaces starting from a real Hilbert space, the procedures of internal and external com- 
plexification and quaternionification as developed by Sharma in [76]. 

Let H be a real Hilbert space. Then we can construct a complex Hilbert space 
Ec(H) = H ® C from H by considering couples of vectors in H. Precisely, we define 
Ec(H) := H’, set for (v1, v2), (uy, U2) € Ec(H) and a = ao + tay € C 


(v1, V2) + (u1, U2) :=(v1 + U1, V2 + u2) 


a(vı, V2) =(a1V1 — Q2V2, Q1V2 + a2V1) 
and define a complex scalar product on Ec (H) as 


(V1, V2), (u1, U2)) pou) = (V1, Ui) + (V2, U2) + i ((V1, U2) — (V2, U1) 2). 


This is the standard procedure for complexifying a real Hilbert space and it corresponds 
to writing the couples (v1, v2) in Ec(H) as vı + iva and performing formal computa- 
tions using the structure on H and the fact that i? = —1. We shall use this notation in 
the following since it is more convenient. 


Definition 12.1. Let H be a real Hilbert space. We call the complex Hilbert space 
Ec(H) = H 8 C the external complexification of H. 


Any operator T on H. has a unique complex linear extension Tc to Ec(H) that is 
obtained by componentwise application, namely 


Tc(v1 + ive) = T(v1) + iT (vo). 
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Theorem 12.2. Let H be a real Hilbert space and let Ec(H) be its external complexi- 
fication. 


(i) The space Ec(H) is a complex Hilbert space of the same dimension as H and a 
set of vectors in H is an orthonormal basis of H if and only if it is an orthonormal 
basis of Ec(H). 


(ii) If T : dom(T) C H > H is an R-linear operator, then the domain of its com- 
plex linear extension Tc is dom(Tc) = dom(T) + dom(T)i. Furthermore, T is 
bounded if and only if Tc is bounded and in this case \\T || = ||Tc||. The extension 
is compatible with the adjoint, that is (Tc)* = T% and consequently Tc is (anti-) 
selfadjoint, normal or unitary on Ec(H) if and only if T is (anti-)selfadjoint, nor- 
mal or unitary on H. 


Similarly, we can construct a quaternionic Hilbert space Fy(H) from a real Hilbert 
space H. We can choose ij, ig € S with i, -L ig and set ip = 1 and ig = jig, so that any 
quaternion a € H can be written as a = oer dip. We then set 


3 
Eu(H) :=HOH= Yovie went, 
0=0 


and define as in Remark 2.33 for v = ean vip and u = DE u/i in Ey(H) and 
a= aa acie € H the operations 


3 3 


v+u:= Xv + up)i, va := ` (ak Volei, 
£=0 L, K=0 


and 
3 


(v, u) p(w) = >p (Ve, Ucul 
L, K=0 
This yields a quaternionic right Hilbert space. The choice of i; and ig in this construc- 
tion is irrelevant since a different choice yields a Hilbert space that is isometrically 
isomorphic to Ey (H). 


Definition 12.3. Let H be a real Hilbert space. We call the quaternionic Hilbert space 
Eqg(H) = H 8 H the external quaternionification of H. 


Any operator T on H has a unique quaternionic linear extension Ty to Ey(H), 
which is obtained by componentwise application, namely 


3 3 


Ta(v) = S oT (voice for v = S$ väe € Eu(H). 


L=0 l=0 


Theorem 12.4. Let H be a real Hilbert space and let Ey (H) be its external complexi- 
fication. 


(i) The space Ey(H) is a quaternionic Hilbert space of the same dimension as H 
and a set of vectors in H is an orthonormal basis of H if and only if it is an 
orthonormal basis of Ey (H). 
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(ii) If T : dom(T) C H —> H is an R-linear operator, then the domain of its 
quaternionic linear extension Ty is dom(Tq) = dom(T) ® H. Furthermore, 
T is bounded if and only if Ty is bounded and in this case ||T|| = ||Ty||.. The 
extension is compatible with the adjoint, that is (T)* = Tj, and so Ty is (anti-) 
selfadjoint, normal or unitary on Ey (H) if and only if T is (anti-)selfadjoint, nor- 
mal or unitary on H. 


Finally, we can construct in a similar manner a quaternionic Hilbert space from a 
complex Hilbert space. If H is a complex Hilbert space over C, then we can choose 
i,j € S with i L j and identify the imaginary unit i € H with the complex imaginary 
unit 2 € C so that H becomes a Hilbert space over C;. We can then set 


Ey(H) =H S Hj = {vı + Voj : V1; V2 E€ H} 


and define for v = vı + voj and u = u; + uj in Ey (H) and a = a; + aaj € H with 
a1, a2 € Ci the operations 


v +u:= (vı +u) + (v2 + u2), va := (via, — V202) + (viad2 + V201 )j 


and the scalar product 


(v u) e00 (= (vi; w) + (Wa, U2) + ( (vi, ua) — (v20) ) j. 


This yields again a quaternionic right Hilbert space and the choice of j € S with i L jin 
this construction is once more irrelevant since each choice yields a quaternionic Hilbert 
space that is isomorphically isomorphic to Fy(H). 


Definition 12.5. Let H be a complex Hilbert space. We call the quaternionic Hilbert 
space Fiy(H) the external quaternionification of H. 


Any complex linear operator T on H has a unique quaternionic linear extension Tp 
to Eq(H) that is obtained by component wise application, namely 


Talv) = T (vi) + T(və)j for v = vi + voj. 


Theorem 12.6. Let H be a complex Hilbert space and let Ey (H) be its external quater- 
nionification. 


(i) The space Ey(H) is a quaternionic Hilbert space of the same dimension as H 
and a set of vectors in H is an orthonormal basis of H if and only if it is an 
orthonormal basis of Ey (H). 


(ii) If T : dom(T) C H — H is a complex-linear operator, then the domain of 
its quaternionic linear extension Ty is dom(Ty) = dom(T) + dom(T)j. Further- 
more, T is bounded if and only if Ty is bounded and in this case ||T || = ||Tu ||. The 
extension is compatible with the adjoint, that is (T)* = Tj, and so Ty is (anti-) 
selfadjoint, normal or unitary on Ey (H) if and only if T is (anti-)selfadjoint, nor- 
mal or unitary on H. 


External complexification or quaternionification happens by enlarging the underly- 
ing vector space and defining a complex or quaternionic structure on the enlarged space. 
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This is always possible. A different strategy is internal complexification resp. quater- 
nionification, which happens by defining a complex resp. quaternionic linear structure 
on the existing space. 

Let H be a real Hilbert space and let J be a unitary and anti-selfadjoint operator on 
H, that is J* = J7} = —J. Then J? = —Z and hence we can define the J-induced 
multiplication with complex scalars on H as 


(ao + ia,)Vv := aov + aylv Va = ao + ia €EC,VEH 
and the J-induced complex scalar product on H as 
(v, u); := (v, u) — ilv, Ju). 


Since 

(v, Jv) = (J*v, v) = — (Jv, v) = — (v, Jv), 
v and Jv are orthogonal in H for any v € H and so the norm induced by (-,-}j is the 
norm induced by (-,-). 


Definition 12.7. We call the complex Hilbert space Hy := (H, (-,-)j) the internal 
complexification of H that is induced by J. 


Theorem 12.8. Let H be a real Hilbert space and let J be an anti-selfadjoint and 
unitary operator on H. 


(i) The space Hj is a complex Hilbert space, the dimension of which is half of the 
dimension of H, and a subset of (Vn)nea of H is an orthonormal basis of H) if 
and only if (Vn)nea U (SVn)nea is an orthonormal basis of H. (In particular this 
implies that H has even dimension if its dimension is finite.) 


(ii) An R-linear operator T : dom(T) C H — H is complex linear with respect to the 
J-induced structure if and only if T commutes with J. Such operator is bounded 
as an operator on H if and only if it is bounded as an operator on Hy and in this 
case ||T||B@4) = ||T'||Bq1,). Moreover the adjoint T* of T on H is also the adjoint 
of T on Hy and hence T is (anti-)selfadjoint, normal or unitary on H if and only 
if it is bounded, (anti-)selfadjoint, normal or unitary on Hj. 


Similarly, we can define an internal quaternionification of a real Hilbert space. If | 
and J are two anti-selfadjoint and unitary operators on H with IJ = —JI, then we can 
choose i,j € S with i L j and set k := ij. We can then define the multiplication of 
vectors in H with a quaternionic scalar a = ao + ai + aoj + ask € H from the right as 


va := aV + aylv + agJv + agJlv 


and, with the abbreviation © for the quadruple (I, J, i,j), a quaternionic scalar product 
as 

(v,u)o := (v, u) — (v, lu)i — (v, Ju)j — (v, Jhu)k. 
Definition 12.9. We call the quaternionic Hilbert space Hg := (H, (-,-)o) the internal 
quaternionification of H that is induced by the quadruple © = (I, J, i,j). 


Theorem 12.10. Let H be a real Hilbert space and let O = (I,J,i,j) be a quadruple 
consisting of two anti-selfadjoint and unitary operators on H that anticommute and 
two imaginary units i,j € S withi L j. 
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(i) The space He is a quaternionic (right) Hilbert space, the dimension of which is 
a quarter of the dimension of H and a subset (Vn)nea of H is an orthonormal 
basis for He if and only if (Vn, Vn, SVn, JIVn) nea is a an orthonormal basis for 
H. (In particular this implies that the dimension of H is a multiple of four if its 
dimension is finite. ) 


(ii) An R-linear operator T : dom(T) C H —> H is quaternionic linear with respect 
to the O-induced structure if and only if it commutes with | and J. Such operator 
is bounded as an operator on H if and only if it is bounded as an operator on He 
and in this case ||T\|B, = ||T|\|B@t¢). Moreover the adjoint T* of T on H is also 
the adjoint of T on He and hence T is (anti-)selfadjoint, normal or unitary on H 
if and only if it is bounded, (anti-)selfadjoint, normal or unitary on H). 


We conclude this section with discussing how quaternionic resp. complex Hilbert 
spaces can be considered as quaternionification or complexifications of their subspaces. 

We start with a complex Hilbert space H. A conjugation K on # is an antilinear and 
norm-preserving manpmg from H into itself such that Ko K = Z. Given a conjugation, 
we can define Hx := (T+K) (H). We find that H is an R-linear subspace of H that is 
even a real Hilbert space with the structure that it inherits from H and that furthermore 
Ec(Hx) = HKC = H. A complex linear operator T on H is then the complex 
linear extension of an operator on H if and only if it commutes with K, that is if and 
only ifTo K =KoT. 

A conjugation exists in any complex Hilbert space. We can for instance choose an 
orthogonal basis (bn )nca of H and define 


K (v) = X (bn, vada. (12.1) 


nEA 


The subspace Hx is then precisely the R-linear span of (bn)ncea. Conversely, if we 
start from a conjugation K, then any orthonormal basis of H g induces the conjugation 
K via (12.1). 

Let now H be a quaternionic Hilbert space. If J is a unitary and anti-selfadjoint 
operator on H, then we can choose i € S and define 


Hj, ={veH: Jv=vi} and H; := {v eH: Jv = v(—i)}. 


The sets Hj, and H7 J; are Cj-complex Hilbert spaces with the operations and the scalar 
product they inherit from H. Furthermore 


H = Hj, Hy, = Hj, O Hi 


and so Eu(Hj;) = = H. An operator T on H is the quaternionic linear extension of a 
C;-linear operator on HY, if and only if T and J commute. 

Finally, if |, J are owe anti-selfadjoint and unitary operators on H with IJ = —Jl, 
then we can chede i,j € S with i L j and define 


Hr = {v E€ H : lv = i, Jv = vj} 


and find that Hg is a real Hilbert space such that Ey(Hr) = H. An operator T on 
H is the quaternionic linear extension of an R-linear operator on Hpg if and only if T 
commutes with | and J. 
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If we consider the left multiplication £ that is generated on H by interpreting | and 
J as the multiplication with a i and j, respectively, then Hpg is the real Hilbert space of 
all vectors that commute with any quaternionic scalar and any orthogonal basis (by) ge, 
of Hp generates the left scalar multiplication via 


av = b be (by, V)H- 


LEA 


Observe how defining a left multiplication on a quaternionic Hilbert space is the 
analogue of defining a conjugation on a complex Hilbert space. They both determine 
a subspace that serves for writing each vector in terms of components in an R-linear 
subspace, which is similar to writing the scalars in C resp. H in terms of their real 
components. 


12.2 A Conjecture About the Equivalence of Complex and Quaternionic 
Quantum Systems 


An experimental proposition about a physical system is the statement that the outcome 
of an experiment belongs to a certain subset of all possible outcomes. The set of all such 
experimental propositions and their relations determine the logical structure of the sys- 
tem, which is called its propositional calculus. The propositional calculus of a classical 
mechanical system has the structure of a Boolean algebra. The propositional calculus 
of a quantum mechanical system on the other hand has a different structure. The dis- 
tributive identity, which is valid in Boolean algebras, cannot hold in this setting due to 
the existence of incompatible observables, which cannot be observed simultaneously. 

Birkhoff and von Neumann argued in [15] based on some very plausible physical 
assumptions that the propositional calculus of a quantum mechanical system carries 
instead the structure of an orthomodular lattice, which initiated the research interest in 
the field of quantum logics. 


Definition 12.11. A partially ordered system (L, <) is called a lattice if for any z, y € L 
there exists 


e a meet x A y such that x Ay < x and x ^y < y and such that z < x and z < y 
implies z < x A y and 


e ajoin x V y such that x < x V y and y < x V y and such that x < z and y < z 
implies 7 V y < z. 


A lattice is called bounded if it has a least element 0 and greatest element 1 such that 
0 < xandz < 1 forall x € L and a bounded lattice is called orthocomplemented if 
every element x € L has a unique orthocomplement =x such that 


HENE T z ^ar =], ey Se A 


and such that 

x<y implies ~y < 772. 
A lattice L is called complete if every subset A C L has a greatest lower bound /\ A and 
a least upper bound V A and it is called o-complete if this holds true for any countable 


285 


Chapter 12. On the Equivalence of Complex and Quaternionic Quantum Mechanics 


subset A of L. Finally, an orthocomplemented lattice is called modular, if it satisfies 
for all x,y € L the orthomodular law 


if ay, then g=2V (ar Ay). (12.2) 


Remark 12.12. Birkhoff and von Neumann did actually not arrive at an orthomodular 
lattice, but at a orthocomplement lattice in which the modular identity 


if z<xz, then 2 VY AZ) = (eV yAgs 


holds. The weaker form (12.2) is however the version used today. In particular it is the 
one used in the paper [70], the argumentation of which we follow in this section. 


Birkhoff and von Neumann showed that such orthomodular lattice can be realised 
as a lattice of closed subspaces of a Hilbert space over the real numbers, the complex 
numbers or over the quaternions [15]. The relation < corresponds then to the usual 
subset relation, the operation ^ to the intersection and the operation V to the closed 
sum of two subspaces and the orthocomplement — corresponds to taking the orthogonal 
complement of a subspace. Equivalently, we can also consider the lattice of orthogonal 
projections onto these subspaces instead of the subspaces themselves. 

The possibility of formulating quantum mechanics on a real Hilbert space was soon 
discarded due to the analysis in [79, 80]. In these papers, Stueckelberg argues that any 
such quantum system admits an internal complexification—otherwise Heisenberg’s un- 
certainty principle cannot hold. There must exist an imaginary anti-selfadjoint operator 
J on the real Hilbert space H, that commutes with any observable and the unitary group 
that describes the time development of the system. Hence, observables are complex 
linear operators on the internal complexification Hj of 1 that is induced by J, cf. The- 
orem 12.8 so that one is actually dealing with a complex quantum system. (The analysis 
in [79, 80] is not correct as [78] showed. However, it is still assumed that any real quan- 
tum system admits an internal complexification and a formally correct argument at least 
for elementary relativistic systems is given in [70].) 

Quantum mechanics on a quaternionic Hilbert space H on the other hand was devel- 
oped by several authors starting with [41] and it seemed that such formulation of quan- 
tum mechanics was not equivalent to the formulation on a complex Hilbert space [1]. 
However, as we shall see in the following, this seems to be a misconception. Instead, 
we argue that any quaternionic quantum system is the external quaternionification of 
a complex quantum system on a suitably chosen complex subspace of H and that the 
belief that the two theories are inequivalent arose from a logical mistake that was made 
from the very beginning of quaternionic quantum mechanics. 

Let us consider a quantum system on a quaternionic Hilbert space and let us assume 
that there exists a unitary and anti-selfadjoint operator J that commutes with every 
observable of the system and with the unitary semigroup U(t),t € R, that describes the 
time evolution. In this case, we can choose i € S and reduce the quaternionic quantum 
system to a C;-complex quantum system on the complex subspace 


Hy, = {v €H: Jv = vi}. 


Since all observable and all time translations U(t) commute with J, they are quater- 
nionic linear extensions of operators on H},. The spectral measures of observables 
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also commute with the operators J because the observables themselves do. Hence, the 
range K of such projection, which corresponds to an experimental proposition in the 
propositional calculus of the system, is actually the quaternionification K = Ey( Ki) = 
Ki 6 Kj with j € S,j L i of a closed complex linear subspaces on K; of Hj: The 
projection itself is in turn the quaternionic linear extension of a projection on Hj: In 
particular, this holds true for one-dimensional subspaces in the propositional calculus 
and which correspond to pure states of the system. Any such subspace Ko is of the 
form Ko = Ko; © Koj with a one-dimensional subspace Ko, of Hj. In other words 


Ko = spang,(v) © spane,(v)j = spang{v} 


with some v € Ko; and hence any pure state of the system can be represented by a 
vector in Hir Finally, if we represent a state of the system by a vector v € Ty then 
the time evolution of the system can be entirely described by vector in Hj: The state 
of the system at time t > 0 is given by U(t)v, which belongs again to HJ; as 


J(U(t)v) = U(t)(Jv) = Ut) (vi) = (U(t)v)i. 


The quaternionic quantum system on H is therefore simply the external quaternion- 
ification of a C;-complex quantum system on Hii which contains all the physically 
relevant information. We conjecture that this relation is always true. 


Conjecture 12.13. Any quaternionic quantum system is the external quaternionifica- 
tion of a complex quantum system on a complex subspace of the underlying quater- 
nionic Hilbert space. 


12.3 Classification of Elementary Quantum Systems 


We cannot prove Conjecture 12.13 for any arbitrary quantum systems, but we are able 
to show that it holds true at least for elementary relativistic quantum systems. We show 
this in Section 12.4 where we apply the arguments of [70] where the equivalence of 
real and complex quantum theories are shown for such systems. We furthermore stress 
that also the equivalence of real and complex quantum mechanics is only known for 
this type of system because the argumentation of Stueckelberg is not correct as pointed 
out in [77]. 

In order to show the equivalence of complex and quaternionic quantum theory in 
this special case, we shall further formalise the ideas in Section 12.2. We consider a 
quantum system and represent its propositional calculus by a lattice £ of orthogonal 
projections on a real, complex or quaternionic Hilbert space H. If £ is the lattice of all 
orthogonal projections on H, then we write L(H). We recall several important concepts 
that are shared in all three settings with the aim of defining a proper notion of quantum 
system. (We follow the summary of results in [66, 84] given in [70] in order to prepare 
for the arguments in Section 12.4). 


1) The orthogonal projections in £ are called elementary observables. Such elemen- 
tary observables correspond to experimental propositions and they have only two 
outcomes: | if the proposition is true, 0 if it is wrong. 
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2) Observables are modelled by possibly unbounded self-adjoint operators on H. 
Any self-adjoint operator A on H determines via the spectral theorem a unique 
spectral measure E’', : B(IR) —> B(H) and conversely any such operator is unique- 
ly determined by its spectral measure. Hence, we can consider the spectral mea- 
sure F4 instead of the operator A itself and we henceforth call a spectral measure 
defined on the Borel sets B(IR) of R, the values of which are orthogonal projec- 
tions in £, an observable of the quantum system. If A is an observable modelled 
by the spectral measure E4 : B(IR) — CL, then the interpretation of the elementary 
proposition L.4(A) with A € B(R) is that the outcome of the measurement of A 
belongs to A. 


Two observables are said to be compatible if they are made of mutually commut- 
ing orthogonal projections. 


3) A quantum state is a a-additive probability measure over the lattice £. More 
precisely, a quantum state is a map u : £ — [0,1] such that w(Z) = 1 and such 
that for any sequence (Ep)een in £ with EEx = 0 for l Æ « one has 


u (- > = >> (En), 


LEN LEN 


where s- > -y indicates that the series converges in the strong operator topology. 
The value of u( E) is the probability that the outcome of measuring the proposition 
E equals 1 if the state of the system is u. 


Pure states are extremal points in the convex set of probability measures and they 
are in one-to-one correspondence with one-dimensional rays in the Hilbert space. 
If v is a unit vector in the ray associated with the pure state ju, then (FE) = || Ey||?. 


4) Liiders-von Neumann’s post measurement axiom is in this setting formulated in 
the following way: If the outcome of the ideal measurement of F € £ in the state 
jv is 1, then the post measurement state is 


y(FEF) 


. VYEEL 
UF) 


Ur(E) := 


5) A symmetry is an automorphism h : L — CL of the lattice of elementary propo- 
sitions and we shall denote the set of all such automorphisms by Aut(L). A 
subclass of symmetries are those induced by unitary (or in the complex case also 
anti-unitary) operators U € B(H) by means of hy(£) := UEU™. 


6) A continuous symmetry is a one-parameter group of lattice automorphisms (h,) .cr 
such that s ++ y(h,(£)) is continuous for every E € £ and every quantum state 
u. The time evolution of the system (7;)ex is a preferred continuous symmetry. 


7) A dynamical symmetry is a continuous symmetry (h;) scr that commutes with the 
time evolution so that h, © tų = t4 o h, for s,t € R. 


Since computations with observables are meaningful, a quantum system should per- 
mit an algebraic structure. This structure is the one of an von Neumann algebra. 
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Definition 12.14. A Banach algebra over K = R or K = C is a Banach space (A, ||- ||) 
over K endowed with a bilinear and associative product A x A —> A such that 


Ixyll < Ixl lly Vy € A. 


A *-algebra over K = R or K = C is a Banach algebra over K endowed with an 
involution * : A —> A such that 


(x")"=x (xy)"=y"x" (ax + by)” = Ç(a)x* + Ç(b)y” 


for all x,y € A and all a,b € K, where Ç is the identity if K = R and the complex 
conjugation if K = C. 
Finally, a +-algebra of K is called a C*-algebra if in addition 


<x] = |x|]? 
and such C*-algebra is called unital if it contains a neutral element e. 


It is well-known that the space of bounded operators on a complex Hilbert space 
forms together with the composition and the adjoint conjugation a complex unital C*- 
algebra and similarly the space of bounded operators on a real Hilbert space forms 
together with the composition and the adjoint conjugation a real unital C*-algebra. The 
space of bounded operators on a quaternionic Hilbert space however forms together 
with the composition and the adjoint conjugation again a real unital C*-algebra and not 
a quaternionic one, because it is only a real Banach space, cf. Remark 2.45. 


Definition 12.15. Let N C B(H) be a set of bounded operators on a real, complex or 
quaternionic Hilbert space H. We define the commutant of Dt as 


WM := {T € BH): [T,A]:=TA-—AT=0 forall A € M}. 


If D is closed under the adjoint conjugation, then YY is a x-algebra with unit. Since 
the product in B(H) is continuous, 9 is closed in the uniform operator topology. 
Hence, if Wt is closed under the adjoint conjugation, then SM’ is a C*-subalgebra in 
B(H). One can furthermore easily show that 9’ is closed in both the weak and the 
strong operator topology. 

We furthermore have WM C (WY =: Mt” and MI C M, if Mı D M so that 
Mm’ = (M")'. We can therefore not reach beyond the second commutant by iteration. 
We recall the following important theorem due to von Neumann, the proof of which 
can be found in any book about operator algebras, cf. for instance Theorem 5.3.1 in 
[61] (the proof is only formulated for the real or complex setting, but it also holds in 
the quaternionic one). 


Theorem 12.16. Let H be a real, complex or quaternionic Hilbert space and let A be 
a unital *-sub-algebra of B(H). The following statements are equivalent 


(i) A = A. 
(ii) A is weakly closed. 
(iii) A is strongly closed. 
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Hence, if C is a unital *-subalgebra of B(H), then C" = cly(C) = cls(C), where cly(C) 
and cl,(C) denote the closure with respect to the weak and strong operator topology, 
respectively. 


Definition 12.17. A von Neumann algebra ¥ in the space B(H) of bounded operators 
on a real, complex or quaternionic Hilbert space is a unital +-subalgebra of B(H) that 
satisfies the three equivalent conditions (i) to (iii) in Theorem 12.16. The center C(R) 
of 7 is the abelian von Neumann algebra C(R) := RNA W. 


Corollary 12.18. If a set M C B(H) of bounded operators on a real, complex or 
quaternionic Hilbert space is closed under the adjoint conjugation, then SM” is the 
smallest von Neumann-algebra that contains WM. It is called the von Neumann algebra 
generated by WM. 


We shall in the following mainly deal with von Neumann-algebras that are irre- 
ducible. 


Definition 12.19. Let H be a real, complex or quaternionic Hilbert space. A family 
of operators X C B(U) is called reducible if there exists a non-trivial closed subspace 
K CH such that A(K) C K for all A € A. The family 2 is called irreducible, if it is 
not reducible. 


Remark 12.20. If 20 is irreducible, then it is easy to see that 
{EE L(H): [E, A] =0 VA Ee A} = {0,7}. 


The opposite implication holds true if A is closed under adjoint conjugation. In this 
case, we have for any closed subspace K C H with A(K) C K for all A € A that 
(Au, v) = (u, A*v) = 0 foru € K+ and v € K. Hence, also A(K+) c K+ for all 
A € A. If X is reducible, then we can find a nontrivial subspace K and the orthogonal 
projection onto K does then belong to {E € L(H): [E, A] =0 VAEA}. 


The differences between von Neumann algebras on a quaternionic Hilbert space 
and von Neumann algebras on a complex Hilbert space are the same as the differences 
between von Neumann algebras on a real Hilbert space and von Neumann algebras on 
a complex Hilbert space stated in [70, Theorem 2.29]. (We do not recall the proof here, 
because it is the same for the quaternionic and the real case.) 


Theorem 12.21. Let 9% be avon Neumann algebra over a real, complex or quaternionic 
Hilbert space H, let L(KR) be the lattice of orthogonal projectors in R and let 


IR) := {J E R: J* = —J,-J? € L(R)}. 


(i) A bounded self-adjoint operator A belongs to 9’ if and only if the projections of 
the the spectral measure of A belong to R. 


(ii) The set L(R) is a complete (in particular o-complete) orthomodular sublattice of 


L(H). 
(iii) R is irreducible if and only if L(R') = {0, T}. 
(iv) IfH is a real or quaternionic Hilbert space, then 
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(a) L(R\" contains all selfadjoint operators in KR. 
(b) (L(R) UF(R))” = R 
(c) (L(R))” C R if and only if there exists J € J(R) \ LR)". 


(v) If H is a complex Hilbert space, then L(R)" = R. 


In order to be able to calculate with observables, it seems reasonable to assume that 
the set of observables of a quantum mechanical system is embedded in a von Neumann 
algebra. 


Definition 12.22. A real, complex or quaternionic quantum system is a von Neumann 
algebra ‘A on a real, complex resp. quaternionic Hilbert space H. 


Remark 12.23. We call R also the von Neumann algebra of observables. The proper 
observables are precisely the self-adjoint operators whose spectral measures take values 
in 8 and the lattice of elementary propositions corresponds to the lattice of orthogonal 
projections in £(9%). If we consider a complex Hilbert space, then the von Neumann 
algebra i of observables is by Theorem 12.21 precisely the von Neumann algebra that 
is generated by the lattice £(9%), which represents the propositional calculus of the 
system. 


Moretti and Oppio argued in [70] that the symmetry under the Poincaré-group de- 
fines on any elementary relativistic quantum system that is defined on a real Hilbert 
space an up to sign unique unitary and anti-selfadjoint operator J. This operator induces 
an internal complexification of the real Hilbert space that turns the real quantum sys- 
tem into a complex quantum one. We show now that their arguments can also be used 
to show that the symmetry under the Poincaré-group induces also on any elementary 
relativistic quantum system a complex structure so that the quaternionic quantum sys- 
tem turns out to be the external quaternionification of a complex elementary relativistic 
quantum system. 

We first give a formal definition of the term elementary quantum system following 
the arguments of [70, Section 5] and show that such systems admit a classification that 
is analogue to the classification of real elementary quantum systems in Theorem 5.3 of 
[70]. 

An elementary quantum system must not allow super-selection rules—otherwise we 
could work separately on the super-selection sectors. Mathematically, this condition is 
expressed by requiring that the center of £() is trivial. Furthermore, we assume that 
there does not exist any non-trivial orthogonal projection in 9%’, that is ®t is irreducible. 
Such projection could be interpreted as an elementary observable of another external 
system, whereas we want to be the elementary system to be the entire system we are 
dealing with. Under the assumption that the center of £(9%) is trivial, this condition can 
also be interpreted as the existence of a maximal set of compatible observables. 


Definition 12.24. An elementary real, complex or quaternionic quantum system is an 
irreducible von Neumann algebra {8 on a separable real, complex resp. quaternionic 
Hilbert space H. 


Remark 12.25. A complex quantum system is irreducible if and only if one has X = 
{aT : a € C} or equivalently if and only if R = B(H). Just as in the real case, this is 
not true in the quaternionic setting, cf. [70, Remark 5.2]. 
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The essential tool we need for showing the equivalence of complex and quaternionic 
quantum systems, is a precise classification of irreducible von Neumann-algebras on a 
quaternionic Hilbert space. We first recall the corresponding result for irreducible von 
Neumann-algebras on a real Hilbert space [70, Theorem 5.3]. 


Theorem 12.26. If SK is an irreducible von Neumann algebra on a real Hilbert space 
H, then precisely one of the following statements holds true. 


(i) The commutant Ñ of K is isomorphic to the real numbers. Precisely, we have 


R = {aT :a € R}. 


In this case 


R=B(H), C(R)={aT:a €R} and LR) =L(H) 


and we call R of real-real type. 


(ii) The commutant Ñ of K is isomorphic to the field of complex numbers. Precisely, 
we have 


R = {aT +bJ:a,b€ R}, 


where J is an up to sign unique unitary and anti-selfadjoint operator on H. Any 
operator in Kt is complex linear on the internal complexification H of H induced 
by J and we have 


RY BH), C(R)={aI+b]:a,b ER} and LR) & LM). 


In this case, we call of real-complex-type. 


(iii) The commutant Ñ of K is isomorphic to the skew-field of quaternions. Precisely, 
we have 


R' = fal +bl+cJ+dK:a,b,c,d€ R}, 


where |, J, and K are mutually anti-commuting unitary and anti-selfadjoint oper- 
ators on H that do not belong to % such that \J = K. If we choose i,j € S with 
i | j and set O = (I, J, i,j), then any operator in RK is quaternionic right linear on 
the internal quaternionification He of H induced by O. Moreover, we have 


R=~B(He), C(R)={al:aeR} and L(R)=L(He) 
and we call À of real-quaternionic type. 


An analogous result holds for irreducible von Neumann algebras on a quaternionic 
Hilbert space. In this case, we can however not introduce additional structure on H by 
finding an internal complexification resp. quaternionification of H so that consists 
of all the linear operators on the more structured space. Instead, we can find a subspace 
with less structure, so that 8 is the external quaternionification of all bounded linear 
operators on this subspace. 


Theorem 12.27. If is an irreducible von Neumann algebra on a quaternionic Hilbert 
space H, then precisely one of the following statements hold true. 
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(i) The commutant Ñ of K is isomorphic to the real numbers. Precisely, we have 


R = {aT : a ER}. 


In this case 


R=B(H), C(R)={al:a€R} and L(R)=L(H) 


and we call proper quaternionic. 


(ii) The commutant Ñ of K is isomorphic to the field of complex numbers. Precisely, 
we have 


R = {al +bJ:a,b €R}, 


where J is an up to sign unique unitary and anti-selfadjoint operator on H. If we 
choose i € S, then Hy; := {v € H : Jv = vi} is a complex Hilbert space over Ci 
and 


R= B(H],), CO) ={el+Jsa,beR} sand LURS LHR), 


where we identify an operator in B (H$) with its quaternionic linear extension 
to H. In this case, we call Ñ complex-induced. 


(iii) The commutant Ñ of K is isomorphic to the skew-field of quaternions. Precisely, 
we have 


mR’ = {al +b +cJ+dK : a,b,c,d E€ R}, 


where |, J, and K are mutually anti-commuting unitary and anti-selfadjoint oper- 
ators on H that do not belong to K% such that \J = K. If we choose i,j € S with 
i L j and setk := ij, then Hg := {v E€ H : lv = vi, Jv = vi} is a real Hilbert 
space and 


R=B(Hr), C(R)={aZ:acR} and L(R) = L(Hr), 


where we identify an operator in B (Hpg) with its quaternionic linear extension 
to H. In this case, we call A real-induced. 


Proof. If T € % is self-adjoint, then its spectral measure takes values in R’. Since 
R = {0,7} by (iii) in Theorem 12.21 because 9% is irreducible, we have E(A) = 0 
or E(A) = T for any A € B(R). Now observe that there exists precisely one number 
no € Z such that E((no — 1, no]) = Z. If there existed two such numbers no, nı € Z, 
then we would have E((no — 1, no]) + E((mi — 1, n1ı]) = T + T = 27, which is not an 
orthogonal projections. If on the other hand E((n — 1, n]) = 0 for all n € Z, we would 
obtain the contradiction 


Tv = E(R)v = X E((n- 1,n])v = 5 0v =0 


nEZ nEZ 


for all v € H. Let hence Ao = (ao, bo] with aj := n — 1 and bọ = n be such that 
E(Ao) = T. We define now inductively a sequence of Borel sets An = (an, bn] with 
E(A,,) = T. Precisely, if An = (an,bn] with E(An) = Z is given, then the same 
argument as before shows that either 


E (an, (an + bn)/2]) =Z or E ((an + bn)/2,bn]) = T. 
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In the first case we set Qn41 = an and bn+1 = (an + b,)/2 and it the latter case we set 
An41 = (Qn +bn)/2 and bn41 = bn. Then E(An+1) = Z for Anyi = (An41, bn4i]. Now 
let a = limy-+406 Gn = liMy-++406 bn. Due to the continuity of the the spectral measure 
with respect to monotone limits in the strong operator topology, we find that 


Bda) = E(N a) = fin BAT 


Thus £(R \ {a}) = 0 and we conclude that 
T = 1 sdE(s) = 1 sdE(s) +f sdE(s) = aE ({a}) = aT. 
R {a} R\{a} 
Let now T be an arbitrary operator in R’. Then also T* € 97’ and 


1 oll i 
fe Chania a 


The operator T, := 4 (T + T*) is a self adjoint operator and belongs to 9’ and hence 
T, = aT for some a € R by the above argumentation. The operator T3 := $ (T — T*) 
on the other hand is anti-self adjoint and so the operator TŽ is selfadjoint and belongs 
to i’. By the above arguments, we find again that there exists some c € R such that 
T? = cT. We even have c < 0 as 


elvi? = (v, Lv) = (v, Ev) = — (Tav, hv) = —||Tav I’ 


for any v € H due to the anti-selfadjointness of 7>. We also see that c = 0 if and only 
if T, = 0 so that in this case T = $ (T + T*) = aT. If c ¥ 0, then we set J := 4-7). 


Then J* = —J because T; is anti-selfadjoint and J? = +T} = —T. Setting b = /—c, 
we find that 


$ 


T =a +bJ 


with a,b € R. 
Let now T and S be operators in X’. Then T = aZ + bJ and S = cZ + dl with 
a,b,c,d € R and two unitary and anti-selfadjoint operators | and J. Since 
\|v||? =(Tv, Tv) = ((aZ + bJ)v, (aT + bJ)v) 
=a? (v, v) + ba(Jv,v) + ab(v, Jv) + b? (Jv, Jv) 
=a? (v, v) — ab(v, Jv) + ablv, Jv) + b° (v, v) = (a? +.B?) ||v|I?, 


for any v € H and so in particular ||T|| = Va? + b?. Similarly, we see that ||S'v||? = 
(c? + d?)||v||? and ||S|| = Vc? + d?. Finally, we deduce from these relations that 


ISTI? = (c + PJTV? = (P + d) a? + 6°) Iv]? 


and so 


ISTI = vV (P +P) +8) = V (2 +P) +8?) = ISITI 


The commutant 9%’ is therefore a normed real associative algebra with unit such that 
P'S || = ||Z ||| S|] for all T, S € X. By [83] any such algebra is isomorphic to either 
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the field of real numbers R, to the field of complex numbers C ore the skew-field of 
quaternions H. Let A be an isomorphism of % to R, C or H, respectively. 

If R’ is isomorphic to R, then simply R’ = h~'(R) = {aT : a € R} and we find 
that R = R” = B(H), because any quaternionic linear operator commutes with any 
operator aZ with a € R. Hence, we also find C(A) = RN W = {aT : a € R} and 
LOR = L(H). 

If R’ is isomorphic to C, then R’ = { aZ + bJ : a,b € R} with J = h~t (i). Let 
us show that J is unitary and anti-selfadjoint. Since h is an isomorphism, we have 
J? = h(i?) = h(—1) = —T. Since % is a *-algebra, not only J but also the operator 
J* and in turn even JJ* belong to 9%’. Since JJ* is selfadjoint, the arguments at the 
beginning of the proof imply that 


JJ* = a1 


for some a € R. Moreover, a > 0 because 


al|v||? = (v, aTv) = (v, JJ*v) = (J*v, J*v) = ||Jv||?. 


Since J? = —Z, we have J* = (—JJ)J* = —J(JJ*) = —Ja and so J* = —+J. Taking 
the adjoint, we find that J = —iS* and so also J* = —aJ. Finally, the identity 0 = 
J* — J* = (a — +) J implies a = 1 and so J* = —J. Hence, J is actually unitary and 
anti-selfadjoint. 

An operator T € B(H) belongs to R = R” if and only if it commutes with any 
operator in R’ = {aT + bJ : a,b € R}. Since any operator B(H) commutes with 
real multiples of the identity, an operator commutes with %’ if and only if it commutes 
with J. This in turn is the case if and only if the operator T is the quaternionic linear 
extension of an operator in B(H};) and so R = B(Hj;). In particular, this implies 
J € Ñ, because it is the quaternionic linear extension of the multiplication with i on 
Hy, and C(R) = X and L(R) = LHT 

Finally, if X’ is isomorphic to H, then 


R= {aT +bl+ci+dKk:a,b,c,d E€ R}. 


with | = h~'(e,), J = h~t (e2) and K = h~!(e3), where e1, e2, and e3 are the generating 
units of H. As above, one can see that I, J, and K are anti-selfadjoint and unitary. Since 
an operator belongs to R = SW” if and only if it commutes with | and J and in turn 
also with K = IJ, the operators |, J and K themselves do not belong to i because they 
anticommute mutually. If we choose i,j € S with i L j, then we can define a left- 
multiplication on H by setting lv = vi and Jv = vj for all v € H and turn H into 
a two-sided Banach space. The space Hg consists then of those vectors that commute 
with all quaternions and it is a real Hilbert space, cf. the discussion in Section 2.4. 

An operator belongs to A = 9%” if and only if it commutes with any operator in X’, 
that is with any operator of the form aZ + bl + cJ + dK or—equivalently—with any 
quaternion when we consider the left multiplication induced by | and J on H. These 
operators are however precisely those that are quaternionic linear extensions of real- 
linear operators on Hp, cf. Definition 2.46 and the discussion before. 


Wigner’s theorem states that any symmetry of an elementary complex quantum sys- 
tem can be represented by a unitary linear or an anti-linear anti-unitary operator on H. 
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Similarly, any symmetry of a real or a quaternionic quantum system can be represented 
by a unitary linear operator on H [84, Theorem 4.27]. This statement is specified for 
elementary real systems in [70, Proposition 5.5], which we want to recall now. 


Theorem 12.28. We consider an elementary system described by an irreducible von 
Neumann algebra K on a real Hilbert space. If h is a symmetry of the system—that 
ish: L(R) > L(KR) is a lattice automorphism—then there exists a unitary operator 
U:H—-H such that 


h(E) =UEU VEEL). (12.3) 
Furthermore the following facts hold true. 


a) If NR is of real-real or real-quaternionic type, then U € i. 


b) If R is real-complex with W = {aI +bJ : a,b € R}, then U either commutes with 
J (and hence U € §) or it anticommutes with J (and hence U ¢ Ñ but U? € R). 


c) If is of real-real or real-quaternionic type, then every unitary operator U in 
KR defines a symmetry via (12.3). Similarly, if Ñ is of real-complex type, then 
every unitary operator U that either commutes or anticommutes with J defines 
a symmetry via (12.3). Two such unitary operators U and U' define the same 
symmetry if and only if U'U~' € C(R). 


Again we find a similar result for elementary quaternionic quantum systems. 


Theorem 12.29. We consider an elementary system described by an irreducible von 
Neumann algebra on a quaternionic Hilbert space H. If h is a symmetry—that is 
h : L(R) > LK) is a lattice automorphism—then there exists a unitary operator 
U:H—- H such that 


h(E) =UEU VEEL). (12.4) 
Furthermore the following facts hold true. 


a) If 8 is proper quaternionic or real induced, then U € Wi. 


b) If RK is complex induced with F’ = {aT + bJ : a,b € R}, then U either commutes 
with J (and hence U € SR) or J anticommutes with J (and hence U ¢ X but 
U? ER). 


c) If XR is proper quaternionic or real induced, then every unitary operator U in Ñ 
defines a symmetry via (12.4). Similarly, if is complex induced, then every uni- 
tary operator U that either commutes or anticommutes with J defines a symmetry 
via (12.4). Two such unitary operators U and U' define the same symmetry if and 
only if U'U-* € C(R). 


Proof. We recall that the lattice £(M) is isomorphic to L(H), to L(Hj;) or to L(Hr) 
because of Theorem 12.27. Any isomorphism lattice automorphism on £(9%) hence 
induces a lattice automorphism on L(H), £(Hj,) resp. L(Hr). 

If L(R) = L(H), then the quaternionic version of Wigner’s theorem, Theorem 4.27 
in [84], implies for any symmetry A the existence of a bijective function S : H > H 
with the properties that 
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(A) S is additive and 


(B) there exists q € H with |g| = 1 such that S(va) = vq~'aq and (Sv, Su) = 
q`! (v, ujq for all u, v € H and alla € H 


such that 
h(E) = SESH. (12.5) 


Furthermore any function S, : H — H of the form S (v) = Svp with p € H and 
|p| = 1 also satisfies (12.5). If we choose p = q7™+, then we obtain a quaternionic right 
linear unitary operator U = Sp E€ B(H) such that (12.4) holds true. Furthermore, again 
by Wigner’s theorem, any other unitary operator in B(H) satisfies (12.4) if and only if 
U'v = S,(v) = S(v)r = U(v)p7'r for some r € H with |r| = 1. An operator of 
this form is however quaternionic right linear and unitary if and only if p-'r € {+1}, 
which is equivalent to U'U~! = FZ and hence to U’U~ being a unitary operator in 
C(R). Finally, Wigner’s theorem also implies that any bijective function S : H > H 
that satisfies (A) and (B) induces a symmetry on £(H) via (12.4). Hence, in particular, 
any unitary operator on H induces a symmetry. 

If L(R) = L(Hpr), then any symmetry h on L(R) defines a symmetry hr on L(Hp) 
via 


hr(Er) = h(E)ha, if Ex = Elg. (12.6) 


Hence, the real version of Wigner’s theorem [84, Theorem 4.27] implies the existence 
of a unitary operator Ug on Hp such that hr(Egr) = UgrErUg . If we denote the 
quaternionic linear extension of Ug to all of H by U, then U is a unitary operator on H. 
For any E € £(9%) we have after setting Er := Ey, that 


h(E) lie = he(Ep) = Up Egle. 


Extending these operators to quaternionic linear operators on H, we find h(E) = 
UEU~. It follows also from Wigner’s theorem that the operator Ug is unique up to sign 
so that a unitary operator U% induces h via (12.4) if and only if U,Ug' = +Z. Thus, 
a unitary operator U’ € B(H) induces h if and only of (U’'U)|y, = UpUg! = +2, 
which is equivalent to U'U = +Z and in turn to U'U~' being a unitary operator in 
C(). Finally, Wigner’s theorem also states that any unitary operator on Hg induces a 
symmetry on (Hpg). Since the unitary operators in 9% are exactly the operators that are 
quaternionic linear extensions of unitary operators on Hpg, any such operator induces a 
symmetry on £(9) via (12.6). 
If finally £(9t) = L(Hj;), then any symmetry h on L(K) defines a symmetry he, 
on L(Hc+) via 
he,(Ec,) = h(E) lu, if Eg = Elar (12.7) 


Hence, the complex linear version of Wigner’s theorem [84, Theorem 4.28] implies the 
existence of a bijective mapping S : HJ; + HJ; such that either 


(I) S is Cj-complex linear and (Sv, SU) ays. = (v, U) at. for all u,v € Hj, ie. S is 


a bounded unitary operator on Hj; or 
(II) S is C;-complex anti-linear and (Sv, SU) apt. =v; uyr, for all u, v € HJ; 
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and such that 
ha (Ec) = So Ec,oS* for Ec, € L(Hj,). (12.8) 


If (T) holds true, then the quaternionic linear extension U of S to H is a unitary operator 
on H that commutes with J such that (12.4) holds true. If on the other hand A) holds 
true, then we can choose j € S with i L j and find that the operator Uc, : Hf ji Hy; 
given by Uc,(v) = S(v)j is a Ci-linear unitary operator. Indeed, for u,v € H and 
a € Ci, we have 

Uc,(va) = S(va)j = S(v)aj = S(v)ja 


and 
(Uc;v, Ucun, z (S(v)j, S(u)jjn = —j(S(v), Slunj 


= -j(S(v), Sa) ad = (~) (v, Wet = (UV) ae 


because (v, uut € Ci. Since S : H}; > Hj; and v > vj : Hj; > Hj; are bijective, 


also their composition Uç, is bijective. If we write v € H as v = vı + voj with 
Vi, V2 € Hj; p then the quaternionic linear extension U of Uç, to all of H is given by 
U(v) = Uc, vit Uc,V2j. This operator is obviously also bijective and moreover unitary 
since 


(Uu, Uv)y = (U (u, + uj), U (vi + voi) 1 
=(Ucu1, Uc; Viju, + (Ucu, eve) a7 J 

— j(Uc, ue, UesV1) 945, — j(Uc,us, UeV2) 473 
=(U1, Vi)yt, + (Ur, V2)yg j — (u2, Vidas, ~ Hue, Vo) ad 
=({u; + Udj, Vi + V2j)u = (U,V) H- 


The inverse of U is the quaternionic linear extension of Ug, ' which is given by 


U(v Ug, (vii) (=) + Ug (vai). 
On the other hand Ug'(v) = S~'(v(—j)) for v € Hj; and so 
U~ (v) = Ug (vd) (=i) + UG" (vai) = Sv) (J) + 97 (v2). 
For Æ € £(9), we therefore find 
UEU~!v = UE (S~'(v,)(-j) + S~t (v2)) = 
=U (Eg (S7 (v) (-)) + Egs (v2) 
=U (S™ (ha; (Ec) (v1) (—j) +S (hc; (Ec)(v2))) = 
=Uc,; (S™ (ha; (Ec;)(v1))) (~) + Ue, a (he, o 2))) 
=S (S7! (he,(Ec;)(v1))) j) +S (S7 (ha; (Ec) (v2)))j 
=ha; (Ec) (v) + ha (Ec)(v2)j = hE)v 


and so also in this case (12.4) holds true. 
If U is a unitary operator on H that commutes with J, then its restriction S := U |ne, 


to Hy; is a unitary operator on Ht jp that is it satisfies (1). Hence, Wigner’s theorem 
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implies that S induces a symmetry hc, on L(HJ;) via (12.8) and so U induces the sym- 
metry h on £(K) that is characterized by (12. 8) via (12.4). If on the other hand U is a 
unitary operator that anticommutes with J, then Uc, := U lut, is a unitary operator from 
Hj; to Hj; Consequently, S(v) := (Uc,v)(—j) is a bijective Ci-anti-linear mapping 
from H$; into itself that satisfies 


(S(v), Sny, = (Ue,v)(—I), (Ucu) (a = iUev, Ua) (I) 
= j(Ucy, Ucun (-) = KV, uuy (-) = (v uny, 


for any u,v € Hir Hence, S satisfies (II). Wigner’s theorem implies again that S 
induces a symmetry hc, on L(H};) via (12.8). If E is the quaternionic linear extension 


of Ec, to all of H, then the quaternionic linear extension of hc,(Ec,) = S o Ec, o S7! 
to all of H is due to S~!(v) = Ug (vj) given by 


he,(Ec,)(v) = S o Ec, o Si) +S Ec, © S*(ve)j = 
=S o Eo, (Ug"(vij)) + S ° Eo, (Ug"(vai)) ij 
=§ (EU~'(vij)) + S (EU (vaj)) j 
—Ue, (EU~*(vij)(—j)) + Uc, (EU™vaj(-j)) j 
=U EU ™!v; + U EU™tvj = UEU™ Vv. 


We conclude that U induces the symmetry h on L(9R) that is characterized by (12.8) 
via (12.4). 

Finally, Wigner’s theorem also states that two bijective functions S and S’ that sat- 
isfy (T) or (II) induce the same symmetry hc, on B (Hj,) if and only if S = aS with 
a € Ci and |a| = 1. In particular either S and S” both satisfy (I) or they both satisfy 
(II). Now observe that U is a unitary operator on H that commutes with J if and only 
if S =U lut, satisfies (I) and that U is a unitary operator that anticommutes with J if 


and only if the operator Sv = U lny, vj satisfies (II). Since the a unitary operator U that 


commutes or anticommutes with j induces a symmetry h on £(K) if and only if the 
respective operator S induces the symmetry hc, determined by (12.8) on L(Hj,), we 
find that two unitary operators U and U” that induce the same symmetry h either both 
commute or both anticommute with J. 

In the first case, the respective operators S and S’ are simply the restrictions S = 
U lat, and S” = U |+. We find due to Wigner’s theorem that U and U’ induce the same 


symmetry h if and oly if S = S'a with a € Ci and |a| = 1, or equivalently 
(U'U- het, = S'S = aS St = aT. 


Since the quaternionic linear extension of the multiplication aZ with the complex num- 
ber a = ao + ia, € Ci on Hy; to all of H is the operator aopZ + a, J € C(R), we find 
that U and U’ induce the same symmetry on £(%) if and only if U'U~! = apZ + ayJ 
with ao, a; € R so that aĝ +a? = 1. But operators of this type are precisely the unitary 
operators in C(9%). 

In the second case, in which U and U’ anticommute with J, we have that Sv = 
(Uc,v)(—j) and S’v = (U¢,v)(—j) for v € HF, with Uc, := U|, and Uc, = lies 
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Again Wigner’s theorem implies that U and U’ induce the same symmetry h if and only 
if S’ = aS with a € Ci and |a| = 1. This is equivalent to 


aTv = S'0 S'(v) = S™ ((Ug,v)j) = Ug" ((Ue,v)i(-i)) = Ug'Ug (yv) 


for all v € Hy}. Taking the quaternionic linear extension to all of H, we conclude as 
before that U and U’ induce the same symmetry if and only if U'U~! € C(®). 


12.4 Reduction of Quaternionic to Complex Relativistic Systems 


We recall that the Poincaré group is the Lie-group of Minkowski-spacetime symmetries 
and we recall that a unitary representation of a Lie-group G on a real, complex or 
quaternionic Hilbert space H is a group homomorphism A : G — B(H) such that the 
mapping (g,v) > h(g)v for g € G and v € H is continuous and such that h(g) is 
neighborhood of the neutral element of G. 

An elementary relativistic system is an elementary quantum system that supports 
a representation h of the Poincaré group P viewed as a maximal symmetry group of 
the system. Since the system should be the realisation of the physical symmetries, h 
must contain all the information about the variables of the system and since the system 
should be elementary, the representation of P must be irreducible. 


Definition 12.30. A real, complex or quaternionic relativistic elementary system (RES 
for short) is an elementary quantum system {8 on a real, complex or quaternionic sep- 
arable Hilbert space H that is equipped with a representation of the Poincaré group 
h : P — Aut(L(R)),g ++ hg which is locally faithful and satisfies the following 
requirements. 


(i) h is irreducible, in the sense that if Æ € L(A) then h(E) = E forall g € P 
implies either E = 0 or E = Z. 


(ii) h is continuous in the sense that g +> p(h,(£)) is continuous for every fixed 
E € L(A) and every fixed quantum state ju. 


(iii) h defines the observables of the system. If we represent the symmetry hg for any 
g € P by a unitary operator U, € % so that h,(E) = U,EU;", this condition 
reads as 

L(R) c ({U; : g E PH UC(K))”. (12.9) 


Remark 12.31. The above notion of relativistic elementary system was introduced in 
Definition 5.7 of [70]. As the authors point out Remark 5.8, it coincides with the 
usual definition of relativistic elementary systems in the sense of Wigner if the quantum 
system is complex. 


Remark 12.32. We implicitly assume in the above definition that we can represent 
any Poincaré-induced symmetry hg by a unitary operator in %. This is obviously true 
for real quantum systems of real-real or real-quaternionic type and for real-induced or 
proper quaternionic quantum systems due to Theorems 12.26 and 12.27. For the other 
cases, this follows from the polar decomposition P = SL(2,C) x Rt of the Poincaré 


300 


12.4. Reduction of Quaternionic to Complex Relativistic Systems 


group, which allows to write every g € P as the product g = rrbb, where r is a spatial 
rotation and b is a boost. Even if is a real quantum system of real-complex type or 
a complex-induced quaternionic quantum system and r or b are represented by unitary 
operators U, and U, that do not belong to R, then nevertheless U? and U? belong to R 
and so also their product U, = U?U? belong to R. Similarly, if R is a complex quantum 
system and U, or U, are complex anti-unitary operators, then U? and U? and in turn 
also U, = U2U f are complex linear unitary operators in R. Cf. also [70, Remark 5.8]. 

Our aim in this section is to show that any quaternionic RES is the external quater- 
nionification of a complex RES, if the operator Më associated with the squared mass of 
the system is positive. In order to construct this operator, we choose a Minkowskian ref- 
erence frame in Minkowski space time and consider the one-parameter Lie-subgroups 
pe : R > P,£ = 0,...,3 of spacetime-displacements along the four Minkowskian 
axes. If h : P — B(H) is a unitary representation of the Poincaré group such that 
h(E) = U,EU;* for all E € L(K), where h : g — hg is the representation of P on 
Aut(£(9)) in Definition 12.30, then Up(t) := h(pe(t)) = Un, is for any £ = 0,...,3 
a strongly continuous group of unitary operators on H. We define P; as the infinites- 
imal generator of the group U;(t), which is a densely defined anti-selfadjoint operator 
on H. The operator associated with the squared mass of the system is the operator 


3 
Mi = -P +X PP, 
£ 


and we say that MÈ is positive if (v, Mv) > 0 for all v € dom(Mŝ). 

Remark 12.33. The above definition of MŽ is not very rigorous, in particular because 
it is not immediate that dom( MŽ) = (ne dom(P,r) is nonempty. A common core 
for these operators, which is even dense in H, is the Garding space. It consists of all 
vectors vf E€ H generated by 


Vr = f AOU) do with f € Co°(P,R), 


where dg denotes the left-invariant Haar measure on P. The construction of MẸ for a 
real RES in [70] is based on a representation of the Lie algebra of P in terms of op- 
erators on the Garding space. We can follow the same procedure in the quaternionic 
setting. Since the properties of the Garding space depend only on the topology on H 
and not on the field of scalars, we can simply choose i € S and consider the quater- 
nionic Hilbert space H as a complex Hilbert space H; over C; as in Remark 2.40. We 
then obtain the results concerning well-definedness, density etc. of the Garding space 
and the existence of a representation of the Lie algebra of P in terms of operators on 
this space simply by applying the complex results on Hi. (This is similar to [70], where 
the proofs of the properties of the Garding space in the case H is a real Hilbert space 
consist essentially in applying the results from the complex case to the external com- 
plexification of the real space H.) We do not recall these arguments in detail since this 
would go beyond the scope of this thesis, while it would also not seem to add a lot of 
mathematical value. 


Finally, we recall Theorem 5.11 in [70], which shows that any real quantum system 
is of real-complex type, provided that the operator MŽ associated with the squared 
mass of the system is positive. 
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Theorem 12.34. Let R be a real RES on a real Hilbert space H and let h : P + B(H) 
be the locally-faithful strongly-continuous unitary representation of the Poincaré group 
on H. If the operator MẸ that is associated with the squared mass of the system is 
positive, then the following facts hold. 


(i) The von Neumann-algebra ® is of real-complex type and so R = B(H,), where 
Hy := (H, (-,-)) is the internal complexification of H induced by the unitary and 
anti-selfadjoint operator J such that X = { aI + bJ : a,b € R}, which is unique 
up-to-sign. 


(ii) The representation h of P is irreducible on H and defines a complex RES that is 
equivalent to Ki. 


(iii) The operator J is a Poincaré invariant and coincides up to sign with the unitary 
factor of the polar decomposition of the anti-selfadjoint generator of the group of 
temporal translations, that is either Py = J|Po| or Po = —J| Pol. 


Remark 12.35. Observe that this theorem in particular implies that a real RES can 
neither be of real-real nor of real-quaternionic type. 


The proof of the above theorem requires quite deep and lengthy physical arguments, 
which are beyond the scope of this thesis. Instead of replicating them in the quater- 
nionic case in order to show that any quaternionic RES is equivalent to a complex one, 
we therefore first show that any such system is equivalent to a real RES and then apply 
the above theorem. 


Theorem 12.36. Let R be a quaternionic RES on a quaternionic Hilbert space H and 
leth : P — B(H) be a locally-faithful strongly-continuous unitary representation 
of the Poincaré group as in Definition 12.30. If the operator Mj, associated with the 
squared mass of the system is positive, then the following facts hold. 


(i) The von Neumann-algebra Ñ is complex induced and so 9A is the external quater- 
nionification of B(H},), where i € S and J is the unitary and anti-selfadjoint 
operator J such that X = { aT + bJ: a,b € R} that is unique up-to-sign. 


(ii) The representation g of P is irreducible on HJ; and defines a complex RES that is 
equivalent to Ki. 


(iii) The operator J is a Poincaré invariant and coincides up to sign with the unitary 
factor of the polar decomposition of the anti-selfadjoint generator of the group of 
temporal translations, that is either P) = J|Po| or Po = —J| Pol. 


Proof. Since the von Neumann-algebra 9A is by definition irreducible, it is due to The- 
orem 12.27 either real-induced, complex induced or proper quaternionic. 

We assume that $8 is real induced. In this case, there exist unitary and anti-self- 
adjoint operators I, J, K := IJ in B(H) that anti-commute mutually such that 


R' = fal +bl+cJ+dK:a,b,c,d E€ R}. (12.10) 


The von Neumann-algebra {8 is then the external quaternionification of the real von 
Neumann-algebra Rp := Rly, = B(Hr) of real-real type, which is obviously irre- 
ducible. Hence, Sig is an elementary real quantum system that is logically equivalent 
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to KR. If h is the locally faithful representation of the poincare group P, then it induces 
a locally faithful representation hr : g ++ hr, of P on He because L(%R) and L(g) 
are isomorphic lattices. Precisely, we have for all Eg € £(Mp) and all g € P that 


hr (Er) = hg(E) lap, (12.11) 


where E is the quaternionic linear extension of Eg to all of E so that Eg = Ely,. 
This representation is obviously irreducible: if hr (Er) = Ep for all g € P then 
(12.11) implies for the projection Æ € L(A) with Er = E| that h(E) = E for all 
g € P. Due to the irreducibility of h, we find that either E = 0 or E = Ty, and in 
turn also either Er = E|y, = 0 or Er = Ely, = Tng. Similarly, any quantum state 
ur : L(Rr) > [0, +00), is equivalent to a quantum state u : L(R) — [0, +20) and we 
have 
ue(Er) = U(E), if Er = Elia: 

Due to the continuity of h, the mapping g > ur(hr (Er)) = u(ha(E)) is continuous 
for any fixed Eg € L(Rg) and any quantum state ur on L(Rg) and so h is continuous. 

Finally, let Ug := {Ur : g € P} be a set of unitary operators on Hr such that 
hr (Er) = UrngERUR, for all Eg E€ L(Rpg). The set 


U= { U; € B(H) : U5 \tty € Up } 


of quaternionic linear extensions of operators in Lg is then a set of unitary operators on 
H such that h(E) = U,EU;" for all E € L(R) and all g € P. 

Since the operators |, J and K commute with any U € 4U, they belong to W. Any 
operator A € U” commutes therefore with |, J and K and is hence the quaternionic 
linear extension of an operator Ar € B(Hp). If Br € Ukg, then its quaternionic linear 
extension B to all of H belongs to W and so we have AB = BA for any A € W. 
Taking the restriction to Hp, we find that AgBr = BpApg for any A € U” and any 
Br € Up and so 

L(Rr) = L(R) late E WU" a4 (E Ur- 


Altogether, we find that Ñg is a real RES of real-real type. The operator Miu asso- 
ciated with the squared mass in the real quantum system Sig is the restriction of the 
operator MŽ associated with the squared mass in the quaternionic quantum system H 
to Hr, that is Mẹ y = Mj |x. Moreover Mj; is positive if and only if Mg y is positive. 
We conclude from Theorem 12.34 and Remark 12.35 that the quaternionic RES is 
not real-induced if MŽ is positive. 

If R is proper quaternionic, that is R = B(H), then we can argue similarly. We 
can consider the real Hilbert space Hr := (H,(-,-)x), which we obtain if we restrict 
the scalar multiplication on H to R and endow this space with the real scalar product 
(u, vìg := Re(u,v). If we consider the operators in % as R-linear operators on Hp, 
we find that 7 is a real Banach-subalgebra of B(H,). Since both scalar products (., -) 
and (-,-)p generate the same topology on H, the set 9% is strongly closed not only as 
a sub-algebra of (H) but also as a sub-algebra of B(Hpg) and hence it is a real von 
Neumann-algebra of operators on Hp. 

We show now that % is also irreducible as a subset of 5 (Hpg) and hence assume that 
K is a closed R-linear subspace of H such that T(K) C K for all T € R. The H-linear 


span 
} 


K =spangK = {va:veé K,a € 


I 
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is then a closed quaternionic linear subspace of H. Since Tv € K for any v € K 
and any T € , we find T(va) = (Tv)a € K for any va € K and any T € &, 
we find that K is a closed quaternionic linear subspace of H such that T(K) C K for 
any T' € R. Since ® is an irreducible von Neumann-algebra on H, we conclude that 
either K = {0} or K = H. In the first case, we immediately conclude K = {0}. In the 
second case, we have Hg = H = spang K = {va : v € K,a € H}, but not immediate 
that H = K. Hence, let us assume that K # Hp. Then there exist v € K anda € H 
such that va ¢ K. (Without loss of generality, we can even assume ||v|| = 1.) The 
operator Tu := va(v, u) is then a bounded quaternionic right linear operator on H and 
hence belongs to 9%, but it does not leave K invariant as Tv = va ¢ K. We conclude 
that such v cannot exist and so K = H implies K = H = He. Altogether, we find that 
if a closed subspace K of Hg satisfies T(K) C K for all T € %, then either K = {0} 
or K = Hp. Hence, ® is an irreducible real von Neuman-subalgebra of B(H_») and 
therefore an elementary real quantum system on Hpg that is equivalent to the elementary 
quaternionic quantum system A on H. We denote this quantum system by 9g in order 
to stress that we consider the operators as R-linear operators on Hpg. It is obviously of 
real-quaternionic type according to the classification in Theorem 12.26. 

Leth : P — Aut(L(R)) be the locally faithful representation satisfying condi- 
tion (i) to (iii) in Definition 12.30. Since L(R) = L(Rg) and in turn Aut(L(R)) = 
Aut(L(Rr)), we find that h is also a locally faithful representation of the Poincaré 
group on Aut(L(Sig)). We shall denote h also by hg, if we consider it as a representa- 
tion h : P + Aut(L(Hp)). Since A is irreducible, we find that hg,(E) = h(E) = E 
for all g € P implies either E = 0 or E = T for all E € L(Hr) = L(H) and hence 
also hg is irreducible. It obviously also inherits the property of being continuous from 
h. 

What remains to show in order for Sig to be a real RES is that hp determines the 
observables of Rg. Let therefore U, € B(H) for g € P be unitary operators so that 
h (E) = U,EU;" and denote U := {U, : g € P} and let us denote U, considered as 
an R-linear operator on Hr by Ur, g. Then Upg, is an R-linear unitary operator on Hr 
so that hr (E) = UEU". We denote UR = {Ur, : g € P}, that is Up equals 4 
where we consider its elements as operators on Hp instead of H. Since Kp is a real 
von Neumann-algebra of real-quaternionic type, we have C (Rg) = {aT : a € R} by 
Theorem 12.26 and hence we need to show that 


L(Rr) = L(R) C (Ur UC(Rr))” = Ug, 


where Ug denotes the bicommutant of Ug = U in B(Hp). We know that the bicommu- 
tant U” of Lin B(H) satisfies 


L(R) C (UU C(R)” = W”, 


as C(A) = {aT : a € R} by Theorem 12.27 because 9A is a proper quaternionic von 
Neumann algebra. Moreover, as R = B(H), we have L(R) = L(H) = {aT :a € R}, 
cf. [70, Lemma 5.16], and so 


{aT :a E R} = L(RY D (UY =U D {aT : a € R}. 


Hence, W = {aZ: a E€ R}. 
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Let now i,j € S with i L j and set k := ij. For any quaternionic a € H, the operator 
Mav := va is abounded R-linear operator on Hp = H and hence it belongs to B(HR). 
Moreover, an arbitrary operator in (Hpg) is quaternionic right-linear if and only if it 
commutes with Mj, Mj and M,. As Ug = 4U consists of quaternionic linear operators, 
we find Mj, Mj, Mk € i, and so 


{Ma : a € H} = { aT + aM; + azM; + a3My : ae € R} C Uk. (12.12) 


If on the other hand A € Wh, then the operator 
Anv :=Av — MAMiv — M| AM — M.AM,v 
=Av — (A(vi))i — (A(vi))j — (A(vk)k) 


obviously also belongs to Ug because it consists of the sum of compositions of operators 
in Ug. We moreover have 


Ay(vi) =A(vi) — (A(vi*))i — (A(vij))j — (A(vik)k) 
= (—A(vi)i+ A(v) — (A(vk))k — (A(vj)j)) i = (Anv)i 


and similarly also Ay(vj) = (Agv)j and Ag(vk) = (Agv)k. Hence, Ay is a quater- 
nionic right linear operator in Uh. Therefore it belongs to U’ and we conclude 


An (vi) = vao 


with ao € R. The operators AM;, AM; and AM, also belong to Ug because they are 
compositions of operators in Ukg. By the above argument, there exist real numbers a1, 
az, and a3 such that (AMj)mq = aı7, (AM;) = a27, and (AM,)m = a3Z. Straightfor- 
ward computations show that 


Anv = A(v) — (A(vi))i — 


( 
(AM = Aii t ACE (ACvK))k + (AC 
((AM)av)(=)) = —(A(vi))j + (A(vk))k + A(v) + (A(vi 
((AM,)uv)(—k) = —A(vk)k + (A(vj))j + (A(vi))i + A(v) = — vask. 


If we add these four equations, we are left with 


A(vj))j 


4A(v) = vao — vai — vagj — va3k 


and hence A = Ma witha = 3 1 (ag — a — | —azk). Hence, the relation in (12.12) is 
actually an equality and Ug = { Ma : H}. An operator T € B(Hg) commutes 
with Ma if and only if 


T(va) = TMav = M.Tv = (Tv)a 


and hence the set of operators that commute with Ma for any a € H is exactly the set 
of quaternionic linear operators in B(Hg). We conclude Ug = B(H) = U” and so in 
particular L(Rg) = L(R) c U” = Uk. 

Althogether, we find that ig is a real RES of real-quaternionic type on Hg. How- 
ever, if MÈ is the operator associated with the squared mass of the system in 9, then 
MÈ is also the operator associated with the squared mass of the system in Rp and it is 
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positive on H if and only if it is positive as an operator on Hg. Since the real RES can- 
not be of real-quaternionic type if MẸ > 0, we conclude that positivity of MẸ implies 
that $8 is not proper quaternionic. 

The von Neumann-algebra Ñ must hence be complex induced. If J is the unitary 
anti-selfadjoint operator on H such that R’ = { aT + Jb: a,b € R} andi € S, then 
KR is the external quaternionification of the C;-complex von Neumann-algebra i; := 
B (HI). which is obviously irreducible, and L(A) is the external quaternionification of 
and hence isomorphic to £(9%;) = L(HJ;). The representation h : P + Aut(L(R)) 
induces also in this case a representation h; : P — Aut(L(;)) of the Poincaré group, 
namely 


hi (Ei) := h(E), if Fi = Eu, 


The same arguments that we applied in the real-induced and proper quaternionic case 
show that h; inherits irreducibility and continuity from h. Finally, let U;,, for g € P 
be a unitary operator on Hy; so that hi (Fi) = Ug EU, for all Æ; € L(%R;) and set 
U = { Uig : g € P}. The quaternionic linear extension U, of U,; to all of H is then a 
unitary operator on Hj, such that h,(E) = U,EU,;' for any E € L(R). Since Ris a 
complex-induced quaternionic RES, we have 


L(R) C (MUC(M))" = (uu {J})" 


because C(R) = {aZ + bJ: a,b € R}. An operator A € B(H) belongs to (U N {J})’ 
if and only if it commutes with every operator U € U and with the operator J. This is 
equivalent to A being the quaternionic linear extension of an operator Aj = Alu, in 


B (Hid that commutes with the restriction U; = U lacs, of any U € U, in other words to 
A; being an element of U. Therefore . 


(WU C(9)) = (Wu := { A € BH) : Aly, € u} (12.13) 


In particular J € (U U C(9%))’ and so also any operator A € (U U C(9%))” is the quater- 
nionic linear extension of an operator in B(H},). Therefore 


(WUC(®))" = { A € B(H) : Alus, € W} (12.14) 


because two operators A,B € B(H) so that A; = Aln, and Bi = Bhg, belong to 
B(H},) commute if and only if A; and B; commute. Combining (12.13) and (12.14) 
and taking the restrictions to Hy}j. we obtain 


L(t) = { Els, ‚He LR)} E { Aly, : A € (LU Up”) zi 


and so $4; is a complex RES, which concludes the proofs of (i) and (ii). 

The operator J is Poincaré invariant because it commutes with every operator in 
R and so in particular with U, for any g € P. Hence U JUJ} = JU,U;* = J. 
Finally, if Po is the infinitesimal generator of the unitary group of temporal translations 
in R and Po = J|Po| is the polar decomposition of Po, then Py; := Polat, is the 
infinitesimal generator of the unitary group of temporal translations in $4; and its polar 
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decomposition is given by Po; = Ji|Po,i| with Ji := = Thiet and |Poi| = Polley, Since 
Ñi is a complex RES, we have by Theorem 4.3 in [70] however that either 


Ji = Lyt, = Slat, or Ji = -ilur = Shey, 


and so in turn J = Jor J = —J. 


Remark 12.37. If we set H  := cP), where c is the speed of light, then the polar 
decomposition of H is H = JH with H = |H| = c|P»|. As pointed on in [70, p. 34], 
the operator H can then be interpreted as a the energy operator, that is the Hamiltonian, 
of the system. 


12.5 The Fundamental Logical Mistake in Quaternionic Quantum Me- 
chanics 


The above results suggest that quaternionic quantum mechanics is actually equivalent 
to classical complex quantum mechanics despite the fact that researchers in this field 
claimed the incompatibility of the two theories [1]. This misconception is caused by 
one fundamental logical mistake that was made in quaternionic quantum mechanics 
from its very beginning in the foundational paper [41]. It is the assumption that there 
exists a privileged left multiplication that is compatible with the physical theory. 

We recall that the initial motivation for developing a quaternionic version of quan- 
tum mechanics was the fact that the propositional calculus of a quantum system con- 
sists of an orthomodular lattice, which can be realised as a lattice of subspaces on such 
Hilbert space [15]. A left multiplication is however not determined by calculus. Indeed, 
the argument in [41] for the existence of a privileged left multiplication is not correct. 
The authors argue that the physical properties of a quantum system should not depend 
on the concrete realisation of the number field that one uses so that the system should 
be invariant under automorphisms of the number field. If one considers a quantum sys- 
tem on a Hilbert space H over F, where F is one of the fields R, C or H, and ¢ is an 
automorphism of the F, then there exists a an associated co-unitary transformation of 
H, that is an additive mapping Uy : H — H such that 


Us(va) = Us(v)e(a) and ((Ug(v), Us(u)) = O((v, u)). (12.15) 


All laws of the quantum system must be covariant under the transformation Uy. Any 
automorphism ¢ of H is however of the form ¢(x) = hxh7! with h € Hand |h| = 1. 
The authors hence argue that the mapping v +> U,(v)h is then quaternionic right linear 
because 


Ug(va)h = Ug(v)d(a)h = Ug(v)hah*h = Ug(v)ha 
and hence they define a left multiplication on H via 
hv := Ug(v)h. 


However, the co-unitary mapping U4 is not well-defined. Any symmetry U defines via 
v ++ Uvh"! aco-unitary mapping that satisfies (12.15) under which the laws of the 
system are covariant. If we choose the same symmetry U for any automorphism œ, then 


hv = U,(v)h = Uva th = Uv 


307 


Chapter 12. On the Equivalence of Complex and Quaternionic Quantum Mechanics 


for any ¢ so that hv is independent of h. We could even choose U = Z, so that we 
define hv = v, which is obviously nonsense. 

We conclude this chapter with an examples of a seeming inconsistency between the 
complex and the quaternionic theory that arises from the assumption of the existence 
of a left multiplication. This inconsistency is however resolved if only the existence of 
a compatible unitary and anti-selfadjoint operator J that commutes with any observable 
and the unitary group of time translations is assumed. We point out that also other 
discrepancies such as the difficulty of defining a proper momentum operator, showing 
Heisenberg’s uncertainty principle or developing a framework for composite systems 
can be resolved if the existence of such operator J is assumed. In order to explain the 
discrepancy we want to resolve, we quickly recall the main concepts of quaternionic 
quantum mechanics introduced in [1]. We shall furthermore adopt the Bra-Ket-notation 
used by physicists in order to make the comparison for the reader easier. 

Quaternionic quantum mechanics is in [1] formulated on an abstract Hilbert space 
H over the quaternions H = {zo + iz, + jx + kzz : ze € R} consisting of ket- 
vectors |f}, where the same vector considered as an element of the dual space via the 
Riesz-representation theorem is denoted by the bra-vector (f|. (The dimension of H 
is assumed to be greater than two in order for Wigner’s theorem to hold.) The scalar 
product on H is denoted by (g|f) and (pure) states of the system correspond to one- 
dimensional rays of the form | fw) with w € H. Observables are self-adjoint operators 
Aon H, that is At = A where A‘ denotes the adjoint. Any observable A has a represen- 
tation of the form A = X` |a)a(a| in terms of an orthonormal eigenbasis of eigenvector 
|a) associated with eigenvalues a and the expectation value of measuring the observable 
A if the system is in the state |f} is given by (f| Ala) = >>, (fla)a(al|f) = >> al la| f)|?. 
Symmetries of the systems are unitary operators on H. A continuous one-parameter 
group of symmetries is of the form U (t) = e'4, where A is an anti-selfadjoint operator 
satisfying At = —A. The eigenvalues of such A are (equivalence classes [a] of) purely 
imaginary quaternions and the eigenspaces associated with different eigenvalues are 
mutually orthogonal. Choosing for any eigenvalue the representative a that belongs to 
the upper complex halfplane Ce, we can find a representation of A of the form 


A= Y lajala] = Y |a)ilal(al. 


We can furthermore set la := X |aji(a| and |A| = $` |a)|a|(a| and find A = I,4|A|, 
which corresponds to the polar decomposition of A. If we set J4 := 5>|a)j(a| and 
Ka := >> |a)k(al, then we obtain a left multiplication that commutes with |A| and we 
can write any state |f} in terms of its four real components 


If) = [fo + Val fi) + Jal fe) + Kal fs) = | fo) + |fidi+ f2 + [fs)k. 


(Note however that only l4 is determined by A, the operators J4 and K 4 depend on the 
eigenbasis of A that we choose.) 
We consider the position operator X that has a (continuous) eigenbasis |x} such that 
X |x) = |x)x on H and such that 
I= pe lays & 
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Adler uses this position operator in order to define the quaternion-valued wave function 
associated with a state |f} as 


fæ) = elf) 
and finds that 
Cie f da? (gla) (elf) = if dia? G(@) (2). 


We assume further more the left multiplication on H to be the left multiplication in- 
duced by 


| := k= f loil J= Je= f leita and K:= K = f lekte (12.16) 


and find that this corresponds to the natural pointwise multiplication of the wave func- 
tion, that is (a f)(x) = (a|af) = a(f(x)) for all a € H. We once more stress that 
this choice is however made by the author because it is convenient when working with 
wave functions, but it is not determined by the physical system and hence does not 
carry physical information. 

The time evolution of the system is described by symmetries U (t, ôt) mapping the 
state of the system at time t to the state of the system at time t + dt. We define —H to 
be the first coefficient of the Taylor series expansion of U (t, dt) = Z + ôt(— H), that is 


U(t, ot) f(t) = TIFE) — ALF) + olst) 


Together with 
o 
IEE + 86) = IF) + IEO) + o(6t"), 

we find the dynamics of the system being described by the Schrödinger equation 

o 

ot 
An equation of this type is however only possible as long as we stick with a certain 
representative of the ray that describes the physical state. If we consider a general ray 


representative |f (t)ws(t)} with a quaternionic phase wș(t) € H and |ws(t)| = 1, then 
the corresponding dynamical equation is 


FO = -EOI (12.17) 


È Owr) = —H(t)| F(t)ws(t)) + [Fw s(t) hrl) (12.18) 


with 


h(t) = wy(t)wy(t) = wef (2). 


If we differentiate ws (t)ws(t) = 1, we find that hs (t) = w(t)w)(t) = —w}(t)wy(t) = 


—h,(t) and hence h(t) is a purely imaginary quaternion. In contrast to the complex 
case, it can hence not be commuted with w+(t) in order to integrate it into a modified 
Hamiltonian and in order to obtain again an equation of the form (12.17). 

Adler finally argues in [1, pp. 41] that complex and quaternionic quantum mechanics 
are inequivalent because they have different transition probabilities and vectors that 
represent the same state in quaternionic quantum mechanics can be orthogonal and 
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hence represent different states in complex quantum mechanics. He writes the wave 
function 


F) = (a, f) = folz) + A(@)it fle) + fa@)k 
of a state | f(a)) in position coordinates, in terms of two symplectic components as 
f(x) = Fix) + jFfo(z) 
with 
Filz) = folz) + file) — Fa(@) = fala) — fa(a)i. 


He then assumes the Hamiltonian H to be written in terms of real components 


H = Ho + Hil + HJ + A3K = Ho +i) + jo + kH3. 


(Note that this implicitly assumes that H is the quaternionic linear extension of an R- 
linear operator from the real component space to H.) The coordinate representation of 
H in the position basis is then 


Ay(x) (x| = (2|He l € {0,...,3} 
If we define Hı(x) = Ho(x) + iH, (x) and Ho(x) := Hə(x) — iH3(x) and the matrix- 


valued function 
He í H(z) -H2(2) 


then the Schrödinger equation can be rewritten as 

ð (Fılx,t F\(a,t 

a (PED y (BODY, 

ot Fo(x,t) Fo(x,t) 
Endowing the space of all component functions with the usual scalar product on the 
direct sum L?(C;) @ L*(C;), namely 


(f(x), gl£)jc := [Teo + Fy(x)Go(x) dz’, (12.19) 
we find that this describes a complex quantum system since the only imaginary unit 
that appears in the above equations is the unit i. The units j and k disappeared. 

Adler argues now that this system is inequivalent to the original quaternionic linear 


system. The quaternionic scalar product of the states |f) and |g) resp. of their wave 
functions f(x) and g(x) is 


(f(x), 9(x)) = [FG dz? = (f(x), 9(2))c +i(f (x), 9(2))s, 
where (f(x), g(x))c is as in (12.19) and (f(x), g(x))s is the symplectic scalar product 
(F(2),gla))s = | Fu(w)Gale2) — Fale)Ga(e) de. 


Therefore the transition probabilities are 


(f(z), 9(2))el” 
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in the complex, but 


(f(z), g)? = (F(z), 9(a))e P + KEE), 9(@)) 81? 


in the quaternionic system. Furthermore, an orthonormal basis |A} of the quaternionic 
system is not complete in the complex one. Instead one has to extend it and consider 
the set |e), |hej) in order to obtain an eigenbasis of the complex system. In particular, 
|he) and |h,j) belong to the same ray and hence they represent the same state in the 
quaternionic system. However, they are orthogonal in the complex system and hence 
represent different states (in general even associated with different eigenvalues) in the 
complex system. 

Adler was obviously right, these two systems are not equivalent. However, as we 
know from our preceding analysis, he compared the wrong systems. The quaternionic 
system cannot be equivalent to the system that we obtain if we consider the entire 
quaternionic Hilbert space H as the complex system by simply taking the C;-linear 
part of the quaternionic scalar product. As pointed out by Adler, this introduces new 
orthogonality relations so that the vectors |h,) and |h,j), which describe the same state 
in the quaternionic system, correspond to different states in the complex one. The 
phase space Hc of a complex system that is equivalent to a quaternionic one can hence 
not be the entire quaternionic Hilbert space H. It must be a subspace that does not 
contain |hj) whenever |he) € Hc. The natural candidate for such space consists of 
all vectors that have complex wave functions such that F;(2) = 0. It is however not 
clear whether any state has a representative in this space, whether it is invariant under 
time translations etc. The reason for this is that the left multiplication (12.16), which 
determines the component functions of the wave function and in turn this set of vectors, 
is not motivated by physical arguments but by the fact that it is convenient to work with. 

Instead we have to consider a complex system on the complex subspace 


Ht i := {v € Hy: Juv = vi}, 


Ji 
where Jy is the unitary anti-selfadjoint operator that appears in the polar decomposi- 
tion of the anti-selfadjoint Hamiltonian H. From our previous discussion we already 
know that this system is equivalent to the system on the entire quaternionic space if Jy 
commutes with any observable. The scalar product of any two vectors in this subspace 
is moreover naturally complex, so that we do not have to remove information by dis- 
carding the symplectic part in the quaternionic scalar product and hence no additional 
orthogonality relations are introduced. 

We conclude by observing that quaternionic quantum mechanics as developed in 
[1] is not actually a quaternionic theory. A proper quaternionic theory would consider 
equivalence classes of eigenvalues—spectral spheres as they are determined by the S- 
eigenvalue operator—and then admit arbitrary vectors in the associated eigenspaces to 
represent states of the system. In particular it would admit arbitrary quaternionic phases 
in (12.18). The current version of quaternionic quantum mechanics however chooses 
eigenvectors associated with eigenvalues in one fixed complex plane C; and then only 
works with these vectors. (This was of course also done because a proper theory of 
quaternionic linear operators and in particular the definition of the S-spectrum were 
not known when the theory was developed.) From our perspective, this does however 
correspond to considering the quaternionic system actually as a complex system over 
the complex field C; and unconsciously working only in the Hilbert space Ht 


Jui 
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